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This handbook is a continuation of the Hasdbook of Ele- 
mentary Mathematics by the same author and includes mate- 
rial usually studied in mathematics courses of higher educa- 
tional institutions. 

The designation of this handbook is twofold. 

Firstly, it is a reference work in which the reader can find 
definitions (what is a vector product?) and factual information, 
such as how to find the surface of a solid of revolution dr how 
to expand a function in a trigonometric series, and so on.- 
Definitions, theorems, rules and formulas (accompanied by 
examples and practical hints) are readily found by reference 
to the comprehensive index or table of contents. 

Secondly, the handbook is intended for systematic reading. 
It does not take the place of a textbook and so full proofs 
are only given in exceptional cases. However, it can well 
serve as material for a first acquaintance with the subject. 
For this purpose, detailed explanations are given of basic 
concepts, such as that of a scalar product (Sec. 104), limit 
(Secs. 203-206), the differential (Secs. 228-235), or infinite 
series (Secs. 270, 366-370). All rules are abundantly illustra- 
ted with examples, which form an integral part of the hand- 
book (see Secs. 50-62, 134, 149, 264-266, 369, 422, 498, and 
others). Explanations indicate how to proceed when a rule 
ceases to be valid; they also point out errors to be avoided 
(see Secs. 290, 339, 340, 379, and others). 

The theorems and rules are also accompanied by a wide 
range of explanatory material. In some cases, emphasis is 
placed on bringing out the content of a theorem to facilitate 
a grasp of the proof. At other times, special examples are 
illustrated and the reasoning is such as to provide a complete 
proof of the theorem if applied to the general case (see Secs. 
148, 149, 369, 374). Occasionally, the explanation simply 
refers the reader to the sections on which the proof is based. 
Material given in small print may be omitted in a first read- 
ing; however, this does not mean it is not important. 

Considerable attention has been paid to the historical 
background of mathematical entities, their origin and develop- 
ment. This very often helps the user to place the subject 
matter in its proper perspective. Of particular interest in this 
respect are Secs. 270, 366 together with Secs. 271, 383, 399, 
and 400, which, it is hoped, will give the reader a clearer 
understanding of Taylor’s series than is usually obtainable in 
a formal exposition. Also, biographical information from the 
‘les ‘i mathematicians has been included where deemed 
advisable. 


PLANE ANALYTIC GEOMETRY 


1, The Subject of Analytic Geometry 


The school (elementary) course of geometry treats of the 
zroperties of rectilinear figures and the circle. Most important 
zre constructions; calculations play a subordinate role in the 
sheory, although their practical significance is great. Ordina- 
ity, the choice of a construction requires ingenuity. That is 
the chief difficulty when solving problems by the methods of 
siementary geometry. 

Analytic geometry grew out of the need for establishing 
-niform techniques for solving geometrical problems, the aim 
>eing to apply them to the study of curves, which are of 
particular importance in practical problems. 

This aim was achieved in the coordinate method (see Secs. 
2 to 4). In this method, calculations are fundamental, while 
constructions play a subordinate role. As a result, solving 
oroblems by the method of analytic geometry requires much 
.ess_ inventiveness. 

The origins of the coordinate method go back to the works 
of the ancient Greek mathematicians, in particular Apollonius 
13-2 century B.C.). The coordinate method was systemati- 
cally elaborated in the first half of the 17th century in the 
works of Fermat!') and Descartes.2) However, they considered 
only plane curves. It was Euler ®) who first applied the coor- 
dinate method in a systematic study of space curves and 
surfaces. 


') Pierre Fermat (1601-1655), celebrated French mathematician, 
one of the forerunners of Newton and Leibniz in developing the diffe- 
rential calculus; made a great contribution to the theory of numbers. 
Most of Fermat’s works (including those on analytic geometry) were 
not published during the author's lifetime.: 

*) Rene Descartes (1596-1650), celebrated French philosopher 
and mathematician. The year 1637, which saw the publication of Mle 
Geometrie, an appendix to his philosophical treatise, is taken to be 
the date of birth of analytic geometry. 

3) Leonhard Euler (1707-1783), born in Switzerland, wrote 
over 800 scientific papers and made important discoveries in all of 
the physico-mathematical sciences. 
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2. Coordinates 


The coordinates of a point are quantities which determine 
the position of the point (in space, in a plane or on a curved 
surface, on a straight or curved line). If, for instance, a point 

M lies somewhere on a straight line 

0 M X‘X (Fig. 1), then its position may 

ao Se be defined by a single number in the 

following manner: choose on X’X some 

Fig. 1 initial point O and measure the segment 

OM in, say, centimetres. The result 

will be a number x, either positive or negative, depending 

on the direction of OM (to the right or to the left if the 

straight line is horizontal). The number x is the coordinate 
of the point M. 

The value of the coordinate x depends on the choice of 
the initial point O, on the choice of the positive direction on 
the straight line and also on the scale unit. 


3. Rectangular Coordinate System 


The position of a point in a plane is determined by two 
coordinates. The simplest method is the following. 

Two mutually perpendicular straight lines X’X and Y’Y 
(Fig. 2) are drawn. These are termed coordinate axes. One 
(usually drawn horizontally) is the axis of abscissas, or the 





Fig. 2 Fig. 3 


x-axis (in our case, X’X), and the other is the axis of ordi- 
nates, or the y-axis (Y’Y). The point O, the point of inter- 
section of the two axes, is called the origin of coordinates or 
simply the origin. A unit of length (scale unit) is chosen. It 
may be arbitrary but is the same for both axes. 

On each axis a positive direction is chosen (indicated by 
an arrow). In Fig. 2, the ray OX is the positive direction of 
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‘re x-axis and the ray OY is the positive direction of the 
2°4XiIS. 

It is customary to choose the positive directions (Fig. 3) 
so that a counterclockwise rotation of the ray OX through 90° 
will bring it to coincidence with the positive ray OY. 

The coordinate axes X’'X, Y’Y (with established positive 
directions and an appropriate scale unit) form a rectangular 
coordinate system. 


4. Rectangular Coordinates . 


The position of a point M in a plane in the rectangular 
coordinate system (Sec. 3) is determined as follows. Draw MP 
parallel to Y’Y to intersection with the x-axis at the point P 
(Fig. 4) and MQ parallel to X’X 
to its intersection with the y-axis 
at the point Q. The numbers x and 
y which measure the segments OP 
and OQ by means of the chosen scale 
unit (sometimes by means of the 
segments themselves) are called the 
rectangular coordinates (or, simply, 
coordinates) of the point M. These 
numbers are positive or negative 
depending on the directions of the 
segments OP and OQ. The num- 
ber x is the abscissa of the point M Fig. 4 
and the number y is its ordinate. 

In Fig. 4, the point M has abscissa x=2 and ordinate 
y=3 (the scale unit is 0.4 cm.) This information is usually 
written briefly as M (2, 3). Generally, the notation M (a, 5) 
means that the point M has abscissa x=a and ordinate y=b. 

Examples. The points indicated in Fig. 5 are designated 
as follows: A,(+2, +4), A2(—2, +4), A3(+2, —4), 
A,(—2, —4), By (+5, 0), B, (0, —6), O(0, 0). 

Note. The coordinates of a given point M will be different 
in a different rectangular coordinate system. 





5. Quadrants 


The four quadrants formed by the coordinate axes are 
numbered as shown in Fig. 6. The table below shows the 
signs of the coordinates of points in the different quadrants. 
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Coordinates 


Abscissa + - 7 + 
Ordinate + + - - 








The point A, in Fig. 5 lies in the first quadrant, A, in 
the second, A, in the third, and the point A; lies in the 
fourth quadrant. 

If a point lies on the 
axis of abscissas (for ins- 
tance, B, in Fig. 5), then 





YT TT | 
Pt TT aT tt TT 


a 
Por 
Y' 





Fig. 5 Fig. 6 


its ordinate y is zero. If a point lies on the axis of ordinates 
(point Bz, for example, in Fig. 5), then its abscissa is zero. 


6. Oblique Coordinate System 


There are also other systems of coordinates besides the 
rectangular system. The oblique system (which most resemb- 
les the rectangular coordinate system) is 
constructed as follows (Fig. 7): draw 
two nonperpendicular straight lines 
X'X and Y’Y (coordinate axes) and 
proceed as in the construction of the 
rectangular coordinate system (Sec. 
3). The coordinates x=OP (abscissa) 
and y=PM (ordinate) are defined as 
in Sec. 4. 
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The rectangular and oblique systems of coordinates come 
der the generic heading of the cartesian coordinate system. 

Among coordinate systems other than the cartesian type, 
‘requent use is made of the polar system of coordinates (see 
Sec. 73). 


7. The Equation of a Line 


Consider the equation x-+y=3, which relates an abscissa 
x and an ordinate y. This equation is satisfied by the set of 
cairs of values x, y, for example, x=1, y=2, x=2 and 
z=1, x=3 and y=0, x=4 and y=—1, and so on. Each 





pair of coordinates (in the given coordinate system) is asso- 
ciated with a single point (Sec. 4). Fig. 8a depicts points 
A, (1, 2), Ag (2, 1), Az (3, 0), Ay (4, —1), all of which lie on 
a single straight line UV. Any other point whose coordinates 
satisfy the equation x+y=3 will also lie on the same line. 
Conversely, for any point lying on the straight line UV, the 
coordinates x, y satisfy the equation x+y=3. 

Accordingly, one says that the equation x+y=3 is the 
equation of the straight line UV, or the equation x+y=3 
represents (defines) the straight line UV. Similarly, we can 
say that the equation of the straight line ST (Fig. 86) is 
y= 2x, the equation x?-+ y2= 49 defines a circle (Fig. 9), the 
radius of which contains 7 scale units and the centre of which 
iies at the origin of coordinates (see Sec. 38). 

Generally, the equation which relates the coordinates x 
and y is called the equation of the line (curve) L provided 


24 HIGHER MATHEMATICS 


the following two conditions hold: (1) the coordinates x, y of 
any point M of the line L satisfy the equation, (2) the coor- 
dinates x, y of any point not lying on the line L do not 

satisfy the equation. 
The coordinates of an arbitrary point M on the line L are 
called running (moving, or current) coordinates since the line 
L can be formed by mo- 


Y ving the point M. 
In Fig. 10, let My, My, 
My, ... be consecutive posi- 


tions of a point M on a line 
L. ee ae a series of  per- 
pendiculars M,;P,, MP», 





APRA: X 


Fig. 9 Fig. 10 
Ms5Ps, on the x-axis to form the segments P,M,, P2Msz, 
PyMs, Then, on the axis OX (x-axis) we obtain the segments 
OP,, OP,, OPs, . nae segments are ribet The word comes 


8. The Mutual Positions of a Line and a Point 


In order to state whether a point M lies on a certain line 
L, it is sufficient to know the coordinates of M and the equ- 
ation of the line L. If the coordinates of M satisfy the equ- 
ation of L, then M lies on L; otherwise it does not lie on L. 

Example. Does the point A (5, 5) lie on the circle x?-+ y? = 49 
(Sec. 7)? 

Solution. Put the values x=5 and y=5 into the equation 
x?-+y2= 49. The equation is not satisfied and so the point A 
does not lie on the circle. 
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2. The Mutual Positions of Two Lines 


In order to state whether two lines have common points 
znd if they do, how many, one has to know the equations of 
“se lines. If the equations are simultaneous, then there are 
-cmmon points, otherwise there are no common points. The 
-umber of common points is equal to the number of solutions 
i the system of equations. 

Example 1. The straight line x+y=3 (Sec. 7) and the 
iircle x?-+y2=49 have two points in common because the 


system 
xty=3, x?+y?=49 
-as two solutions: 


_ 34V 89 _ 3-V89 














y= 26.22, y= 3.00 
and 
xy = 208 3.22, y= 26.22 


Example 2. The straight line x+y=3 and the circle 
x? + y= 4 do not have any common points because the system 


xty=3, x+y?=4 
has no (real) solutions. 


10. The Distance Betwéen Two Points 
The distance d between the points A,(x,, y,) and 
Ag (X2, Y2) is given by the formula 


d=V (%2—41)? + (Y2—4i* (1) 


Example. The distance between the points M (—2.3, 4.0) 
and N (8.5, 0.7) is 


d= V (8.5+ 2.3)?-+ (0.7 —4)?= V 10.82+3.3? = 11.3 


(scale units). 

Note 1. The order of the points M and N is immaterial; 
N may be taken first and M second. 

Note 2. The distance d is taken.positive and so the square 
root in formula (1) has only one sign (positive). 
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11. Dividing a Line-Segment In a Given Ratlo 


In Fig. 11 take the points Ay (x,, Yi), Az (%2, Ye). It is 
required to find the coordinates x and y of the point K which 
divides the segment A,A, in the ratio 


A: A,K:KAg=m,:m, 


The solution is given by the for- 
mulas 
ye Mike : | 


m,+m, 


(1) 


— MaYrtMy2 
y= m,+m, } 


If the ratio m,:m, is denoted by 
the letter 4, then (1) assumes the 
nonsymmetrical form 





_ x1 +Ax, __ Yat Aue 
=Ten?) YS TTR (2) 


Example 1. Given the point B(6, —4) and the point O 
coincident with the origin. Find the point K which divides 
BO in the ratio 2:3. 

Solution. In formula (1) substitute 

m,=2, m,=3, x=6, yy=—4, x,=0, ye =0 


This yields 





raia36, y=—P=—24 
which are the coordinates of the desired point K. 

Note 1. The expression “the point K divides the segment 
A,A, in the ratio m,y:m,” means that the ratio m,:mg is 
equal to the ratio of the segments A,K:KA, taken in this 
order and not in the reverse order. In Example 1, the point 
K (3.6 —2.4) divides the segment BO in the ratio 2:3 and 
the segment OB in the ratio 3:2. 

Note 2. Let the point K divide the segment A,A, exter- 
nally; that is, let the point lie on a continuation of the seg- 
ment A,A,. Then formulas (1) and (2) hold true if we affix 
a minus sign to the quantity my:m,=A. 

Example 2. Given the points A,(1, 2) and A, (3, 3). Find 
the point, on the continuation of the segment A,Ag, that is 
twice as far from A, as from Ag. 

Solution. We have A=m,:m,—=—2 (so that we can put 
m,=—2, mg=1, or my=2, m,=—1). By formula (1) we 
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id 
_ 1+ (—2)-3 __1:24(-2)-3__ 
5 = Fa 


-2+1 


lta, Midpoint of a Line-Segment 


The coordinates of the midpoint of a line-segment A,A_ 
ace equal to the half-sums of the corresponding coordinates 
if its end-points: 


X1+Xe r 
RS = 


These formulas are obtained from (1) and (2), Sec. 11, by 
putting my=m,=1 or A=1. 


12, Second-Order Determinant }) 


The notation \¢ ’ | denotes the very same thing as ad — bce. 
Examples. 


\3 i =2.5—3-7=—ll, 
Fi ~9|=3-2-6-(—4)=30 


The expression |? a| is called a determinant of the se- 
cond order. 


13. The Area of a Triangle 


Let the points A, (x1, yi), Az (%2, Ye), As (*3, Y3) be the 
vertices of a triangle. Then the area of the triangle is given 


by the formula 
1 }x%1—%3 Y1—Y3 
S=i-]7) 3 1 
=2 Xg—X3 Y2—Y3 (1) 
On the right side we have a second-order determinant (Sec. 12). 
We assume the area of a triangle to be positive and take 
the positive sign in front of the determinant if the value of 


1) Determinants are explained in detail in Secs. 182 to 185. 
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‘the determinant is positive; we take the minus sign if it is 
negative. 

Example. Find the area of a triangle with vertices A (1, 3), 
B(2, —5) and C (—8, 4). 

Solution. Taking A as the first vertex, B as the second 
and C as the third, we find 





%1—%X3 Yi—Ya|_[1+8 sal 9 —l|{_ 
Xe—X3 Yo—y,| |2+8 —5—4| |10 —9] 
=—81410=—71 


In formula (1) we take the minus sign and get 
{ 
S=— + (—71)=35.5 


However, if we take A for the first vertex, C for the se- 
cond and B for the third, then 
X1—X%3 Yi—-Y3 1—2 ele | —1 8 
Xg— X3 Yo—Y3 —8—2 4+5 on —10 9 
In formula (1) we have to take the plus sign, which again 
yields S=35.5. 


Note. If the vertex Ag coincides with the origin of coor- 
dinates, then the area of the triangle is given by the formula 


1 MW 9 
X2 Ye @) 
This is a special case of formula (1) for x3=y,=0. 








|=7 


S=4++ 








14, The Straight Line. An Equation Solved 
for the Ordinate (Slope-intercept Form) 


Any straight line not parallel to the axis of ordinates 
may be represented by an equation of the form 


y=ax-+b (1) 


Here, a is the tangent of the angle a (Fig. 12) formed by 
a straight line and the positive direction of the axis of abs- 
cissas ) (a=tana=tan Z XLS), and the number 6 is equal 


1) The initial side of the angle a is the ray OX. On the straight 
line SS’ we can take any one of the rays LS, LS’. The angle XLS 
is considered positive if a rotation which brings to coincidence the 
rays LX and LS is performed in the same direction as the rotation 
through 90° that brings to coincidence the axis OX and the axis OY 
(that is, counterclockwise in the customary arrangement). 
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n magnitude to the length of the segment OK intercepted 
zy the straight line on the axis of ordinates; the number 6 
s positive or negative depending on the direction of the seg- 
ment OK. If the straight line passes through the origin, b=0. 

The quantity a is called the slope and the quantity 5, 
the initial ordinate. 





Fig. 12 Fig. 13 Fig. 14 


Example 1. Write the equation of a straight line (Fig. 13) 
which forms an angle a=—45° with the x-axis and inter- 
cepts an initial ordinate b6=—3. 


Solution. The slope a=tan(—45°)=—1l. The desired 
equation is y=—x—3. 


Example 2. What line does the equation 3x=V3 y Tep- 
resent? 

Solution. Solving for y we find y=V3 «x. From the slope 
a=Y3 we find the angle a: since tana=YV3, it follows 
that a=60° (or a= 240°). The initial ordinate 5=0, and so 
this equation represents the straight line UV (Fig. 14) which 
passes through the origin and forms with the x-axis an angle 
of 60° (or 240°). 


Note 1. Unlike the other types of equations of a straight 
iine (see Secs. 30 and 33), Eq. (1) is solved for the ordinate 
and is termed the slope-intercept form of the equation of a 
straight line. 

Note 2. A straight line parallel to the axis of ordinates 
cannot be represented by an equation solved for the ordinate. 
Compare Sec. 15. 
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15. A Straight Line Parallel to an Axis 


A straight line parallel to the axis of abscissas (Fig. 15) 

is given by the equation) 
y=b (1) 
where 6 is equal, in absolute value, to the distance from the 
axis of abscissas to the straight line. If 6 > 0, then the 
strairht line lies above the axis of abscissas (see Fig. 15); 
if b <0, then it is below the axis. 


. The axis of abscissas itself is given by 
the equation 

{ y=0 (1a) 

oo. A straight line parallel to the axis 

0 x of ordinates (Fig. 16) is given by the 


equation ”) 
tig. 15 x=f (2) 
The absolute value of f gives the distance from the axis of 


ordinates to the straight line. If f > 0, the straight line lies 
to the right of the axis of ordinates (see Fig. 16); if f < 0, 


O| ~f x 





Fig. 16 Fig. 17 


it lies to the left of the axis. The axis of ordinates itself is 
given by the equation 


x=0 (2a) 


Example 1. Write the equation of the straight line that 
intercepts the initial ordinate b=3 and is parallel to the 
x-axis (Fig. 17). 

Answer. y=3. 


') Eq. (1) is a special case of the equation y=ax+b solved for the 
ordinate (Sec. 14). The slope a=0. 

*) Eq. (2) is a special case of x=a’y+b’ solved for the abscissa. 
The slope a’=0. 
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Example 2. What kind of line is given by the equation 
ix—5=0? 

Solution. Solving the equation for x, we get rae. 
Tne equation represents a straight line which is parallel to 
“ne y-axis and lies to the left of it at a distance of = 


Fig. 18). The quantity f=—2 may be called the initial 
scissa. 


16. The General Eq-ation of the Straight Line 


The equation 
Ax+ By+C=0 (1) 


ahere A, B, C can take on any values, provided that the 
:cefficients A and B are not simultaneously zero 1)) describes 
: straight line (cf. Secs. 14, 15). This equation represents 
inv straight line, and so it is called the general equation 
* the straight line. 

If A=0, i.e. Eq. (1) does not contain x, then it repre- 
sents a Straight line parallel 2) to the x-axis (Sec. 15). 

If B=0, i.e. Eq. (1) does not contain y, then it describes 
: straight line parallel 2) to the y-axis. 

When B is not equal to zero, Eq. (1) may be solved for 
tne ordinate y; then it is reduced to the form 


y=ax+b (where a=—+, b=—F) (2) 
Thus, the eave 2x— 4y+5=0(A=2, B=—4, C=5) 
-educes to the form 
y=0.5x+ 1.25 
‘a=— 5 =05, b= =3=1.28) solved for the ordinate 


initial ordinate b=1.25, slope a=0.5, so that @ ~ 26°34’; 
see Sec. 14). 

Similarly, for A #0 Eq. (1) may be solved for x. 

If C=0, i.e. Eq. (1) does not contain the absolute term, 
‘t describes a straight line passing through the origin (Sec. 8). 


1) For A=B=0 we have either the identity 0=0 (if C=0) or 
-omething senseless like 5=0 (for C #0). 

2) The x-axis is included in the group of straight lines parallel 
to the x-axis. The same goes for lines parallel to the y-axis (the y-axis 
-tself is included). 
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17. Constructing a Straight Line on the Basis of Its Equation 


To construct a straight line, it suffices to fix two of its 
points. For example, one can take the points of intersection 
with the axes (if the straight line is not parallel to any axis 
and does not pass through the origin); when the line is pa- 
rallel to one of the axes or pas- 
ses through the origin, we have only 
one point of intersection). For 
greater precision, it is advisable to 
find one or two check points. 

Example. Construct the straight 
line 4x-} 3y=1. Putting y=0, we 
find (Fig. 19) the point of interse- 
ction of the straight line with the 


axis of abscissas: A, +: 0). Put- 


ting x=0, we get the point of 
intersection with the axis of ordina- 





1 . 
tes: A, (0, ~). These points are 
Fig. 19 able: 3 P 


too close to one another and so let 
us specify another two values of the abscissa, say, x= 


=—3 and x=-+3, which yield the points Aa(—3, 3) : 
Ag (3 —>) . Draw the straight line A,A,A2Ag. 


18. The Parallolism Condition of Straight Lines 


The condition that two straight lines given by the equa- 
tions 


y=ax+b,, (1) 
y= a,x +b, (2) 

be parallel is the equality of the slopes 
a,=—a, (3) 


The straight lines (1) and (2) are parallel if the slopes are 
not equal. !) 

Example 1. The straight lines y=3x—5 and y=3x4+4 
are parallel since their slopes are equal (a,—=a, = 3). 


1) Here, and henceforward, two coincident straight lines are con- 
sidered parallel. 
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Example 2. The straight lines y=3x—5 and y=6x—8 
are not parallel since their slopes are not equal (a,=3, 


== 6). 
a Example 3. The straight lines 2y—=3x—5 and 4y=6x—8 


; , 3 6 3 
are parallel since their slopes are equal ( a, = , ==> 


Note 1. If the equation of one of two straight lines does 
not contain an ordinate (i.e. the straight line is parallel to 
the y-axis), then it is parallel to the other straight line, 
provided that the equation of the latter does not contain y 
either. For example, the straight lines 2¥-+3=0 and x=5 
are parallel, but the straight lines x—3—0 and x—y=0 are 
not parallel. 

Note 2. If two straight lines are given by the equations 

A\x+By+C,=0, | 
A,xx+By+C,=0 f (4) 
then the condition of parallelism is 
A,B,.— A,B, =0 (5) 
or, in the notation of Sec. 12, 
. Ay By|_ 
a, B[=° 
Example 4. The straight lines 
2x —7y+12=0 


and 


are parallel since 
A, By 
A, By 
Example 5. The straight lines 

2x —7y+12=0 








Be — 
=|) ~ 35 [=2-3:59)—1-(-7=0 


and 
3x-+ 2y—6=0 
are not parallel since 


2 —7 
3 9 |=2 #0 
Note 3. Equality (5) may be written as 
-# 6) 
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which states that the condition for the straight lines (4) being 
parallel is the proportionality of the coefficients of the runn- 
ing coordinates. !) Compare Examples 4 and 5. If the absolute 
terms are proportional as well, i.e. if 


Ar_ Bi _ Gs (7) 


then the straight lines (4) are not only parallel but are also 
coincident. Thus, the equations 

3x-+2y—6=0 

6x-+ 4y—12=0 
describe.one and the same straight line. 


and 


19. The Intersection of Straight Lines 


To find the point of intersection of the straight lines 
A\x+ By +C,=0 (1) 


Ayx+ Boy +C,=0 (2) 
it is necessary to solve the system of equations (1) and (2). 
As a rule, this system yields a unique solution and we obtain 
the desired point (Sec. 9). The only possible exception is the 
equality of the ratios 2 and 3 i.e. when the straight 
lines are parallel (see Sec. 18, Notes 2 and 3). 

Note. lf the given straight lines are parallel and do not 
coincide, then the system (1)-(2) has no solution; if they 
coincide, there is an infinity of solutions. 

Example 1. Find the points of intersection of the straight 
lines y=2x—3 and y=—3x+2. Solving the system of 
equations, we find x=1, y= —1. The straight lines inter- 
sect at the point. (1, —1). 

Example 2. The straight lines 


2x—7y+12=0, x—3.5y+ 10=0 


are parallel and do not coincide since the ratios 2:1 and 
(—7):(—3.5) are equal, but they are not equal to the ratio 


and 


') It may turn out that one of the quantities A, 01 B, (but not 
both together, see Sec, 16) is equal to zero. Then the proportion (6) 
may be understood in the meaning that the corresponding numerator 
is also zero. The proportion (7) has the same meaning for C,=0 
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2:10 (cf. Example 4, Sec. 18). The given system of equati- 
:as has no solution. 

Example 3. The straight lines 3x+2y—6=0 and 
ix—4y—12=0 coincide since the ratios 3:6, 2:4 and 
—6):(—12) are equal. The second equation is obtained from 
vie a by multiplying by 2. This system has an infinity 
-£ solutions. 


29. The Perpendicularity Condition of Two Stralght Lines 


The condition that two straight lines given by the 
=quations 


y=a,x+hy, (1) 
Y= Ax + de (2) 

ze perpendicular is the relation 
a\a,=— | (3) 


which states that two straight lines are perpendicular if the 
xroduct of their slopes is equal to —1, and they are not 
zerpendicular if the product is not equal to —1. 


Example 1. The straight lines y=3x and y=—4 x are 
serpendicular since aa, =3-(—3) =— 1. 


Example 2. The straight lines y=3x and y=4e are not 
perpendicular since a,a,=3 + =1. 


Note 1. lf the equation of one of the two straight lines 
does not contain an ordinate (i. e. the straight line is parallel 
to the y-axis), then it is perpendicular to the other straight 
.ine provided that the equation of the latter does not contain 
an abscissa (then the second straight line is parallel to the 
axis of abscissas), otherwise the straight lines are not per- 
pendicular. For example, the straight lines x =5 and 3y+-2=0 
are perpendicular and the straight lines x==5, and y= 2x are 
not perpendicular. 

Note 2. If two straight lines are given by the equations 


Ayxx+ Byy+Cy=0, Agx+Bay+C,=0 (4) 
then the condition for their being perpendicular is 
A, A, + B1B,=0 (5) 


36 HIGHER MATHEMATICS 


Example 3. The straight lines 2x-+5y=8 and 5x—2y=3 
are perpendicular; indeed, Ay=2, A,=5, By=5, B,=—2, 
and so A,A,+ B,B,=10—10=0. 


Example 4. The straight lines . x—> y=0 and 2x—3y=0 
are not perpendicular since A,A,+ B,B,=2. 


21. The Angle Between Two Straight Lines 


Let two nonperpendicular straight lines L,, L. (taken in 
a specific order) be given by the equations 





y=ax+by, (1) 
Yy=x + be. (2) 

Then the formula 
tan @= aes (3) 


yields the angle through which the first straight Jine must 
be rotated in order to make it parallel to the second line. 
Example 1. Find the angle between the straight lines 
y=2x—3 and y=— 3x+2 (Fig. 20.) 


Here, a,=2, ag=—3. By formula 
(3), we find 
-3-2 
tan 8=Tr! 


whence @=-+ 45°. This means that 
when the straight line y=2x—3 (AB 
in Fig. 20) is turned through the ang- 
le-+45° about the point of intersection 
M(1, —1) of the given straight lines 
(Example 1, Sec. 19), it will coincide 
with the straight line y=— 3x+2 
(CD in Fig. 20). It is also possible to 
take @=180°-+ 45°—225°, @=—180° 
Fig. 20 + 45°—-— 135°, and so on. (These 
angles are denoted by @,, 6 in Fig. 20). 

Example 2. Find the angle between the straight lines 
=—3x+2 and y=2x—3. Here, the lines are the same as 
in Example 1, but the straight line CD (see Fig. 20) is the 
first one and AB is the second. Formula (3) yields tan @=— 1, 


1) On its applicability when the straight lines L,, L, are perpen- 
dicular, see Note J below. 
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2. 0=— 45° (or @=135° or O=— 225°, etc.). This is the 
zgle through which the straight line CD must be rotated to 
icing it into coincidence with AB. 


Example 3. Find the straight line that passes through 
‘se origin and intersects the straight line y=2x—3 at an 
ecgle of 45°. 


Sofution. The sought-for straight line is given by the 
sjuation y=ax (Sec. 14). The slope a may be found from (3) 
2; taking the slope of the given straight line in place of a, 

.e. by putting a,—2); in place 
B a, we take the slope a of the de- 
sed straight line, and in place of 
™. an angle of + 45° or —45°. We 
tren get 
iat I 
Tne problem has two solutions: 
=— 3x (the Straight line AB in 
Fig. 21) and y=ae (the straight 
ine CD). 

Note I. If the straight lines (1) Fig. 21 

and (2) are perpendicular (@= 

= —90°), then the expression 1+ a,a, in ne denominator 
ci (3) vanishes (Sec. 20) and the quotient + an ceases to 
exist.) At the same time, tan @ ceases rs exist (becomes 
xfinite). Taken literally, formula (3) is meaningless; in this 
case it has a conventional meaning, namely that each time 
the denominator of (3) vanishes the angle @ is to be consi- 
zered + 90° (both a rotation through +-90° and one through 
—90° brings either of the perpendicular straight lines to 
coincidence with the other). 


Example 4. Find the angle between the straight lines 
y=2x—3 and y=— 4x7 (a=2, 4=— 7). lf we first 


ye 








y 


2sk whether these straight lines are perpendicular, the answer 
-s yes by the characteristic (3) of Sec. 20 so that we obtain 
8 = + 90° even without formula (3). Formula (3) yields the 


‘+ The numerator a,—a, is not zero since the slopes aj, dg (Sec. 18) 
ace equal only in the case of parallel straight lines. 
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same result. We get 
1 gu 
2 mae) 
0 


In accordance with Note 1, this equality is to be understood 
in the meaning that @= + 90°. 

Note 2. If even one of the straight lines L,, L. (or both) 
is parallel to the y-axis, then formula (3) cannot be applied 
because then one of the straight lines (or both) cannot be 
represented (Sec. 15) by an equation of the form (1). Then 
the angle @ is determined in the following manner: 

(a) when the straight line L, is parallel to the y-axis and 
L, is not parallel, use the formula 


1 
tan cats 


{fan @= 


(b) when the straight line L, is parallel to the y-axis and 
L, is not parallel, use the formula 


(c) when both straight lines are parallel to the y-axis, they 
are mutually parallel, so that tan @=0. 
Note 3. The angle between the straight lines given by the 


equations 
A,x+By+C,=0 (4) 
and 
Aax + Boy +C,=0 (5) 
may be found from the formula 
fan O= ee (6) 


When A,A,+ B,B,=0, formula (6) is given a conventional 
meaning (see Note 1) and @==+ 90°. Compare Sec. 20, 
formula (5). 


22. The Condition for Three Points Lying on One Stralght Line 
The three points A, (a, 41), fe (%2, Ye), Ag (Xs, Ys) lie on 
one straight line if and only if 
X2—Xy dais —0 (1) 
%3—%X, Y3— Wn 


1) The left side of (1) is written in the form of a determinant 
(see Sec. 12). 
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This formula also states (Sec. 13) that the area of the “tri- 
angle” A,A3A, is zero. 

Example 1. The points A, (—2, 5), Ag (4, 3), As (16, —1) 
e on one straight line since 

X_g—Xy pale 4+2 3—5| | 6 4\= 
Xs—%X1 Ys—yi| |16+2 —1—5| [18 —6{ 
=6.(—6)—(—2)-18=0 

Example 2. The points A; (—2, 6), A, (2, 5), As (5, 3) do 

not lie on one straight line since 


oe Yo—Yy =|545 soe —1 ere 
Xs—%X, Ys—yi| |5+2 3-6] |7 —3| 








23. The Equation of a Stralght Line 
Through Two Points (Two-Point Form) 


A straight line passing through two points A, (x,, y,) and 

Aq (%2, Ye) is given by the equation ) 

Xg—%X%, Yo —0 (1) 

xX —*X%, Y —-YW 

It states that the given points Ay, Ag 

and the variable point A (x, y) lie on 

one straight line (Sec. 22). : 

Eq. (1) may be represented (see 
note below) in the form 





X—*1 _ YN" (2) 
Xe2—Xy Y2—- "1 





This equation expresses the proportionality of the sides of 
the right triangles A,RA and A,SA, depicted in Fig. 22, 
where 

x,=OP,, X_g=OPo, x=OP, 
xX —x,;=A,R, %.—x,=A,S; 
Yi=PA,, Yo=P2As, y=PA, 
y —y,=RA, Y2—Yy= SA, 

Example 1. Form the equation of the straight line passing 

through the points (1, 5) and (3, 9). 


1) The left.side of (1) is written in the form of a determinant 
(see Sec. 12). 
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Solution. Formula (1) gives 
3—1 9—5 
x—1 y—5 


2 4 
x—1 y—5 ee 
that is, 2(y—5)—4 (x—1)=0 or 2x—y+3=0. 

Formula (2) yields sat. Whence we again get 
2x —y+3=0. 

Note. When x,=x, (or ye=y;), one of the denominators 
of (2) is zero; then Eq. (2) should be taken to mean that the 
corresponding numerator is zero. See Example 2 below (also 
the footnote on page 34). 

Example 2. Form the equation of a straight line that pas- 
ses through the points A;(4,—2) and A,(4, 5). Eq. (1) 
yields ~~ 

0 


x—4 yo["° B) 


i. e. 0 (y+2)—7(x—4)=0, or x—4=0. 
Eq. (2) is written as 





=0, or 








Fra (4) 


Here, the denominator of the left member is zero. Taking 
Eq. (4) in the above meaning, we put the numerator of the 
left member equal to zero, and we obtain the same result: 
x—4=0. 


24. A Pencil of Straight Lines 


The collection of lines passing through one point A, (x, yj) 
(Fig. 23) is termed a (central) pencil of lines through a point. 
The point A, is called the vertex of 
the pencil. Each one of the lines of 
the pencil (with the exception of 
that which is parallel to the axis 
of ordinates; see Note 1) may be 
represented by the equation 


y—y =k (x—%) (1) 
Here, & is the slope of the line under 
consideration (k= tan a). Eq. (1) is 
called the equation of the pencil 
The quantity & (the parameter of 
Fig. 23 the pencil) characterizes the dire- 
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- of the line; it varies from one line of the pencil 

-s next. 

Tre value of the parameter & may be found if some other 

~z.tion is given which (together with the condition that 
ve .:ne belong to the pencil) defines the position of the line; 
< Example 2. 

Example 1. Form the equation of a pencil with vertex at 
t= point A,(—4, —8). 

Solution. By (1) we have 

y+8=k(x+4) 

Example 2. Find the equation of a straight line that pas- 
<s through the point A,(I, 4) and is perpendicular to the 
“rze.ght line 3x—2y = 12. 

Solution. The desired line belongs to a pencil with vertex 

. 4). The equation of the pencil is y—4-=k (x—1). To find 
~e walue of the parameter k, note that the desired line is 
zecpendicular to the straight line 3e—2y=12; the slope of 

2 


“te latter is — We have (Sec. 20) k=l, i.e.kR=— >. 


T>e desired line is given by the equation y—4=—— (x—1) 
ic ys—prt4as. 

Note /. A straight line belonging to a pencil with vertex 
22 A, (x1, y:) and parallel to the y-axis is given by the equa- 
ton x—x,=0. This equation is not obtainable from (1), no 


—atter what the value of &. All lines of the pencil (without 
-sception) may be represented by the equation 


L(y—yi)=m(x«—%) (2) 
wnere | and m are arbitrary numbers (not equal to zero si- 
—ultaneously). When / #0, we can divide Eq. (2) by J. 


Tren, denoting a in terms of k, we get (1). But if we put 


.=0, then Eq. (2) takes the form x—x, =0. 
Note 2. The equation of a pencil containing two intersecting 
straight lines L,, Ls, given by the equations 
A,xt+Byy+C,=0, A,x+B,y+C,=0 
.s of the form 
m, (A,x+ Byyt+ Cy) +m, (A,x+By+C2)=0 (3) 
Here, m,, m, are arbitrary numbers (not simultaneously zero). In 


particular, for m,=0 we get the line L,, for m,=0 we have the line 
-,. In place of (3) we can write the equation 


A,x+Byy+C, +d (A,x+B,y+C,)=0 (4) 
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in which all possible values are given to only one letter A, but it is 
not possible to obtain the equation of the line L, from (4). 

Eq. (1) is a special case of Eq. (4) when the straight lines L, and 
L, are given by the equations y=y,, x=x, (they are then parallel to 
the axes of coordinates). 

Example 3. Form the equation of a straight line which passes 
through the point of intersection of the lines 2x- 3y-—1=0, 3x~y-2=0 
and is perpendicular to the straight line y=x. 

Solution. The desired line (which definitely does not coincide with 
the line 3x—-y—2=0) belongs to the pencil 


2x-3y-14+4 (3x-y-2)=0 (5) 


The slope of the line (5) is re . Since the desired line is per- 


pendicular to the line y=x, it follows (Sec. 20) that k=-1. Hence, 
teen, i.e. A=>-~—. Substituting A=-—— into (5), we get (af- 


+ re 4 4 
ter simplifications) 








Tx+7y-6=0 


Note 3. If the lines L,, Lz are parallel (but noncoincident), 
Eq. (3) represents, for all possible values of m,, m,, all straight lines 
parallel to the two given lines. A set of mutually parallel straight 
lines is termed a pencil of parallel lines (parallel pencil). Thus, Eq. (3) 
represents elther a central pencil or a parallel pencil. 


25. The Equation of a Stralght Line Through a Given Polnt 
and Parallel to a Given Stralght Line (Polnt-Slope Form) 


1. A straight lirie passing through a point M, (x;, y,) pa- 
rallel to a straight line y=ax+6 is given by the equation 
y—y, =a (X—%) (1) 

Cf. Sec. 24. 
Example 1. Form the equation of a straight line which 


passes through the point (—2, 5) and is parallel to the 
straight line 


5x—7y—4=0 
Solution. The given line may be represented by the equa- 
tion y=ox—t (here a=+) . The equation of the line is 


y—5= > [x—(—2)] or 7 (y—5) =5 (x +-2) or 5x—7y + 45 =0. 
2. A straight line which passes through a point M, (x, y;) 
and is parallel to the straight line Ax+ By+C=0 is given 
by the equation 
A (x—2x,) +B (y—y,)=0 (2) 
Example 2. Solving Example | (A=5, B=—7) by for- 
.mula (2), we find 5(x-+2)—7 (y—5) =0. 
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Example 3. Form the equation of a straight line which 
zasses through the point (—2, 5) and is parallel to the 
straight line 7x+ 10=0. 

Solution. Here A=7, B=0. Formula (2) yields 7 (x2) =0, 
c¢ x +2=0. Formula (1) is not applicable since the given 
equation cannot be solved for y (the given straight line is 
zarallel to the y-axis, cf. Sec. 15). 


26. The Equation of a Stralght Line 
Through a Given Point and Perpendicular 
to a Given Stralght Line 


1. A straight line which passes through a point My, (x. y,) 
and is perpendicular to a straight line y=ax-+-6 is given by 
the equation 


y—n= —t(x—n) (1) 


Ci. Sec. 24, Example 2. 

Example 1. Form the equation of a straight line which 
passes through the point (2, —1) and is perpendicular to the 
straight line 

4x—9y=3 

Solution. The given line may be represented by the equa- 

tion y=er—st (¢=3) . The equation of the desired line 


is y+ 1=— > (x—2) or 9x-+4y—14=0. 
2. A straight line that passes through a point My (x, y;) 


and is perpendicular to the straight line Ax+ By+C=0 is 
given by the equation 


A (y—y)— B (x) =0 (2) 

Example 2. Solving Example 1 (A=4, B=—9) by for- 

mula (2), we find 4(y+ 1)+9(x—2)=0 or 9x+4y—14=0. 

Example 3. Form the equation of a straight line passing 

through the point (— 3, — 2) perpendicular to the straight line 
2y+1=0 


Solution. Here, A=0, B=2 Formula (2) yields 
—2(x-+3)=0 or x+3=0. Formula (1) cannot be used be- 
cause a=0 (cf. Sec. 20, Note 1). 
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27. The Mutual Positions of a Straight Line 
and a Pair of Points 


The mutual positions of points My, (x1, y¥1), M2 (x2, y,) and a 
straight line 


Ax+By+C=0 (1) 


may be determined from the following characteristics: 

(a) points M, and Mg, lie on one side of the line (1) when the 
numbers Ax,+By,+C;, Ax,+By,+C, have the same sign; 

(b) M, and M, are on different sides of line (1) when these num- 
bers have oppose signs; 

(c) one of the points M,, M, (or both) lies on the line (1) if one 
of these numbers is zero or if both are zero. 

Example 1. The points (2, —6), (-4, —2) lie on the same side of 
the straight Nine 

= 3x+5y-1=0 


since the numbers 3-2+5-(—6)—1=-25 and 3-(-4)+5-(~2)-Il=-23 
are both negative. 

Example 2. The origin of coordinates (0, 0) and the point (5, 5) 
lie on different sides of the straight line x+y—8=0 since the numbers 
0+0-—8=-8 and 5+5-8=+2 have different signs. 


28. The Distance From a Point to a Stralght Line 


The distance d from a point M,(x,, y,) to a straight line 
Ax+By+C=0 (1) 
is equal to the absolute value of 
gp Amt Bus t€ 


VA?+ B? (2) 
that is, ) 
Ax,+By,;+C 
d=|6|=|—Se (3) 


Example. Find the distance from the point (—1, +1) to 
the straight line 


3x— 4y+5=0 
Solution. 
Game Bath _ S42 
V3I4+42 V3%44e—<“it:ti‘CS!: 
2 2 
d=|6|= —<|=¢ 


1) Formula (3) is ordinarily derived by means of an artificial con- 
struction. Below (See Note 2) is given a purely analytical derivation. 
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Note 1. Suppose the line (1) does not pass through the origin 0 
ind, hence, C # 0 (Sec. 16). Then, if the signs of 6 and C are the 
came, the points M, and O lie to one side of the line (1); if the signs 
2re opposite, then they lie on different sides (cf. Sec. 27). But if 6=0 
this is only possible if Ax,+By,+C=0), 
chen M, lies on the given straight line 
Sec. 8). 

The quantity 6 is called the oriented dis- 
:ance from the point M, to the line (1). In the 
>xample above, the oriented distance 6 is equal 


10 -F: and C=5. The quantities 6 and C have 


-pposite signs, hence, the points M,(—1I, +1) 
and O lie on different sides of the straight line 
3x-4y+5=0. 

Note 2. The simplest way to derive formula Fig. 24 
.3) is as follows. 

Let M, (x2, y2) (Fig. 24) be the foot 
of a perpendicular dropped from the point M, (x,, y;) onto the 
straight line (1). Then 





d=V(x,-xy)?+—-w)? (4) 

The coordinates x,, y, are found as the solution of the following sys- 
tem of equations: 

Ax+By+C=0, (1) 

A (y—y1)—B (x—%,)=0 : (5) 


where the latter equation defines a straight line M,M, (Sec. 26). To 
amply computations, transform the first equation of the system to 
the form 


A (-%4)+B (y—y1) + Axy+ By, +C=0 (6) 
Solving (5) and (6) for (x-x,), (y-y1), we find 
A 
XM =~ Fags (Ant By +0), (7) 
B 
¥-W1= Arp (AM t+ By tC) (8) 
Putting (7) and (8) into (4), we get 
d= Ax,+By,+C 
V A?+B? | 





29. The Polar Parameters (Coordinates) 
ef a Straight Line») 


The position of a straight line in a plane may be given 


by two numbers called the parameters (coordinates) of the 
line. For example, the numbers 6 (initial ordinate) and a 


1) This section serves as an introduction to Secs. 30 and 31. 
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(slope) are (cf. Sec. 14) the parameters of the straight line. 
However, the parameters 6 and a are not suitable for all 
straight lines; they do not specify a straight line parallel 
to OY (Sec. 15). In contrast, polar parameters (see below) 
can be used to specify the position of any straight line. 

The polar distance (or radius vector) of a straight line UV 
(Fig. 25) is the distance p of the perpendicular OK drawn 
from the origin O to the straight line. 
The polar distance is positive or zero 
(p => 0). 

The polar angle of the straight 
line UV is the angle a=/XOK 
between the rays OX and OK (taken 
in that order; cf. Sec. 21). If the line 
UV does not pass through the origin 
(as in Fig. 25), then the direction of 
the second ray is quite definite (from 

Fig. 25 O to K); but if uv passes through O 

(then O and K_ coincide), the ray 

perpendicular to UV is drawn in any one of two pos- 
sible directions. 

The polar distance and the polar angle are termed the 
polar parameters (or polar coordinates) of a straight line. 

If the straight line UV is given by the equation 





Ax + By+C=0 
then its polar distance is defined by the formula 
1C} 
0 Tae (1) 
and the polar angle a by the formulas 
as A . = B 
cosa= F Varcat : sina=>F "aw (2) 


where the upper signs are taken for C >0, and the lower 
signs for C <0; but if C=O, then either only the upper 
signs or only the lower signs” are taken at will. 


1) Formula (1) is obtained from (3), Sec. 28 (for x,;=y,=0). For- 
mulas (2) are obtained as follows: from Fig. 25 
cos anti , sin gekhe we (3) 


OK p OK p 
According to (7), (8),.Sec. 28 (for x;=y,=0). we have 


AC BC ; 
*=-T7, 3’ Y=-Arzg (cont'd on p. 47) (4) 
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Example 1. Find the polar parameters of the straight line 
3x— 4y + 10=0 


10) 
a = 2. Formulas (2), 


were the upper signs are taken (because C= + 10), yield 
3 
Viseqat 
Hence, a = 127° (or a & 487°, etc.). 
Example 2. Find the polar parameters of the straight line 
3x—4y=0 
Formula (1) yields p=0; in formulas (2) we can take 
e:ther only the upper or only the lower signs. In the former 








Solution. Formula (1) yields p= 


cosa= — 








3 ri 
are sna>— 


: 4 ; 

se, COSA= ——, sina=— and, hence, @ = 127°; in the 
3 : 4 

aiter case, cosa=—, sina=—— and, hence, ax —53°. 


38. The Normal Equation of a Straight Line 


A straight line with polar distance p (Sec. 29) and polar 
iexgle a@ is given by the equation 


xcosa+ysina—p=0 (1) 


This is the normal form of the equation of a straight line. 
Example. Let a straight line UV be distant from the origin 


OK=V2 
Fig. 26) and let the ray OK make an angle a=225° with 
the ray OX. Then the normal equation of UV is 


x cos 225°-++- y sin 225° - VW 2=0 


that is, 
v2 v2 > 
4 y-V2=0 
From (1), (3) and (4), it follows that 
Cc A ue B 
cos A= — TE Warne sin a= TCI Waren (5) 





Formulas (5) coincide with (2) because ca =+1 for C>0 and 
Cc 


Cc, 





=-1 for C <0. 
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Multiplying by —V2, we get the equation of UV in the 
form x-+y+2=0, but this equation is no longer in the nor- 
mal form. 





Fig. 26 Fig. 27 


Derivation of equation (1). Denote the coordinates of the point K 
(Fig. 27) by x2, yz. Then x,=OL=pcosa, y,=LK=p sina. The straight 
line OK that passes through the points O (0, 0) and K (x3, yz) is given 
(Sec. 23) by the equation a Ye |=0. that is, (sina) x—(cos a) y=0. 
The line UV passes through K (x2, y3) and is perpendicular to the 
straight line OK. Hence, (Sec. 26, Item 2), it is given by the equation 
sin @ (y—Yy2)—(—Ccos @) (x—x,)=0. Substituting x,=pcosa@ and y:= 
=psina, we get xcosat+y sin a—p=0. 


31. Reducing the Equation of a Stralght Line 
to the Normal Form 


In order to find the normal equation of a straight line 
given by the equation Ax+By+C=0, it is sufficient to 
divide the given equation by + V A?+B%, the upper sign 
being taken when C > 0 and the lower sign when C <0; but 
if C=0, any sign is valid. We get the equation 

2A a Ba ye CNS 
+ Vane *? Vann! Vane 
It will be normal. » 

Example 1. Reduce the equation 3x—4y+10=0 to the 
normal form. 

Here, A=3, B=—4 and C=10> 0. Therefore, divide 
by —V3?+4?= —5 to get 


3 4 
— srt yy—2=0 


1) Because the coefficients of x and y are, respectively, cosa and 
sina by virtue of (2), Sec. 29, and the constant term is equal to 
(-p) by (1), Sec. 29. 
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~-is is an equation of the form x cosa+ysina—p=0. 
-emely, p=2, cosa=——, sina= ++ (hence, @ ~ 127°). 


Example 2. Reduce the equation 3x—4y=0 to the nor- 
2° form. 
Since C=0 here, it is possible to divide either by 5 or —5. 
= the former case we get 
3 


4 
puoi fe 


z=0, a = 307°), in the latter case, 
3 4 
=e yao 


2=0, a = 127°). To the two values of a@ there correspond 
‘s: methods of choosing the positive direction on the ray OK 
<= Sec. 29). 


2. intercepts 


To find the line segment OL=a (Fig. 28) intercepted on 
-¢ x-axis by the straight line UV, it is sufficient to put 
- =0 in the equation of the straight line and solve the equa- 

ce for x. In similar fashion we 
ind the line segment ON =5 on the 
«xis. The values of a and b can 
r= either positive or negative. If the 
-raight line is parallel to one of the 
ixes, the corresponding line segment 
zces not exist (becomes infinite). 
? the straight line passes through 
“ze origin, each line segment dege- 
-ecates into a point (a=b=0). 

Example 1. Find the line seg- 
~exts a, b intercepted by the straight Fig. 28 

-2 3x—2y+12=0 on the axes. 

Solution. Set y=O and from the equation 3x-+ 12=0 find 
z= —4. Putting x=0, we get y=6 from —2y+12=0. 
Trus, a=—4, b=6. 

Example 2. Find the line segments a and b intercepted on 
“re axes by the straight line 


5y+15=0 


Solution. This line is parallel to the axis of abscissas 
xxx. 15). The line segment a is nonexistent (putting y=0, 
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we get a contradictory relation: 15-0). The segment 6 is 
equal to —3. 

Example 3. Find the line segments a and 6 intercepted 
on the axes by the straight line 


3y—2x=0 


Solution. Using the method given here, we find a=0, 
b=0. The end of each of the “segments” coincides with its 
beginning, which means the line segment has degenerated 
into a point. The straight line passes through the origin 
(cf. Sec. 14). 


Sec. 33. intercept Form of the Equation 
of a Stralght Line 


If a straight line intercepts, on the coordinate axes, line 
segments a, 6 (not equal to zero), then it may be given by 
the equation 


atts! (1) 


Conversely, Eq. (1) describes a straight line intercepting 
on the axes the line segments a, 6 (reckoning from the 
origin O). 

Equation (1) is the intercept form of the equation of a 
straight line. 

Example. Find the intercept form of the equation of the 
straight line 

3x—2y + 12=0 (2) 


Solution. We find a= —4, b=6 (see Sec. 32, Example 1). 
The intercept form of the equation is 


ate! (3) 


It is equivalent to Eq. (2). 

Note /. A straight line that intercepts on the axes line 
segments equal to zero (that is, such that passes through the 
origin: see Example 3 in Sec. 32) cannot be represented by 
the intercept form of the equation of a straight line. 


Note 2. A straight line parallel to the x-axis (Example 2, Sec. 32) 


can be represented by the equation a 1, where 6 is the y-intercept. 


Similarly, a straight line parallel to the y-axis may be given by the 
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w:ation ==1. There is no generally accepted opinion in the litera- 
sre as to whether to regard these equations as intercept forms or not. !) 


34. Transformation of Coordinates 
Statement of the Problem) 


One and the same line is described by different equations 
rt different coordinate systems. Frequently, if we know the 
scuation of some line in one (“old”) coordinate system, it is 


yy 
1] 
1 
‘ 
t 
J 
i] 
t 





Fig. 29 Fig. 30 


-equired to find the equation of the line in another (“new”) sys- 
zen. Formulas for the transformation of coordinates serve this 
z=cpose. They establish a relationship between the old and 
-ew coordinates of some point M. 

Any new system of rectangular coordinates X’O’Y’ may 
:@ obtained from any old system XOY (Fig. 29) by means 
:f two motions: (1) first bring the origin O to coincidence 
sth O’, holding the directions of the axes unchanged; this 
stelds an auxiliary system XO’Y (shown dashed); (2) then 
rotate the auxiliary system about the point O’ to coincidence 
with the new system X’O’Y’. 

These two motions .may be executed in reverse order (first 
2 rotation about O yielding the auxiliary system XOY and 
tzen a translation of the origin to the point O’, which gives 
tre new system X’O’Y’; Fig. 30). 


‘) The essential thing is that the equation == or <4 =1 may 
>e obtained from the equation 24+), however not as a particular 
case but by passing to the limit as 5 or a go to infinity. 
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Thus, it is sufficient to know the formulas of coordinate 
transformation in translation of the origin (Sec. 35) and ro- 
tation of the axes (Sec. 36). 


35. Translation of the Origin 


Notation (Fig. 31): . 
old coordinates of point M:x=OP, y=PM; 
new coordinates of point M:x’=O’P’, y’=P’M,; 
coordinates of new origin O’ in old 
system XOY: 


Xy9=OR, Yyo=RO’ 
Translation formulas: 





bf 
1 
' 
' 
' 
' 
(| 





Pi X=X' +X, y=y' +H (1) 

; or 
0) R Px x’ =x—Xq, y' =Y—Yo (2) 
Fig. 31 In words, the old coordinate is equal 


to the new one combined with the coor- 
dinate of the new origin (in the old system).)) 
Example 1. The coordinate origin is translated to the point 
(2, —5). Find the new coordinates of the point M (—3, 4). 
Solution. We have 


Xy=2, yo=—d, x=—3, y='4 
From formulas (2) we find 
x’=—3—2=—5, y’'=4+5=9 
Example 2. The equation of some line is 
x24 y2—4x + by = 36 


What will the equation of the line be after a translation of 
the origin to the point O’ (2, —3)? 
Solution. According to formulas (1) we have 


x=x't+2 and y=y’—3 
Putting these expressions in the given equation, we get 
(x’ + 2)? + (y’ —3)? — 4 (x’ +2) + 6 (y’—-3) = 36 


') When memorizing the rule, leave out the words in brackets; 
they are essential but can readily be restored. 
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x, after simplifications, 
x4 y= 49 
This is the new equation of the line. It will be recalled 


— 38) that this line is a circle of radius R=7 with centre 
22 O'” 


36. Rotation of the Axes 


Notation (Fig. 32): 
zid coordinates of point M:x=OP, y=PM; 
-ew coordinates of point M:x’=OP’, y’=P’M,; 
angle of rotation of axes a= XOX’=Z YOY’ 
Formulas of rotation: ?) 


x=x' cosa—y’ sina, 1 
y=x'sin a+ty’ cosa (1) 
x 
x’=x cosa+y sina, 2) 
‘=—xsina+y cosa ( 


Example 1. The equation 2xy— 49 is a curve consisting of 
‘wo branches: LAN and L’A‘N’ (Fig. 33). It is called an 
zcuilateral (equiangular) hyperbola. Find the equation of the 
carve after a rotation of the axes through an angle of 45° 

Solution. For a= 45°, the formulas (1) take the form 


V2 V2 
r=x’ y=, 
V2 V2 


Scbstitute these expressions into the given equation. This 
* ‘elds 


V2 V2 ‘ a, / , 
2x x (ey) (0 +9") = 49 
cc. after simplifications, 
xy? = 49 


1) See Sec. 14 for the sign of the angle a (first footnote). 

1) When memorizing formulas (1) note the lack of order in the 
etpression for x (cosine in front of sine, minus sign between terms 
it the right). On the contrary, there is complete ‘‘order’’ in the 
expression for y (first the sine, then the cosine, and a plus sign bet- 
ween them). 

Formulas (2) are obtained from (1) if one replaces @ by —@ and 
zs, y by x’, y’ and vice versa. 
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Example 2. Prior to a rotation of the axes through an 
angle of —20°, the point M had an abscissa x=6 and an 
ordinate y=0. Find the coordinates of M after a rotation of 
the axes. 





Fig. 32 Fig. 33 


Solution. The new coordinates x’, y’ of the point M may 
be found from formulas (2), where we have to put x=6, 
y=0, x=0, a=—20° This yields 


x’ =6 cos (—20°) = 5.64, 
y’ =—6 sin (—20°) = 2.05 


37. Algebraic Curves and Thelr Order 


An equation of the form 
Ax + By+C=0 (1) 
where at least one of the quantities A and B is not zero is 
an algebraic equation of the first degree (in two unknowns x, y). 
It always represents a straight line. 


An algebraic equation of the second degree is any equation 
of the form 
Ax? + Bxy+Cy?+ Dx+ Ey+F=0 (2) 
where at least one of the quantities A, B, C is nonzero. 
An equation that is equivalent to Eq. (2) is also called 
algebraic. 
Example 1. The yas y =5x?, which is equivalent to 


the equation 5x?—y is an algebraic equation of the second 
degree (A=5, B= 0, C= 0, D=0, E=—1, F=0). 
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Example 2. The equation xy=1, which is equivalent to 
:2—1=0, is an algebraic equation of the second degree 

4=0, B=1, C=0, D=0, E=0, F=—1). 

Example 3. The equation (x-+ y+ 2)?—(x+y4+1)?=0 is 
2 equation of the first degree since it is equivalent to 
oz —2y+3=0. i 

In similar fashion we define algebraic equations of the 
cird, fourth, fifth, etc. degrees. The quantities A, B, C, D 
ind so forth (including the absolute term) are called the 
.xfficients of the algebraic equation. 

If some curve L is described in a cartesian coordinate 
-.stem by an algebraic equation of the nth degree, then in 
:7¥ other cartesian system it will be given by an algebraic 
z.uation of the same degree. However, the coefficients (some 
:-- all) of the equation will then change their values; in a 
sarticular case, some of them can vanish. 

A curve L given-(in a cartesian system) by an nth degree 
+zuation is termed an algebraic curve of the nth order (or of 
cegree Nn). 

Example 4. In a rectangular coordinate system, a straight 

me is described by an algebraic equation of the first degree 

:é the form Ax+By+C=0 (Sec. 16). Therefore, a straight 
_e is a first-order algebraic curve. In different coordinate 
«stems, the coefficients A, B, C have different values for 
‘ce and the same straight line. For instance, in an “old” 
_.stem, let a straight line be given by the equation 2x+-3y — 
—5=0(A=2, B=3, C=—5). If we rotate the axes through 
+t°, then (Sec. 36) the same line will, in the “new” system, 
ze described by the equation 





B="), c=-5) 


Example 5. If the coordinate origin coincides with the 
xentre of a circle of radius R=3, the circle is described by 
“ne equation (Sec. 38) x?-+y2—9=0. This is an algebraic 
zzuation of the second degree (A=1, B=0, C=1, D=0, 
==0, F=—9). Hence, a circle is a second-order (quadric) 
:arve. If the origin is translated to the point (—5, —2), then 
-. the new system the same circle will be given (Sec. 35) by 
tne equation (x’—5)?+ (y’—2)?—9=9, or x’+y"— 10x’ — 
— 4y'—20=0. This is also a second-degree equation; the 
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coefficients A, B and C remain the same, but D, E and F 
have changed. 

Example 6. The curve given by the equation y=sin x 
(sine curve) is not algebraic. 


38. The Circle 


A circle of radius R with centre at the origin of coordi- 
nates is given by the equation 


xe y= R2 
It sate that the square of the distance OA (see Fig. 9, p. 24) 
from the origin to any point A ly- 
ing on the circle is equal to R?. 
May) A circle of radius R with centre 


at the point C (a, b) is See ter by 
the equation 


(x—a)?+(y—b)?=R? (1) 
x It states. that the square of the dis- 
tance MC (Fig. 34) between the 
Fig. 34 points M(x, y) and C(a, 6) (Sec. 
10) is equal to R2. 

Eq. (1) may be rewritten as 
x? + y? — 2ax — 2by + a? + b?@— R?=0 (2) 
Eq. (2) may be multiplied by any number A to give 
Ax? -+ Ay? — 2Aax—2Aby + A (a? + 6?— R2)=0 (3) 


Example 1. A circle of radius R=7 with centre at C (4, —6) 
is described by the equation 


(x —4)?+(y+6)?=49 or x?+-y?—8r+4 12y+-3=6 
or (after being multiplied by 3) 
3x? + 3y?— 24x 36y +9=0 


Note. A circle is a second-order (or quadric) curve (Sec. 37) 
since it is described by a second-degree equation. However, 
an equation of the second degree does not always represent 
a circle. For this, it is necessary that 

(1) it should not have a term with the product xy; 

(2) the coefficients of x2 and y? should be equal [cf. Eq. (3)]. 

These conditions however are not quite sufficient (see Sec. 39). 


Y 
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Example 2. The second-degree equation x?+ 3xy+y?=1 
s not a circle because it bas the term 3xy. 

Example 3. The second-degree equation 9x?+ 4y?=49 is 
“ot a circle because the coefficients of x? and y? are not equal. 

Example 4. The equation 


5x2 — 10x + 5y? + 20y—20=0 


satisfies the conditions (1) and (2). In Sec. 39 it is shown 
that this is a circle. 


39. Finding the Centre and Radlus of a Circle 


The equation 
Ax?+ Bx-+ Ay?+Cy+D=0 (1) 


‘which satisfies the conditions (1) and (2), Sec. 38] is a circle 
zrovided that the coefficients A, B,C, D satisfy the inequality 
B?+C2—4AD >0 (2) 

Tren the centre (a, 6) and the radius R of the circle may be 
‘rund from the formulas (which need not be remembered: 
see Example 1, second method) 

B Cc B2+4+C2?—4AD 
——, b=—— pee 

cae C= pg R TAR @) 

Note. The inequality (2) states that the square of the 
-adius must be a positive number; cf. the last formula of (3). 
Hf inequality (2) is not fulfilled, then Eq. (1) does not rep- 
sesent any curve at all (see Example 2, below). 

Example 1. The equation 


5x2 — 10x-+ 5y?-+ 20y—20=0 (4) 


a= 


its (1); here, 
A=5, B=—10, C=20, D=—20 
inequality (2) is fulfilled. Hence, Eq. (4) is a circle. Using 
*zemulas (3), we find 
a=1, b=-—2, R?=9 
Thus the centre is (1, —2) and the radius R=3. 


Alternative method. Divide Eq (4) by the coefficient of 
she second-degree terms (i. e., 5): 


x2—2x+ y?+ 4y—4=0 
complete the squares in x?—2x and y?4-4y by adding ! to 
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the first sum and 4 to the second. Add the same number 
to the right side of the equation by way of compensatior 
We then have 


(PAF I+ yP+4yt4—4=144 


(e—1)? + (y+2)?=9 
Example 2. The equation 
x?—2x+ y?+2—0 (5 
fits the case (1), but inequality (2) is not fulfilled. Whict 
means that Eq. (5) does not describe any curve. 

The same conclusion may be arrived at in the following 
manner (cf. Example 1): 

Complete the square in x?—2x by adding 1; also add | 
to the right side. This yields (x—1)?+ y?--2=1 or (x—1)?+ 
+y?%=—1. But the sum of the squares of (real) numbers 
cannot be equal to a negative number. For this reason there 
is no point whose coordinates can satisfy this equation. 


or 


if My ie 


40. The Ellipse as a Compressed Circle 


Through the centre O of a circle of radius a (Fig. 35) 
draw two mutually perpendicular diameters A’A, D'D. On the 
radii OD, OD’ lay off from O equal line-segments OB, OB’ 
of length 6 (less than a). From 
each point N of the circle drop a 
perpendicular NP onto the diameter 
A'A and on this perpendicular lay 
off a segment PM from the foot P 
so that 


PM:PN=b:a (1) 


This construction transforms 
every point N into a corresponding 
point M lying on the same perpen- 
dicular NP; PM_ is obtained from 

PN by reduction in the same ratio 
k= 2. A transformation of this kind is termed uniform 
compression. The straight line A’A is called the axis of com- 
pression. 

The line ABA’B’ into which the circle has been transfor- 


med by uniform compression is called an ellipse (see Sec. 41 
for an alternative definition). 





Fig. 35 
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The line segment A’A=2a (and frequently the straight 
line A’A, i. e. the axis of compression) is called the major 
axis of the ellipse. 

The line segment B’B= 20 (and often also the straight line 
B’B) is called the minor axis of the ellipse (2a > 2b, by 
construction). The point O is the centre of the ellipse. The 
points A, A’, B, B’ are termed the vertices of the ellipse. 

The ratio k=b:a is called the coefficient of compression of 
the ellipse. The quantity I—k= 2 (the ratio BD:OD). is 
called the compression of the ellipse and is denoted by a. 

An ellipse is symmetric about the major and minor axes 
and, hence, about the centre. 

A circle may be regarded as an ellipse with a coefficient 
of compression k= 1. 

Standard form of the equation of the ellipse. If the axes 
of the ellipse are taken as the coordinate axes, then the 
ellipse is described by the equation ) 


S+H-1 @) 


This is the standard (canonical) form of the equation of 
the ellipse. 

Example 1. A circle of radius a=10 cm is subject to 
<niform compression with coefficient of compression 3:5. 
This produces an ellipse with major axis 2a=20 cm and 
minor axis 2b==-12 cm (semi-axes a=10 cm, b=6 cm). The 





: A -6 
compression of the ellipse a= 1—ka ie =0.4. The stan- 
') We have 
OP? + PN?=ON*=a?* (3) 
Zy (1) we get 
PN=— PM (4) 
Putting this into (3) yields : 
OPt+ PM*=a? (5) 
tmat is, 
2 
ra y?=a? (6) 


Dividing by a? yields the equivalent equation (2). Thus, if 
Wd ix, y) lies on the ellipse ABA’S’, then x, y satisfy Eq. (2). But 
- M does not lie on the ellipse, then equality (4) and, hence, 
E 5. (6) are not satisfied (cf. Sec. 7). 
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dard form of the equation is then 
x? “y? -_ 
00 t 36 =! 
Example 2. In projecting a circle on some plane P, the 


diameter AA, (Fig. 36) parallel to the plane is projected 
full size and all the chords per- 
pendicular to the diameter are 
reduced in a ratio equal to cos q, 
where @ is the angle between 
the plane P, of the circle and 
the plane P. For this reason, 
the projection of a circle is an 
ellipse with major axis 2a=A‘A 
and coefficient of compression 
k=cos Q. - 

Example 3. A __ terrestrial 
meridian is more accurately 
taken as an ellipse and not a 

Fig. 36 circle. The axis of the earth is 

the minor axis of the ellipse. It 

has an approximate length of 12,712 km. The length of the 

major axis is roughly 12,754 km. Find the coefficient of 
compression k& and the compression a of this ellipse. 

Solution. 


a-b 2a-26 12,754-12,712 fe 
Soa ae esd 


k=1—a ~ 0.997. 





41. An Alternative Definition of the Ellipse 


Definition. An ellipse is the locus of points (M), the sum 
of the distances of which from two given points F’, F 
(Fig. 37) is a constant, 2a: 
F'M+FM=2a (1) 
The points F’ and F are called the foci» of the ellipse, the 
distance F’F is the focal length, denoted by 2c: 


F'F =2c (2) 


1) If a light source is placed at F (or F’), the rays of light are 
relied from the ellipse and come together at F’ (or F) (the other 
jocus). 
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sace F’F < F’M+FM, it follows that 2c < 2a, or 
c<a (3) 
The definition given in this section is equivalent to that 
= Sec. 40 [cf. Eq. (7) with Eq. (2), Sec. 40]. 
Standard form of the equation of the ellipse. Take the 
swaight line F’F (Fig. 38) as the axis of abscissas and the 





Fig. 37 Fig. 38 


—idpoind O of the line segment F’F as the origin of coordi- 
-ates. According to the definition of an ellipse and to (1), 
sec. 10, we have F’(—c, 0), F(c, 0). By Sec. 10 


V e+eP+ y+ V OP + y= 20 (4) 
on elimination of the radicals, we obtain an equivalent 
>guation: 


(a? a c?) x2 + a®y? = q? (a? —c?) (5) 
x 
tatae! 6) 


Because of (3), the quantity a*—c? is positive. Therefore 
we can write (6) as 


S+H=! (7) 
® Nere 
63=a?—c? (8) 


Eq. (7) coincides with Eq. (2) of Sec. 40, and so the 
zurve, called an ellipse in this section, is indeed identical 
with the curve described as an ellipse in Sec. 40. It then 
‘cms out that the centre O of the ellipse (Fig. 39) coincides 
» th the midpoint of the line segment F’F, that is, OF =c. 


= 


3. equality (1), the major axis 2a=A’A of the ellipse turns 


1) Transpose one of the radicals to the right side and square. 
Trere will be only one radical in the new equation, Separating it 
azz again squaring, we simplify to (5). 
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out equal to the constant sum of the distances F’M+FM 
(Fig. 38). The semiminor axis 5=OB (Fig. 39) and the line 
segment c=OF are sides of the right triangle BOF; the 
hypotenuse BF of this triangle is a. This is evident from (8) 
and also from the fact that the 

B Y equal segments F’B and FB add to 


2a (by the definition of an ellipse). 

Aaa Thus, the distance from a focus to 
At A, the end of the minor axis is equal 
Sees X to the length of the semimajor axis. 
The ratio am of the focal 

length to the major axis, i.e. the 


quantity <, is called the eccent- 


ricity of the ellipse. The eccentricity is denoted by the Greek 
letter © (epsilon): 


Fig. 39 


c 
ar (9) 
Because of (3), the eccentricity of an ellipse is less than 
unity. By virtue of (8), the eccentricity ¢ and the coefficient 
of compression & of an ellipse (Sec. 40) are connected by the 
relation 
kh? — 1—e? (10) 


Example. Let the focal length of the ellipse 2c=8cm 
and the sum of the distances of an arbitrary point from the 
foci be 10 cm. Then the major axis 2a= 10cm, the eccentri- 
city e=— = 0.8. The coefficient of compression k = 
= V 1—e?=0.6. The minor axis 2b = 2ak =2 VY a?—c?=6cm. 
The standard form of the equation of the ellipse is 


Note. If the circle is regarded as a special kind of ellipse, 
b=a, then c=0, and the foci F’ and F must be taken to 
coincide. The eccentricity of the circle is zero. 


42. Construction of an Ellipse from the Axes 


First method. On the perpendicular straight lines X'X 
and Y’Y (Fig. 40) lay off the line segments OA’=OA=a 
and OB’=OB=b [halves of the given axes 2a, 2b (a > 5)]. 
The points A’, A, B’, B will be the vertices of the ellipse. 
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From point B, strike an arc wv with radius a; it will 
atersect the line segment A’A at the points F’, F; these 
vill be the foci of the ellipse [by (8), Sec. 41]. Divide 
4'A=2a into two parts in arbitrary fashion: A’K =r’ and 
«A=r, so that r’+-r=2a. From the point F draw a circle 
zi radius r and from F’ a circle of radius r’. These circles 
atersect at two points M and M’; by construction, we have 
="M1+FM=2a and F'M’+FM'=2a. By the definition 
zven in Sec. 41 the points M and M’ lie on the ellipse. 
3y varying r we obtain new points of the ellipse. 





Fig. 40 


Second method. Draw two concentric circles of radius 
-A=a and OB=b (Fig. 41). Through the centre O draw 
a arbitrary ray ON. Through the points K and M,, at which 
JN meets the two circles, draw straight lines that are 
vespectively. parallel to the axes X’X, Y’Y. These straight 
nes will intersect at the point M. Its ordinate PM (= KD) 
s shorter than the ordinate PM, of the point M, which 
2s on the circle of radius a; we have PM:PM,=b:a. 
vnerefore (Sec. 40) the point M lies on the desired ellipse. 
-arying the direction of the ray ON, we get new points of 
ihe ellipse. : 


43. The Hyperbola 


Definition. The Ayperbola (Fig. 42) is the locus of points 
Mf) whose distances from two fixed points F’, F have a 
constant difference (cf. definition of the ellipse in Sec. 41): 


| F'M—FM |=2a (1) 
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The points F’ and F are called the foci” of the hyper- 
bola, and the distance F’F is the focal length denoted by 2c: 
F'F =2c (2) 


Since F'F > |F’'M—FM]|, it follows that [cf. formula (3), 
Sec. 41] 
c>a (3) 


If M is closer to the focus F’ than to the focus F, i. e. if 





Fig. 42 Fig. 43 


F'M < FM (Fig. 43), then in place of (1) we can write 


FM—F'M=2a (la) 
But if M is closer to F than F’, i. e. F’'M > FM (Fig. 42), 
then we have 

F’M—FM=2a (1b) 


Those points for which F’M—FM-=2a form one branch of 
the hyperbola (usually the right 
branch); those points for which 
FM—F'M=2a form the other 

branch (the left branch). 
Standard form of the equa- 
tion of the hyperbola. In Fig. 
44, for the x-axis we take the 
line F’F and for the origin, 
the midpoint O of F’F. By (2) 
Fig. 44 we have F(c, 0), F’(—c, 0). 
By (1b) and Sec. 10 the right 

branch is given by the equation 


VETPFR-VE=F FR = 2 (a) 





1) Ifa light source is placed at one of the foci, the light rays 
reflected from the hyperbola will form a divergent beam with the 
centre in the other focus. Cf. footnote on p. 60. 
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For the left branch, by (la) and Sec. 10, we have the 
=quation 


V oy? — V (eo + y= 2a (4b) 
Qn elimination of the radicals we get, in both cases, 
(a? —c2) x24 ay? = a? (a*—c?) (5) 
x 
2 2 
atgta=! (6) 


This equation is equivalent to the pair (4a), (4b) and 
-epresents the two branches of the hyperbola at once. ) 

Equation (6) is outwardly the same as the equation of 
:he ellipse [cf. (6), Sec. 41] but this similarity is deceptive, 
“or now, due to (3), the quantity a?—c? is negative, so that 
¥ a?—c? is imaginary. Therefore, denote by b the quantity 
-~ VA—a@ so that » 





=c?—a@? (7) 


Then from (6) we get the standard (canonical} equation 
2f the hyperbola 


2 2 
5-42! (8) 


Example. If the magnitude of the difference F’M—FM 
s 2a=20 cm and the focal length is 2-25 cm, then 


: va—aa (cm). The standard form of the equation 
:¢ the hyperbola is mou 1. 
a 


4. The Shape of the Hyperbola, Its Vertices 
wd Axes 


The hyperbola is symmetric about .the point O—the 
z=:dpoint of the segment F’'F (Fig. 45); it is symmetric about 
“se straight line F’F and about the straight line Y’Y drawn 
‘trough O perpendicular to F’F. The point O is called the 


*) The two branches of the hyperbola might be taken as two 
ucves and not one. But then neither of the curves, separately, 
sz zld be a second-degree algebraic equation. F 

See Sec. 46 on the geometrical meaning of the quantity 0. 
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centre of the hyperbola. The straight line F’F intersects the 
hyperbola at two points A(-+a, 0) and A’(—a, 0). These 
points are the vertices of the hyperbola. The segment 
A’A=2a (and also frequently the straight line A’A) is called 
the real (transverse) axis of the hy- 
perbola 

The straight line Y’Y does not 
intersect the hyperbola. Nevertheless, 
it is customary to lay off on this 
line the segments B’O=OB=b and 
call B’B=2b6 (and also Y’Y) the ima- 
gay (conjugate) axis of the hyper- 
ola. 

Since AB*=0A?+ 0B?=a?-+ }?, 
it follows from (7), Sec. 43, that 
AB=c, i.e. the distance from a vertex 
of the hyperbola to the end of the con- 
jugate axis is equal to half the focal 
length. 

The conjugate axis 2b may be greater than (Fig. 45), less 
than (Fig. 46), or equal to (Fig. 47) the transverse axis 2a. 
If the transverse and conjugate axes are equal (a=6), then 
the hyperbola is termed equiangular, equilateral, or rectangular. 








The ratio fs = = of the focal length to the transverse 
axis is called the eccentricity of the hyperbola and is denoted 
by e [cf. (9), Sec. 41)]. Because of (3), Sec. 43, the eccentri- 
city of the hyperbola is greater than unity. The eccentricity 


of an equilateral hyperbola is VY 2. 
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The hyperbola lies completely outside the strip bounded 
ty the straight lines PQ and RS parallel toY’Y and distant 
som ¥Y'Y by OA=A’O=a (Figs. 45, 46, 47). To the right 
ind left of this strip the hyperbola goes off without bound. 


45. Construction of a Hyperbola from Its Axes 


On the perpendicular straight lines X’X and Y’Y (Fig. 48) 
ay off segments OA=OA’=a and OB=OB'’=b (semitrans- 
verse axes and semiconjugate axes). Then lay off the segments 
OF and OF’ equal to AB. The 
zcints F’ and F are foci [according 
2 (7), Sec. 43]. Take an arbitrary 
zoint K on the extension of the 
segment A’A. From F draw a circle 
2! radius r= AK. From F’ describe 
z circle of radius r’= A’K=2a-r. 
These circles will intersect in two 
roints M, M’‘; note that by constru- 
zion F/M—FM=Q2a and F'M’— 
—FM’'=2a. By the definition given 
- Sec. 43, the points M and M’ lie 
ic. the hyperbola. By varying r we get other points on the 
right” branch. Similarly, we can obtain points on the “left” 
tranch. 





46. The Asymptotes of a Hyperbola 


For |&| <<, the straight line y=&kx (it passes through 
cze centre O of the hyperbola) intersects the hyperbola in 
two points D’, D (Fig. 49) which 
are symmetric about O. But if 
|k|=>2, then the straight line 
y=kx (E’E in Fig. 50) has no 
X common points with the hyperbola. 

The straight lines y= = x and 
y=: —2x(U'U and V’V in Fig. 51), 


for which |k|= 2, have the fol- 


wing unique property: each line when extended indefini- 
ts.y approaches indefinitely near to the hyperbola. 






Fig. 49 
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More precisely: if the straight line Q’Q, parallel to the 
axis of ordinates, is made to recede to an infinite distance 
from the centre O (to the right or to the left), the line 
segments QS, Q'S’ between the hyperbola and each of the 
straight lines U'U, V'V hecome small without bound. 





Fig. 50 





The straight lines y= tx and y=—tx are called the 
asymptotes of the hyperbola. ») 

The asymptotes to an equilateral hyperbola are mutually 
perpendicular. 

The geometrical meaning of the conjugate axis. Through 
the vertex A of a hyperbola (Fig. 51) draw a straight line 
L'L perpendicular to the transverse axis. Then the segment 
L’L (of this straight line) bet- 
ween the asymptotes to the 
hyperbola is equal to the con- 
jugate axis B’B=2b6 of the 
hyperbola. 


47. Conjugate Hyperbolas 





Two nape oe Rate called 

conjugate (Fig. 52) if they have 

se a setae caine 6 wid com- 

mon axes, but the transverse 

axis of one is the conjugate axis of the other. In Fig. 52, 

A'A is the transverse axis of hyperbola / and the conjugate 

axis of hyperbola //, B'B is the transverse axis of hyperbola 
Tl and the conjugate axis of hyperbola /. 


1) Asymptote is from the Greek meaning “not meeting.” 
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If 


x? y? = 
an pe et 
s the equation of one of the conjugate hyperbolas, then the 
ztaer one is given by the equation 
oR a— 
Conjugate hyperbolas have common asymptotes (U’U and 
“bv in Fig. 52). 


£8. The Parabola 


Definition. The parabola (Fig. 53) is the locus of points 
“f) equidistant from a given point F and a given straight 


me PQ 
FM=KM (1) 


The point F is called the focus,1) and the straight line 
=2 the directrix of the parabola. The distance FC=p from 
“ze focus to the directrix is the para- oly 
mgier of the parabola. 

For the coordinate origin, take D OM 
“ze midpoint O of the line FC so that k 


CO=OF= + (2) 
Tre straight line CF will be the axis cone x 
z= abscissas and the positive direction 
» | be from O to F. 
We then have: F (: 0), KM= y" 
= KD+DM= £.+x and (Sec. 10) Fig. 53 


ua (f-% ene Because of (1), we have 
V ($-*) eat te 3) 


: Aiter reflection from a parabola, a parallel beam of rays per- 
vet-c.cular to the directrix will become a central beam with centre 
: tze focus. See footnote on p. 60. 


This handbook is a continuation of the Handbook of Ele- 
mentary Mathematics by the same author and includes mate- 
rial usually studied in mathematics courses of higher educa- 
tional institutions. 

The designation of this handbook is twofold. 

Firstly, it is a reference work in which the reader can find 
definitions (what is a vector product?) and factual information, 
such as how to find the surface of a solid of revolution dr how 
to: expand a function in a trigonometric series, and so on. 
Definitions, theorems, rules and formulas (accompanied by 
examples and practical hints) are readily found by reference 
to the comprehensive index or table of contents. 

Secondly, the handbook is intended for systematic jad ing 
It does not take the place of a textbook and so full proo' 
are only given in exceptional cases. However, it can well 
serve as material for a first acquaintance with the subject. 
For this purpose, detailed explanations are given of basic 
concepts, such as that of a scalar product (Sec. 104), limit 
(Secs. 203-206), the differential (Secs. 228-235), or infinite 
series (Secs. 270, 366-370). All rules are abundantly illustra- 
ted with examples, which form an integral part of the hand- 
book (see Secs. 50-62, 134, 149, 264-266, 369, 422, 498, and 
others). Explanations indicate how to proceed when a rule 
ceases to be valid; they also point out errors to be avoided 
(see Secs. 290, 339, 340, 379, and others). 

The theorems and rules are also accompanied by a wide 
range of explanatory material. In some cases, emphasis is 
placed on bringing out the content of a theorem to facilitate 
a grasp of the pt. At other times, special examples are 
illustrated and the reasoning is such as to provide a complete 
proof of the theorem if applied to the general case (see Secs. 
148, 149, 369, 374). Occasionally, the explanation simply 
refers the reader to the sections on which the proof is based. 
Material given in small print may be omitted in a first read- 
ing, however, this does not mean it is not important. 

Considerable attention has been paid to the historical 
background of mathematical entities, their origin and develop- 
ment. This very often helps the user to place the subject 
matter in its proper perspective. Of particular interest in this 
respect are Secs. 270, 366 together with Secs. 271, 383, 399, 
and 400, which, it is hoped, will give the reader a clearer 
understanding of Taylor’s series than is usually obtainable in 
a formal exposition. Also, biographical information from the 
he e mathematicians has been included where deemed 
advisable. 
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YThe Subject of Analytic Geometry 


The school (elementary) course of geometry treats of the 
proper ties of rectilinear figures and the circle. Most important 
are constructions; calculations play a subordinate role in the 
theory, although their practical significance is great. Ordina- 
rily, the choice of a construction requires ingenuity. That is 
the chief difficulty when solving problems by the methods of 
elementary geometry. 

Analytic geometry grew out of the need for establishing 
uniform techniques for solving geometrical problems, the aim 
being to apply them to the study of curves, which are of 
particular importance in practical problems. 

This aim was achieved in the coordinate method (see Secs. 
2 to 4). In this method, calculations are fundamental, while 
constructions play a subordinate role. As a result, solving 
problems by the method of analytic geometry requires much 
less inventiveness. 

The origins of the coordinate method go back to the works 
of the ancient Greek mathematicians, in particular Apollonius 
(3-2 century B.C.). The coordinate method was systemati- 
cally elaborated in the first half of the !7th century in the 
works of Fermat!) and Descartes.?) However, they considered 
only plane curves. It was Euler ®) who first applied the coor- 
inate method in a systematic study of space curves and 
surfaces. 


!) Pierre Fermat (1601-1655), celebrated French mathematician, 
one of the forerunners of Newton and Leibniz in developing the diffe- 
rential calculus; made a great contribution to the theory of numbers. 
Most of Fermat's works (including those on analytic geometry) were 
not published during the author's lifetime. 

*) Rene Descartes (1596-1650), celebrated French philosopher 
and mathematician. The year 1637, which saw the publication of his 
Geometrie, an appendix to his philosophical treatise, is taken to be 
the date of birth of analytic geometry. 

3) Leonhard Euler (1707-1783), born in Switzerland, wrote 
over 800 scientific papers and made important discoveries in all of 
the physico-mathematical sctences. 
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2/coordinates 


The coordinates of a point are quantities which determine 
the position of the point (in space, in a plane or on a curved 
surface, on a straight or curved line). If, for instance, a point 

M lies somewhere on a straight line 

0 M X'X (Fig. 1), then its position may 

ye ay be defined by a single number in the 

following manner: choose on X’X some 

Fig. 1 initial point O and measure the segment 

OM in, say, centimetres. The result 

will be a number x, either positive or negative, depending 

on the direction of OM (to the right or to the left if the 

straight line is horizontal). The number x is the coordinate 
of the point M. : 

The value of the coordinate x depends on the choice of 
the initial point O, on the choice of the positive direction on 
the straight line and also on the scale unit. 


3/\ Rectangular Coordinate System 


The position of a point in a plane is determined by two 
coordinates. The simplest method is the following. 

Two mutually perpendicular straight lines X’X and Y'Y 
(Fig. 2) are drawn. These are termed coordinate axes. One 
(usually drawn horizontally) is the axis of abscissas, or the 





Fig. 2 Fig. 8 


x-axis (in our case, X‘X), and the other is the axis of ordi- 
nates, or the y-axis (Y’Y). The point O, the point of inter- 
section of the two axes, is called the origin of coordinates or 
simply the origin. A unit of length (scale unit) is chosen. It 
may be arbitrary but is the same for both axes. 

On each axis a positive direction is chosen (indicated by 
an arrow). In Fig. 2, the ray OX is the positive direction of 
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the x-axis and the ray OY is the positive direction of the 
y-axis. 

It is customary to choose the positive directions (Fig. 3) 
so that a counterclockwise rotation of the ray OX through 90° 
will bring it to coincidence with the positive ray OY. 

The coordinate axes X’X, Y’Y (with established positive 
directions and an appropriate scale unit) form a rectangular 
coordinate system. 


4-/Rectangular Coordinates 


The position of a point M in a plane in the rectangular 
coordinate system (Sec. 3) is determined as follows. Draw MP 
parallel to Y’Y to intersection with the x-axis at the point P 
(Fig. 4) and MQ parallel to X’X 
to its intersection with the y-axis Y 
at the point Q. The numbers x and 
y which measure the segments OP 
and OQ by means of the chosen scale 
unit (sometimes by means of the 
segments themselves) are called the 
rectangular coordinates (or, simply, 
coordinates) of the point M. These 
numbers are positive or negative 
depending on the directions of the 
segments OP and OQ. The’ num- 
ber x is the abscissa of the point M Fig. 4 
and the number y is its ordinate. 

In Fig. 4, the point M has abscissa x=2 and ordinate 
y=3 (the scale unit is 0.4 cm.) This information is usually 
written briefly as M (2, 3). Generally, the notation M (a, 6) 
means that the point M has abscissa xa and ordinate y=b. 

Examples. The points indicated in Fig. 5 are designated 
as follows: A,(+2, +4), A2,(—2, +4), As(+2, —4), 
A,(—2, —4), B,(+5, 0), By (0, —6), O(0, 0). 

Note. The coordinates of a given point M wil! be different 
in a different rectangular coordinate system. 





5y Quadrants 


The four quadrants formed by the coordinate axes are 
numbered as shown in Fig. 6. The table below shows the 
‘signs of the coordinates of points in the different quadrants, 
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Quadrant 
pe ee ! I aa] 
Coordinates 








Abscissa + = - + 
Ordinate + + - - 





The point A, in Fig. 5 lies in the first quadrant, A, in 
the second, Ay in the third, and the point A, lies in the 
fourth quadrant. 

If a point lies on the 
axis of abscissas (for ins- 
tance, B, in Fig. 5), then 








Fig. 5 Fig. 6 


its ordinate y is zero. If a point lies on the axis of ordinates 
(point Bs, for example, in Fig. 5), then its abscissa is zero. 


af Oblique Coordinate System 


There are also other systems of coordinates besides the 
rectangular system. The oblique system (which most resemb- 
les the rectangular coordinate system) is 
constructed as follows (Fig. 7): draw 
two nonperpendicular straight lines 
X’X and Y’Y (coordinate axes) and 
proceed as in the construction of the 
rectangular coordinate system (Sec. 
3). The coordinates x=OP (abscissa) 
and y=PM (ordinate) are defined as 
in Sec. 4. 
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The rectangular and oblique systems of coordinates come 
under the generic heading of the cartesian coordinate system. 

Among coordinate systems other than the cartesian type, 
frequent use is made of the polar system of coordinates (see 
Sec. 73). 


I/the Equation of a Line 


Consider the equation x-+y=3, which relates an abscissa 
x and an ordinate y. This equation is satisfied by the set of 
pairs of values x, y, for example, x=1, y=2, x=2 and 
y=1, x=3 and y=0, x=4 and y=—1, and so on. Each 





pair of coordinates (in the given coordinate system) is asso- 
ciated with a single point (Sec. 4). Fig. 8a depicts points 
A; (1, 2), Ag (2, 1), Az (3, 0), Ag (4, —1), all of which lie on 
a single straight line UV. Any other point whose coordinates | 
satisfy the equation x+y=3 will also lie on the same line. 
Conversely, for any point lying on the straight line UV, the 
coordinates x, y satisfy the equation x-+y=3. 

Accordingly, one says that the equation x+y=3 is the 
equation of the straight line UV, or the equation x+y=3 
represents (defines) the straight line UV. Similarly, we can 
say that the equation of the straight line ST (Fig. 86) is 
y= 2x, the equation x2-+-y2—49 defines a circle (Fig. 9), the 
radius of which contains 7 scale units and the centre of which 
lies at the origin of coordinates (see Sec. 38). 

Generally, the equation which relates the coordinates x 
and y is called the equation of the line (curve) L provided 
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the following two conditions hold: (1) the coordinates x, y of 
any point M of the line L satisfy the equation, (2) the coor- 
dinates x, y of any point not lying on the line L do not 
satisfy the equation. 

The coordinates of an arbitrary point M on the line L are 
called running (moving, or current) coordinates since the line 
L can be formed by mo- 
ving the point M. 

In Fig. 10, let My, Mg, 

a»... be consecutive posi- 
tions of a point M on a line 


L. Drop a series of per- 
pendiculars M,P,, Mz2Pe, 





FABAP X 


Fig. 9 Fig. 10 


M,P,. ... on the x-axis to form the segments P,M,, P2Mz, 
P,M,,.... Then, on the axis OX (x-axis) we obtain the segments 
OP,, OP,, OPs, ... . These segments are abscissas. The word comes} 
from the Latin abscindere, meaning “to cut off’: The term ‘ordinate’ 
|comes from the Latin ordinatim ducta, meaning “conducted in an 
orderly ‘manner’. 

By representing each point in the plane by its coordinates, and 
each line by an equation that relates the running coordinates, we re- 
duce geometrical problems to analytical (computational) problems. 
Hence, the name ‘analytic geometry". 


3/ The Mutual Positions of a Line and a Point 


In order to state whether a point M lies on a certain line 
L, it is sufficient to know the coordinates of M and the equ- 
ation of the line L. If the coordinates of M satisfy the equ- 
ation of L, then M lies on L; otherwise it does not lie on L. 
se Does the point A (5, 5) lie on the circle x? + y? = 49 
(Sec. 7)? 

Solution. Put the values x=5 and y=5 into the equation 
x? y2=49, The equation is not satisfied and so the point A 
does not lie on the circle. 
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9/The Mutual Positions of Two Lines 


In order to state whether two lines have common points 
and if they do, how many, one has to know the equations of 
the lines. If the equations are simultaneous, then there are 
common points, otherwise there are no common points. The 
number of common points is equal to the number of solutions 
of the system of equations. — 

Example 1. The straight line x-+-y=3 (Sec. 7) and the 
circle x?-+y?=49 have two points in common because the 


system 
x+y=3, x?+y?=49 
has two solutions: 


_ 34V89 3-Va9 














y= 6.22, y,= 7 = — 3.22 
.and 
xy = 2488 3.92, yp = 24 26.09 


2 


Example 2. The straight line x+y—=3 and the circle 
x2+4+y2=4 do not have any common points because the system 


x+y=3, x+y=4 
has no (real) solutions. 


10,/The Distance Betwéen Two Points 


The distance d between the points A,(x;, y,) and 
Az (Xq, Y2) is given by the formula 


d=V (%.— x1)? +(Y2—%1)* (1) 


Example. The distance between the points M (—2.3, 4.0) 
and N (8.5, 0.7) is 


d=V (85+ 33)? 074i = V 10.82+-3.3? = 11.3 


(scale units). 

Note 1. The order of the points M and AN is immaterial; 
N may be taken first and M second. 

Note 2. The distance d is taken positive and so the square 
root in formula (1) has only one sign (positive). 
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117 Olviding a Line-Segment In a Given Ratlo 


In Fig. 11 take the points Ay (x1, y;), Ag (Xa, Y3). It is 
required to find the coordinates x and y of the point K which 
divides the segment A,A_ in the ratio 


A,K:KA,g=my:m, 
The solution is given by the for- 


mulas 
em Metta: 
mtm, ' (1) 
— MaYit Mis 
y m,+m, 





If the ratio m,:m, is denoted by 
the letter A, then (1) assumes the 
nonsymmetrical form 

__ Xp thee, __ YitAus 
=a) Y= Te (2) 

Example 1. Given the point B(6, —4) and the point O 
coincident with the origin. Find the point K which divides 
BO in the ratio 2:3. 

Solution. In formula (1) substitute 


m,=2, mg=3, x,=6, yy=—4, x,=0, yo =0 
This yields 





x= 236, yo—Za—24 


which are the coordinates of the desired point K. 

Note 1. The expression “the point K divides the segment 
A,A, in the ratio m,:m,” means that the ratio m,:mg is 
equal to the ratio of the segments A,K:KA, taken in this 
order and not in the reverse order. In Example 1, the point 
K (3.6 —2.4) divides the segment BO in the ratio 2:3 and 
the segment OB in the ratio 3:2. 

Note 2. Let the point K divide the segment A,A, exter- 
nally; that is, let the point lie on a continuation of the seg- 
ment A,Az. Then formulas (1) and (2) hold true if we affix 
a minus sign to the quantity my:m,.=A. 

Example 2. Given the points A,(1, 2) and A, (3, 3). Find 
the point, on the continuation of the segment A,Ag¢, that is 
twice as far from A, as from Ag. 

Solution. We have A=m,:mz—=—2 (so that we can put 
m,=—2, mg=1, or my=2, m,=—1). By formula (1) we 
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find 


—l1+(=2)-3 124(-2)-3 


SS og eee 


11a, Midpoint of a Line-Segment 


The coordinates of the midpoint of a line-segment A,Aq 
are equal to the half-sums of the corresponding coordinates 
of its end-points: 


XX ms 
~ Ty? y= 


Yt 
2 


These formulas are obtained from (1) and (2), Sec. 11, by 
putting my=m,=1 or A=1. 


127 Second-Order Determinant !) 


The notation |? 4 | denotes the very same thing as ad — bc. 


Examples. 


[3 i =2.5—3-7=—ll, 
i ~9|=3-2—6-(—4) = 30 


The expression |? 4 is called a determinant of the se- 
cond order. 


13th Area of a Triangle 


Let the points A, (x1, 43), Ae (%2, Y2), As (%3, Ys) be the 
vertices of a triangle. Then the area of the triangle is given 


by the formula 
1 |X%,;—%3 Yi1—Ys3 
S= aoe 1 3 1 1 
ge X2—X3 Ye—Ys (1) 
On the right side we have a second-order determinant (Sec. 12). 


We assume the area of a triangle to be positive and take 
the positive sign in front of the determinant if the value of 


1) Determinants are explained in detail in Secs. 182 to 185. 
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the determinant is positive; we take the minus sign if it is 
negative. 

Example. Find the area of a triangle with vertices A (1, 3), 
B(2, —5) and C (—8, 4). 

Solution. Taking A as the first vertex, B as the second 
and C as the third, we find 





Xy—X3 Yi—Y3|_|1+8 3-4 =| 9 —1|__ 
X_— Xs Yg—Y3 = 2+8 —5—4 = 10 —9 a 
=—81+10=—71 


In formula (1) we take the minus sign and get 
< S=—4.(-71)=35.5 


However, if we take A for the first vertex, C for the se- 
cond and B for the third, then 


X%y— Xs Yi—Y3 | 1—2 ae —1 8 

Xg—X3 Ye—Ys —8—2 4+5}] |—10 9 
In formula (1) we have to take the plus sign, which again 
yields S=35.5. 


Note. If the vertex A, coincides with the origin of coor- 
dinates, then the area of the triangle is given by the formula 


1 MW 2 
X | @) 


This is a special case of formula (1) for x3=y3=0. 


=71 





S=it 





4/ The Stralght Line. An Equation Solved 
for the Ordinate (Slope-intercept Form) 


Any straight line not parallel to the axis of ordinates 
may be represented by an equation of the form 


y=ax+b (1) 


Here, a is the tangent of the angle a (Fig. 12) formed by 
a straight line and the positive direction of the axis of abs- 
cissas ) (a=tana=tan Z XLS), and the number 6 is equal 


1) The initial side of the angle a is the ray OX. On the straight 
line SS’ we can take any one of the rays LS, LS’. The angle XLS 
is considered positive if a rotation which brings to coincidence the 
rays LX and LS is performed in the same direction as the rotation 
through 90° that brings to coincidence the axis OX and the axis OY 
(that is, counterclockwise in the customary arrangement). 
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in magnitude to the length of the sf OK intercepted 
by the straight line on the axis of ordinates; the number 6 
is positive or negative depending on the direction of the seg 
ment OK. If the straight line passes through the origin, b=0. 

The quantity a is called the slope and the quantity 6, 
the initial ordinate. 





Fig. 12 Fig. 13 Fig. 14 


Example 1. Write the equation of a straight line (Fig. 13) 
which forms an angle a=—45° with the x-axis and inter- 
cepts an initial ordinate b=—3. 


Solution. The slope a=tan(—45°)=—I1l. The desired 
equation is y=—x—3. 


Example 2. What line does the equation 3x= V3 y rep- 
resent? 


Solution. Solving for y we find y= {3 x. From the slope 
a=YV3 we find the angle a: since tana=V3, it follows 
that @=60° (or a=240°). The initial ordinate b=0, and so 
this equation represents the straight line UV (Fig. 14) which 
passes through the origin and forms with the x-axis an angle 
of 60° (or 240°). 


Note 1. Unlike the other types of equations of a straight 
line (see Secs. 30 and 33), Eq. (1) is solved for the ordinate 
and is termed the slope-intercept form of the equation of a 
straight line. 

Note 2. A straight line parallel to the axis of ordinates 
cannot be represented by an equation solved for the ordinate. 
Compare Sec. 15. 
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15/ A Straight Line Parallel to an Axis 


A straight line parallel to the axis of abscissas (Fig. 15) 
is given by the equation» 
y=b (1) 


where 6 is equal, in absolute value, to the distance from the 
axis of abscissas to the straight line. If b> 0, then the 
straight line lies above the axis of abscissas (see Fig. 15); 
if 6<0, then it is below the axis. 
The axis of abscissas itself is given by 
the equation 

y=0 (1a), 


A straight line parallel to the axis 
of ordinates (Fig. 16) is given by the 
equation ?) 

Fig. 15 x=} (2) 
The absolute value of f gives the distance from the axis of 


ordinates to the straight line. If f > 0, the straight line lies 
to the right of the axis of ordinates (see Fig. 16); if f <0, 








Fig. 16 Fig. 17 


it lies to the left of the axis. The axis of ordinates itself is 
given by the equation 


x=0 (2a) 


Example 1. Write the equation of the straight line that 
intercepts the initial ordinate b6=3 and is parallel to the 
x-axis (Fig. 17). 

Answer. y=3. 


1) Eq. (1) is a special case of the equation y=ax+b6 solved for t 
ordinate (Sec. 14). The slope a=0. # ering 

1) Eq. (2) is a special case of x=a’y+6’ solved for the abscissa. 
The slope a’=0. 


PLANE ANALYTIC GEOMETRY 31 


Example 2. What kind of line is given by the equation 
3x+5=0? 


Solution. Solving the equation for x, we get k= 
The equation represents a straight line which is parallel to 
the y-axis and lies to the left of it at a distance of + 


(Fig. 18). The quantity f=—+ may be called the initial 
abscissa. 


16/ The Genoral Eq atlon of the Stralght Line 


The equation 
Ax+ By+C=0 (1) 
Vv 
(where A, B, C can take on any values, provided that the 
coefficients A and B are not simultaneously zero) describes 
a straight line (cf. Secs. 14, 15). This equation represents 
-any straight line, and so it is called the general equation 
of the straight line. 
If A=0, i.e. Eq. (1) does not contain x, then it repre- 
sents a straight line parallel 2) to the x-axis (Sec. 15). 
If B=0, i.e. Eq. (1) does not contain y, then it describes 
a straight line parallel ®) to the y-axis. 
When B is not equal to zero, Eq. (1) may be solved for 
the ordinate y; then it is reduced to the form 


y=ax+b (where a=——, b=—F) (2) 
Thus, the equation 2x—4y+5=0(A=2, B=—4, C=5) 
reduces to the form 


y=0.5x + 1.25 
(a=—=[=05. b= f= 1.25) solved for the ordinate 


(initial ordinate b5=1.25, slope a=0.5, so that a ~ 26°34’; 
see Sec. 14). 

Similarly, for A 4 0 Eq. (1) may be solved for x. 

If C=0, i.e. Eq. (1) does not contain the absolute term, 
it describes a straight line passing through the origin (Sec. 8). 


1) For A=B=0 we have either the identity 0=0 (if C=0) or 
something senseless like 5=0 (for C + 0). 

3) The x-axis is included in the group of straight lines parallel 
to the x-axis. The same goes for lines parallel to the y-axis (the y-axis 
itself is included). 
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vf Constructing a Straight Line on the Basis of Its Equation 


To construct a straight line, it suffices to fix two of its 
points. For example, one can take the points of intersection 
with the axes (if the straight line is not parallel to any axis 
and does not pass through the origin); when the line is pa- 
rallel to one of the axes or pas- 
ses through the origin, we have only 
one point of intersection). For 
areelet precision, it is advisable to 

nd one or two check points. 

Example. Construct the straight 
line 4x+3y=1. Putting y=0, we 
find (Fig. 19) the point of interse- 
ction of the straight line with the 
axis of abscissas: A(z: 0). Put- 
ting x=0, we get the point of 
intersection with the axis of ordina- 
Stes tes: A, (0, 3 

too close to one another and so let 
us specify another two values of the abscissa, say, x= 


=—3 and x=-+3, which yield the points Ai(—3, 3) , 
A (3 — >): Draw the straight line A,A,AzAs. 





. These points are 


19 The Parallelism Condition of Straight Lines 


The condition that two straight lines given by the equa- 
tions 


y=a,x+ 64, q) 

Y= O4x +b, (2) 
be parallel is the equality of the slopes 

a, =a, (3) 


The straight lines (1) and (2) are parallel if the slopes are 
not equal." 

Example 1. The straight lines y=3x—5 and y=3x+4 
are parallel since their slopes are equal (a, =a, = 3). 


5) Here, and henceforward, two coincident straight lines are con- 
sidered parallel. 


PLANE ANALYTIC GEOMETRY 33 


Example 2, The straight lines y=3x—5 and ee 
are not parallel since their slopes are not equal (a,=3, 
a, == 6). : 
Example 3¢ The straight lines Qy=3x—5 and 4y=6x—8 
are parallel since their slopes are equal ( a, = = : a= => 

Note 1. If the equation of one of two straight lines does 
not contain an ordinate (i.e. the straight line is parallel to 
the y-axis), then it is parallel to the other straight line, 
provided that the equation of the latter does not contain y 
either. For example, the straight lines 2x+3=0 and x=5 
are parallel, but the straight lines x—3=—0 and x—y=0 are 
not parallel. 

ote 2. If two straight lines are given by the equations 


A\x+ By +C,=0, 





Asx +Byy+Cy=0 f (4) 
then the condition of parallelism is 
A,B,— A,B, =0 (5) 
or, in the notation of Sec. 12, 
A, B 
AL B|=o 
Example 4, The straight lines 
NN 
2x—7y+12=0 
and 
x—3.5y+ 10=0 
are parallel] since 
A, B,|_|2 —7 | _ = 
aie 35 [=2-3.8)—1-=0, 
Example 5/ The straight lines 
: 2x —Ty + 12=0 
and 
3x -+-2y—6=0 
are not parallel since 
2 —7 
is 2 |=25 ae 


Note 3. Equality (5) may be written as 


A, B, 
Ai Bs (6) 
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which states that the condition for the straight lines (4) being 
parallel is the proportionality of the coefficients of the runn- 
ing coordinates. 1) Compare Examples 4 and 5. If the absolute 
terms are proportional as well, i.e. if 


Z=3=e (7) 


then the straight lines (4) are not only parallel but are also 
coincident. Thus, the equations 


3x-+2y—6=0 
and 
6x-++ 4y— 12=0 


describe one and the same straight line. 


19 The Intersection of Stralght Lines 


To find the point of intersection of the straight lines 
A\x+ By +C,=0 (1) 


Ayx + Bay+C,=0 (2) 
it is necessary to solve the system of equations (1) and (2). 
As a rule, this system yields a unique solution and we obtain 
the desired point (Sec. 9). The only possible exception is the 


equality of the ratios a and a i.e. when the straight 


2 
lines are parallel (see Sec. 18, Notes 2 and 3). 

Note. If the given straight lines are parallel and do not 
coincide, then the system (1)-(2) has no solution; if they 
coincide, there is an infinity of solutions. 

Example 1. Find the points of intersection of the straight 
lines y=2x—3 and y=—3x+2. Solving the system of 
equations, we find <=1, y=—1. The straight lines inter- 
sect at the point (1, —1). 

vy Example 2. The straight lines 


2x—Ty+12=0, x—3.5y+ 10=0 


are parallel and do not coincide since the ratios 2:1 and 
(—7):(—3.5) are equal, but they are not equal to the ratio 


and 


') It may turn out that one of the quantities A, o B, (but not 
both together, see Sec. 16) is equal to zero. Then the proportion (6) 
may be understood in the meaning that the corresponding numerator 
is also zero. The proportion (7) has the same meaning for C,=0 
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12:10 (cf. Example 4, Sec. 18). The given system of equati- 
ons. has no solution. 

Example 3. The straight lines 3x+-2y—6=0 and 
6x+4y—12=0 coincide since the ratios 3:6, 2:4 and 
(—6):(—12) are equal. The second equation is obtained from 
the first by multiplying by 2. This system has an infinity 
of solutions. 


2. The Perpendicularity Condition of Two Straight Lines 


The condition that two straight lines given by the 
equations 


y=a,x+b,, (1) 

Y= gx + bg (2) 
be perpendicular is the relation 

a,a,=— | (3) 


which states that two straight lines are perpendicular if the 
product of their slopes is equal to —1l, and they are not 
perpendicular if the product is not equal to —1. 


Example L The straight lines y=3x and y=—5 x are 
perpendicular since a,ag=3- (= 3) =—1. 


Example 2, The straight lines y=3x and y=aX are not 
perpendicular since aya, = 3-4 = 1. 


Note L1/lf the equation of one of the two straight lines 
does not contain an ordinate (i.e. the straight line is parallel 
to the y-axis), then it is perpendicular to the other straight 
line provided that the equation of the latter does not contain 
an abscissa (then the second straight line is parallel to the 
axis of abscissas), otherwise the straight lines are not per- 
pendicular. For example, the straight lines x =5 and 3y+2=0 
are perpendicular and the straight lines x==5, and y==2x are 
not perpendicular. 

Note 2% lf two straight lines are given by the equations 


Ayx+ Byyt+C, =0, Agx+ Byy+C,=0 (4y 
then the condition for their being perpendicular is 
A,A,+ 8,8,=0 (5) 
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Example 3/The straight lines 2x-+5y=8 and 5x—2y=3 
are perpendicular; indeed, Ay=2, A,=5, By=5, B,=—2, 
and so A,A,+ B,B,=10— 10=0. 

Example 4/ The straight lines + x—4 y=0 and 2x—3y=0 
are not perpendicular since A,A,+ B,B,=2. 


a The Angle Between Two Straight Lines 


Let two nonperpendicular straight lines L,, L, (taken in 
a specific order) be given by the equations 


7 y=ax+b, (1) 
y=a,x + by. (2) 
Then the formula») 
a3-a 
tan O= (3) 


yields the angle through which the first straight line must 
be rotated in order to make it parallel to the second line. 
Example ly Find the angle between the straight lines 

: y=2x—3 and y=— 3x-+2 (Fig. 20.) 


Here, a,=2, ag=—3. By formula 
(3), we find 
-3-2 
tan e8=Tr! 


whence @=-+ 45°. This means that 
when the straight line y=2x—3 (AB 
in Fig. 20) is turned through the ang- 
le+45° about the point of intersection 
M (1, —1) of the given straight lines 
(Example 1, Sec. 19), it will coincide 
with the straight line y=-— 3x+2 
(CD in Fig. 20). It is also possible to 
take @=180°-+ 45°=225°, @=—180° 
Fig. 20 + 45°—=— 135°, and so on. (These 
angles are denoted by @,, @, in Fig. 20). 

Example 2/ Find the angle between the straight lines 
y=—3x+2 and y=2x—3. Here, the lines are the same as 
in Example 1, but the straight line CD (see Fig. 20) is the 
first one and AB is the second. Formula (3) yields tan @=— 1, 


1) On its applicability when the straight lines L,, L, are perpen- 
dicular, see Note | below. 
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i.e. @=— 45° (or = 135° or @=— 225°, etc.). This is the 
angle through which the straight line CD must be rotated to 
bring it into coincidence with AB. 


Example 3/ Find the straight line that passes through 
the origin and intersects the straight line y=2x—3 at an 
angle of 45°. 


Solution. The sought-for straight line is given by the 
equation y=ax (Sec. 14). The slope a may be found from (3) 
by taking the slope of the given straight line in place of a, 
(i.e. by putting a,—=2); in place 
of a, we take the slope a of the de- 
sired straight line, and in place of 
@, an angle of + 45° or —45°. We 
then get 

a-2 
1+2a— +! 


The problem has_ two solutions: 
y=— 3x (the straight line AB in 
Fig. 21) and y= 4% x (the straight 
line CD). 

Note v4 If the straight lines (1) Fig. 21 
and (2) “are perpendicular (@= 
=+90°), then the expression 1-++a,a, in the denominator 


of (3) vanishes (Sec. 20) and the quotient “2—** ceases to 


t+a,a 
exist.) At the same time, tan® ceases to exist (becomes 
infinite). Taken literally, formula (3) is meaningless; in this 
case it has a conventional meaning, namely that each time 
the denominator of (3) vanishes the angle @ is to be consi- 
dered + 90° (both a rotation through -+-90° and one through 
—90° brings either of the perpendicular straight lines to 
coincidence with the other). 


Example Y Find the angle between the straight lines 
y=2x—3 and y=— dx+7 (1 =2, =~ 3). If we first 








ask whether these straight i:nes are perpendicular, the answer 
is yes by the characteristic (3) of Sec. 20 so that we obtain 
@= + 90° even without formula (3). Formula (3) yields the 


‘) The numerator a,—a, is sot zero since the slopes a,, ds (Sec. 18) 
are equal only in the case of parallel straight lines. 
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same result. We get 





tan "(Pe q 


In accordance with Note 1, this equality is to be understood 
in the meaning that @= +4 90°. 

Note 2. If even one of the straight lines L,, L, (or both) 
is parallel to the y-axis, then formula (3) cannot be applied 
because then one of the straight lines (or both) cannot be 
represented (Sec. 15) by an equation of the form (1). Then 
the angle Q is determined in the following manner: 

(a) when the straight line L, is parallel to the y-axis and 
L, is not parallel, use the formula 


1 
tan aera 
(b) when the straight line L, is parallel to the y-axis and 
Ly is not parallel, use the formula 
a, 
(c) when both straight lines are parallel to the y-axis, they 


are mutually parallel, so that tan @=0. 
Note ¥y The angle between the straight lines given by the 


equations 

A,x+Byy+C,=0 (4) 
and 

Agx+ Bay +C,=0 (5) 
may be found from the formula 

tan e=fe (6) 


When A,A,+ B,B,=0, formula (6) is given a conventional 
meaning (see Note 1!) and @=—+ 90°. Compare Sec. 20, 
formula (5). 


22 The Condition for Three Points Lying on One Stralght Line 
The three points A, (x1, 3), As (Xe, Ya), As (x3, ¥s) lie on 
one straight line if and only if 
%a—*%1 Ye—- Ni} _o (1) 
43% Y3— 


1) The left side of (1) is written in the form of a determinant 
(see Sec. 12). 
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This formula also states (Sec. 13) that the area of the “tri- 
angle” A,A3A, is zero. 

Example |v The points A, (—2, 5), Az (4, 3), As(16, —1) 
lie on one straight line since 

Xg—Xy en | 4+2 3—5|_ | 6 —2]_ 
Xs—%X, Yy—yi| j16+2 —1—5| {18 —6] 
=6.(—6)—(—2)-18=0 

Example 2¢ The points A, (—2, 6), Az (2, 5), As (5, 3) do 
not lie on ore straight line since 
2+2 5—6]_ |4 —I]_ 5 
54+2 3—6|° |7 ~3|=— 





Xg—X, Yo—-Y1 
X3—% Y3—-YW 








23/The Equation of a Stralght Line 
Through Two Points (Two-Point Form) 


A straight line passing through two points A, (x,, y,) and 
Ag (Xe, Ye) is given by the equation )) 
Xg—%y Yen 
=0 1 
x—%X% YYW ) 


It states that the given points A,, A, 
and the variable point A(x, y) lie on 
one straight line (Sec. 22). 

Eq. (1) may be represented (see 
note below) in the form 





X—*X, _ YN (2) 


Xa—%y Y2—-"s 


Fig. 22 


This equation expresses the proportionality of the sides of 
the right triangles A,RA and A,SA, depicted in Fig. 22, 
where 


%,;=OP,, x,=OP.,, x=OP, 
% —X,=A,R, %3—%,=A,S; 
Yi=PyAy, Y2=Pe2dy, y=PA, 
y —y,=RA, Yo— 91 = SA, 
Example 1. Form the equation of the straight line passing 
through the points (1, 5) and (3, 9). 


: 1) The left.side of (1) Is written in the form of a determinant 
(see Sec. 12). 
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Solution. Formula (1) gives 
3-1 2 4 Ly 
x—1 x—1l y—5|_ 


that is, 2(y—5)—4 (x—1)=0 or 2x—y+3=0. 

Formula (2) yields state. Whence we again get 
2x —y+3=0. © 

Note. When xg=x, (or yg=y;), one of the denominators 
of (2) is zero; then Eq. (2) should be taken to mean that the 
corresponding numerator is zero. See Example 2 below (also 
the footnote on page 34). 

Example 2. Form the equation of a straight line that pas- 
ee the points A,(4, —2) and A,(4, 5). Eq. (1) 
yields 


9—5 
y=5 |=0. or 





0 7 
x—4 yt2 


i. e. 0 (y+2)—7(x—4)=0, or x—4=0. 
Eq. (2) is written as 


=0 (3) 





pep dak (4), 
Here, the denominator of the left member is zero. Taking 
Eq. (4) in the above meaning, we put the numerator of the 
leit member equal to zero and we obtain the same result: 
x—4=0. 


24, A Pencil of Straight Lines 


The collection of lines passing through one point A, (%, y;) 
(Fig. 23) is termed a (central) pencil of lines through a point. 
The point A, is called the vertex of 
the pencil. Each one of the lines of 
the pencil (with the exception of 
that which is parallel to the axis 
of ordinates; see Note 1) may be 
represented by the equation 

y—91 =k (x—%) (lp 
Here, & is the slope of the line under 
consideration (k= tan a). Eq. (1) is 
called the equation of the pencil 


The quantity k& (the parameter of 
Fig. 23 the pencil) characterizes the dire- 
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ction of the line; it varies from one line of the pencil 
to the next. 

The value of the parameter & may be found if some other 
condition is given which (together with the condition that 
the line belong to the pencil) defines the position of the line; 
see Example 2. 

Example 1/Form the equation of a pencil with vertex at 
the point A,(—4, —8). 

Solution. By (1) we have 


y+ 8=k(x+4) 


Example 2, Find the equation of a straight line that pas- 
ses through fhe point A, (I, 4) and is perpendicular to the 
straight line 3x —2y= 12. 

Solution. The desired line belongs to a pencil with vertex 
(1, 4). The equation of the pencil is y—4—&(x—1). To find 
the value of the parameter 2, note that the desired lite is 
perpendicular to the straight line 3e—2y—=12; the slope of 
the latter is +. We have (Sec. 20) Sk=—Il,iek=—=. 
The desired line is given by the equation y—4=—2 (x—1) 
or y=—Sxp4d. 

Note /. A straight line belonging to a pencil with vertex 
at A,(x,, y,;) and parallel to the y-axis is given by the equa- 
tion x—x, =0. This equation is not obtainable from (1), no 
matter what the value of &..All lines of the pencil (without 
exception) may be represented by the equation 


L(y—y,) =m (x—%) (2) 
where | and m are arbitrary numbers (not equal to zero si- 
multaneously). When /! #0, we can divide Eq. (2) by J. 
Then, denoting + in terms of &, we get (1). But if we put 
1=0, then Eq. (2) takes the form x—x,=0. 


Note 2. The cquation of a pencil containing two intersecting 
straight lines L,, L; given by the cquations 
A,x+Byy+C,=0, Ayx+B,y+C,=0 
is of the form 
m, (A,x+ Byyt+ Cy) +m, (A,x+B,y+C,)=0 (3) 
Here, m,, m, are arbitrary numbers (not simultaneously zero). In 


particular, for m,=0 we get the line L,, for m,=0 we have the line 
L,. In place of (3) we can write the equation 


A,x+Byyt+C, td (Agxt+ By tC) =0 (4) 
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in which all possible values are given to only one letter A, but it is 
not possible to obtain the equation of the line L, from (4). 

Eq. (1) is a special case of Eq. (4) when the straight lines L, and 
L, are given by the equations y=y,, «=x, (they are then parallel to 
the axes of coordinates). 

Example 8. Form the equation of a straight line which passes 
through the point of intersection of the lines 2x- 3y—-1=0, 3x-y-—2=0 
and is perpendicular to the straight line y=x. 

Solution. The desired line (which definitely does not coincide with 
the line 3x-—y-—2=0) belongs to the pencil 


2x-—3y—14+A(3x-—y-—2)=0 (5) 
3A+2 





The slope of the line (5) is k== . Since the desired line is per- 
pendicular tg the line y=x, it follows (Sec. 20) that k=-1. Hence, 
=-1, Ke. Ast . Substituting he~ into (5), we get (af- 
ter simplifications) 





7x+7y-—6=0 


Note 3. If the lines L,, Ly; are parallel (but noncoincident), 
Eq. (3) represents, for all possible values of m,, m,, all straight lines 
arallel to the two given lines. A set of mutually parallel straight 
ines is termed a pencil of parallel lines (parallel pencil). Thus, Eq. (3) 
represents either a central pencil or a parallel pencil. 


2¢ Tho Equation of a Stralght Line Through a Given Polnt 
and Parallel to a Elven Straight Line (Point-Slope Form) 


1/A straight line passing through a point My, (x;, 4) pa- 
rallel to a straight line y=ax-+6 is given by the equation 
y—y, =a (x—x)) (1) 

Cf. Sec. 24. 
Example V/ Form the equation of a straight line which 


passes through the point (—2, 5) and is parallel to the 
straight line 


5x— 7y—4=0 
Solution. The given line may be represented by the equa- 
3 . 5 4 5 , eee 
tion y= x—> (here a=>) . The equation of the line is 


y—5=+ [x—(— 2)] or 7 (y—5) =5 (x +-2) or 5x —7y + 45=0. 
2. A straight line which passes through a point My, (x,, y;) 
and is parallel to the straight line Ax+ By+C=0 is given 

by the equation 
A (e—x,)+B y—y,)=0 (2) 


Example 2/ Solving Example | (A=5, B=—7) by for- 
mula (2), we find 5(x+2)—7 (y—5) =0. 
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Example %& Form the equation of a straight line which 
passes through the point (—2, 5) and is parallel to the 
straight line 7x+ 10=0. 

Solution. Here A=7, B=0. Formula (2) yields 7 (x-+2) =0, 
or x-+2=0. Formula (1) is not applicable since the given 
equation cannot be solved for y (the given straight line is 
parallel to the y-axis, cf. Sec. 15). 


26/1 The Equation of a Straight Line 
Through a Given Point and Perpendicular 
to a Given Straight Line 


VA straight line which passes through a point M, (x, 43) 
and is perpendicular to a straight line y=ax-+-6 is given by 
the equation 


y-n= —L(x—%) (1). 


Cf. Sec. 24, Example 2. 


Example 1, Form the equation of a straight line which 
passes through the point (2, —1) and is perpendicular to the 
straight line 

4x—9y=3 


Solution. The given line may be represented by the equa- 
tion y= eee (¢=4) . The equation of the desired line 


is y+1=— > (x—2) or 9x4 4y—14=0. 


2. A straight line that passes through a point My (x1, y:) 
and is perpendicular to the straight line Ax+By+C=0 is 
given by the equation 


A y—yy)—B (x—x,) =0 (y 
Example 2/ Solving Example 1 (A=4, B=—9) by for- 
mula (2), we find 4(y+1)+9(x—2)=0 or 9x+4y—14=0. 


Example 3. Form the equation of a straight line passing 
through the point (— 3, — 2) perpendicular to the straight line 


Solution. Here, A=0, B=2 Formula (2) yields 


—2(x+3)=0 or x+3=0. Formula (1) cannot be used be- 
cause a=0 (cf. Sec. 20, Note 1). 
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21/ The Mutual Positions of a Straight Line 
and a Pair of Points 


The mutual positions of points My, (xy, ys), Mz (x2, yz) and a 
straight line 


Ax+By+C=0 (1) 
may be determined from the following characteristics: 
(a¥ points Ms an 2 lie on one side of the line (1) when the 


sale any yy+C,, Ax,+By,+C, have the same sign; 
, and Bye are on different sides of line (1) when these num- 
bert ave sopposite signs; 
cyone of the points M,, M, (or both) lies on the line (1) if one 
of these numbers is zero or if both are zero. 
Example i The points (2, —6), (-—4, —2) lie on the same side of 
the straight line 


3x+5y-1=0 


since the numbers 3-2+5-(—6)—1=-—25 and 3-(-4)+5-(—2)-1l=—23 
are both negative. 

Example 2, The origin of coordinates (0, 0) and the point (5, 5) 
lie on different sides of the straight line x+y—8=0 since the numbers 
0+0-8=-—8 and 5+5-8=+2 have different signs. 


28, The Distance From a Point to a Straight Line 


The distance d from a point M,(x,, y,) to a straight line 
Ax+By+C=0 (1) 

is equal to the absolute value of 

Ax,+By,+C 
ae VaTeBi (2) 
that is,» 
Ax,+By,+C 

48 =| yaraae @) 


Example. Find the distance from the point (—1, +1) to 
the straight line 


3x—4y+5=0 
Solution. 
$= 341-4445 _ 3- (-1)-4- 145 02 
V3I44H V34+42 5 
2 2 
éis1=|-4]=4 


1) Formula (3) is ordinarily derived by means of an artificial con- 
struction. Below (See Note 2) is given a purely analytical derivation. 
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Note !. Suppose the line (1) does not pass through the origin 0 
and, hence, C + 0 (Sec. 16). Then, if the signs of 6 and C are the 
same, the points M, and O lie to one side of the line (1); if the signs 
are opposite, then they lie on different sides (cf. Sec. 27). But if 6=0 
(this is only possible if Ax,+By,+C=0), 
then M, lies on the given straight line 
(Sec. 8). 

The quantity 6 is called the oriented dis- 
tance from the point M, to the line (1). In the 
example above, the oriented distance 6 is equal 
to -Z. and C=5. The quantities 6 and C have 
opposite signs, hence, the points M,(—1, +1) 
and O lie on different sides of the straight line 
3x-4y+5=0. 

Note 2. The simplest way to derive formula Fig. 24 
(3) is as follows. 

Let M, (x2, y2) (Fig. 24) be the foot 
of a peeceneieu lee dropped from the point M, (x;, y,) onto the 
straight line (1). Then 


=V (x,— 44)? +(Y2—41)* (4) 


The coordinates x,, y, are found as the solution of the following sys- 
tem of equations: - 


Wy 
’ 





Ax+By+C=0, (1) 
A (y—1)—B (x-%,)=0 (5) 


where the latter equation defines a straight line MyM, (Sec. 26). To 
se computations, transform the first equation of the system to 
the form 





A (5-1) +B (y—y3)+ AX, + By, +C=0 (6) 
Solving (5) and (6) for (x-x;), (y-—y1), we find 
A 
*-Ms=- AaB (Ax, +By, 4), (7) 
B 
9- 91> — Fag (Att Bait C) (8) 
Putting (7) and (8) into (4), we get 
Ax,+By,+C 
d=| ———_— 
V At+ Bt | 





29/The Polar Parameters (Coordinates) 
of a Straight Line» 


The position of a straight line in a plane may be given 


by two numbers called the parameters (coordinates) of the 
line. For example, the numbers 6 (initial ordinate) and a 


3) This section serves as an introduction to Secs. 30 and 31. 
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(slope) are (cf. Sec. 14) the parameters of the straight line. 
However, the parameters 6 and a are not suitable for all 
straight lines; they do not specify a straight line parallel 
to OY (Sec. 15). In contrast, polar parameters (see below) 
can be used to specify the position of any straight line. 

The polar distance (or radius vector) of a straight line UV 
(Fig. 25) is the distance p of the perpendicular OK drawn 
from the origin O to the straight line. 
The polar distance is positive or zero 
(p = 0). 

The polar angle of the straight 
line UV is the angle a=/XOK 
between the rays OX and OK (taken 
in that order; cf. Sec. 21). If the line 
UV does not pass through the origin 
(as in Fig. 25), then the direction of 

the second ray is putts definite (from 

Fig. 25 O to K); but if UV passes through O 

(then O and K_ coincide), the ray 

perpendicular to UV is drawn in any one of two pos- 
sible directions. 

The polar distance and the polar angle are termed the 
polar parameters (or polar coordinates) of a straight line. 

If the straight line UV is given by the equation 





Ax-+ By+C=0 
then its polar distance is defined by the formula 
1c} 
= VA?+B () 
and the polar angle @ by the formulas 
os A pce B 
cos a= F Varn » sna=F Vai (2) 





where the upper signs are taken for C >0, and the lower 
signs for C <0; but if C=0, then either only the upper 
signs or only the lower signs” are taken at will. 


1) Formula (1) is obtained from (3), Sec. 28 (for x,=y,=0). For- 
mulas (2) are obtained as follows: from Fig. 25 

_OL_ x aLK_y : 

cos la sy iar) » sin C= OR a (3) 


According to (7), (8), Sec. 28 (for x,=y,=0). we have 
pee AC _ BC ‘d 
=-Frzpe’ Y=-Arz Bi (cont’donp.47) = (4) 
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Example 1. Find the polar parameters of the straight line 
3x— 4y-+ 10=0 


10 
=2, 
err Formulas (2), 


where the upper signs are taken (because C= +10), yield 


eet le sha a ies Se ee 
C08 @= — Tae =, sing ee 
Hence, a = 127° (or a ~ 487°, etc.). 
Example 2. Find the polar parameters of the straight line 
3x— 4y=0 


Formula (1) yields p=0; in formulas (2) we can take 
either only the upper or only the lower signs. In the former 








Solution. Formula (1) yields p= 


‘ 4 . 

case, COSa= ——, sina=— and, hence, a ~ 127°; in the 
30s 4 

latter case, cos a=—, sina=—> and, hence, a —53°. 


30, The Normal Equation of a Stralght Line 


A straight line with polar distance p (Sec. 29) and polar 
angle a is given by the equation 


xcosa+tysina—p=0 (1) 


This is the normal form of the equation of a straight line. 
Example. Let a straight line UV be distant from the origin 


OK=V2 


(Fig. 26) and let the ray OK make an angle a@=225° with 
the ray OX. Then the normal equation of UV is 


x cos 225°-+-y sin 225° VY 2=0 


that is, ae 
2 v2 
aay ty y-V2=0 
From (1), (3) and (4), it follows that 
noe A sin ae ee 5 
“"TCT Vara Cl Vaan =). 





Formulas (5) coincide with (2) because =+1 for C>0 and 


Cc 
: cl 
=-1 for C <0. 





Cc 
a 
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Multiplying by —Y2, we get the equation of UV in the 
form x+y+2=0, but this equation is no longer in the nor- 
mal form. 


U 





Fig. 26 Fig. 27 


Derivation of equation (1). Denote the coordinates of the point K 
(Fig. 27) by x3, ys. Then x,=OL=pcosa, y,=LK=p sina. The straight 
line OK that passes through the points O (0, 0) and K (x3, Ys) is given 
(Sec. 23) by the equation | a 9s =o. that is, (sin @) x—(cosa) y=0. 


The line UV Hage through (xa, Ys) and is perpendicular to the 
straight line OK. Hence, (Sec. 26, Item 2), it is given by the equation 
sin @ (y—Y3)—(—Cos a) (x—x3)=0. Substituting x,=pcosa@ and y;= 
=p sina, we get xcosaty sin @—-p=0. 


3y. Reducing the Equation of a Straight Line 
to the Normal Form 


In order to find the normal equation of a straight line 
given by the equation Ax+By+C=0, it is sufficient to 
divide the given equation by + VY A?+ B?, the upper sign 
being taken when C > 0 and the lower sign when C < 0; but 
if. C=0, any sign is valid. We get the equation 

A B __!¢1 ee 
- Vana a Varia / VateBe 
It will be normal. » 

Example 1, Reduce the equation 3x—4y+10=0 to the 
normal form: 

Here, A=3, B=—4 and C=10> 0. Therefore, divide 
by —V3?+4?= —5 to get 


3 4 


1) Because the coefficients of x and y are, respectively, cosa and 
sina by virtue of (2), Sec. 29, and the constant ferm is equal to 
(-p) by (1), Sec. 29. 
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This is an equation of the form x cosa+ysina—p=0. 
Namely, p=2, cosa= —=z sina= ++ (hence, @ = 127°). 
Example 2, Reduce the equation 3x—4y=0 to the nor- 
mal form. 
Since C=0 here, it is possible to divide either by 5 or —5. 
In the former case we get 
3 


4 
zr yy=0 


(p=0, a ~ 307°), in the latter case, 
3 4 
—Frtzy=0 


(p=0, a = 127°). To the two values of a there correspond 
two methods of choosing the positive direction on the ray OK 
(see Sec. 29). - 


a2, Intercepts 


To find the line segment OL=a (Fig. 28) intercepted on 
the x-axis by the straight line UV, it is sufficient to put 
y=0 in the equation of the straight line and solve the equa- 
tion for x. In similar fashion we 
find the line segment ON =6 on the 
y-axis. The values of @ and 6 can 
be either positive or negative. If the 
straight line is parallel to one of the 
axes, the corresponding line segment 
does not exist (becomes infinite). 
If the straight line passes through 
the origin, each line segment dege- 
nerates into a point (a—=b=—0). 

Example VF ind the line seg- 
ments a, 6 intercepted by the straight Fig. 28 
line 3x —2y412=0 on the axes. 

Solution. Set y=0 and from the equation 3x+ 12=0 find 
x= —4. Putting x=0, we get y=6 from —2y+12=0. 
Thus, a= —4, b=6. 

Example 2/ Find the line segments a and 6 intercepted on 
the axes by the straight line 


5y+15=0 


Solution. This line is parallel to the axis of abscissas 
(Sec. 15). The line segment a is nonexistent (putting y=0, 
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we get a contradictory relation: 15-0). The segment 6 is 
equal to —3. . 

Example 3/ Find the line segments a and 6 intercepted 
on the axes Sy the straight line 


Sy —2x=0 


Solution. Using the method given here, we find a=0, 
b=0. The end of each of the “segments” coincides with its 
beginning, which means the line segment has degenerated 
into a point. The straight line passes through the origin 
(cf. Sec. 14). 


Sec. 33 Intercept Form of the Equation 
of a Stralght Line 


If a straight line intercepts, on the coordinate axes, line 
segments a, 6 (not equal to zero), then it may be given by 
the equation 


t+H=1 (Q. 


Conversely, Eq. (1) describes a straight line intercepting 
on the axes the line segments a, 6 (reckoning from the 
origin O). 

Equation (1) is the intercept form of the equation of a 
straight line. 

Example, Find the intercept form of the equation of the 
straight line 

3x—2y+ 12=0 (2) 


Solution. We find a= —4, b=6 (see Sec. 32, Example 1). 
The intercept form of the equation is 


St$=t D 


It is equivalent to Eq. (2). 

Note Y A straight line that intercepts on the axes line 
segments equal to zero (that is, such that passes through the 
origin: see Example 3 in Sec. 32) cannot be represented by 
the intercept form of the equation of a straight line. 


Note % A straight line parallel to the x-axis (Example 2, Sec. 32) 
can be represented by the equation te 1, where 6 is the y-intercept. 
Similarly, a straight Ine parallel to the y-axis may be given by the 
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equation ==1, There is no generally accepted opinion in the litera- 
ture as to whether to regard these equations as intercept forms or not. ") 


34,/Transformation of Coordinates 
(Statement of the Problem) 


One and the same line is described by different equations 
in different coordinate systems. Frequently, if we know the 
equation of some line in one (“old”) coordinate system, it is 


yw WwW 
J 





Fig. 29 Fig. 30 


required to find the equation of the line in another (“new”) sys- 
tem. Formulas for the transformation of coordinates serve this 
purpose. They establish a relationship between the old and 
new coordinates of some point M. 

Any new system of rectangular coordinates X’O’Y’ may 
be obtained from any old system XOY (Fig. 29) by means 
of two motions: (1) first bring the origin O to coincidence 
with O’, holding the directions of the axes unchanged; this 
yields an auxiliary system XO’Y (shown dashed); (2) then 
rotate the auxiliary system about the point O’ to coincidence 
with the new system X’O’Y’. 

- These two motions may be executed in reverse order (first 
a rotation about O yielding the auxiliary system XOY and 
then a translation of the origin to the point O’, which gives 
the new system X‘O’Y'; Fig. 30). 


1) The essential thing is that the equation +1 or 4 =1 may 


be obtained from the equation <+t= 1; however not as a particular 
case but by passing to the limit as 6 or a go to infinity. 
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Thus, it is sufficient to know the formulas of coordinate 
transformation in translation of the origin (Sec. 35) and ro- 
tation of the axes (Sec. 36). 


35/ Translation of the Origin 


Notation (Fig. 31): 
eld coordinates of point M: *x=OP, = PM; 
new coordinates of point M:x’=0’ Pt, y'=P'M; 

coordinates of new origin O’ in old 

ar) system XOY: 

Pf 

X%=OR, yy=RO' 

Translation formulas: 


K=X'4%X, y=y'+Ho (1), 






U 
ie 
t 
iy 
' 

i) 


Pi 


or 





‘ 
LJ 
P =x—X y=y—-Yo = (4 
Fig. 31 In words, the old coordinate is equal 
to the new one combined with the coor- 
dinate of the new origin (in the old system).") 
Example he coordinate origin is translated to the point 
(2, —5). Find the new coordinates of the point M(—3, 4). 
Solution. We have 


Xyo=2, Yo=—5; x=—-3, yo'4 
Fiom formulas (2) we find 
x’=—3-—2=-—5, y’'=4+5=9 
Example 2/The equation of some line is 
‘ x24 y?— 4x4 by = 
What will the equation of the line be after a translation of 


the origin to the point O’ (2, —3)? 
Solution. According to formulas (1) we have 


x=x'+2 and y=y'’—3 
Putting these expressions in the given equation, we get 
(x’ + 2)?-+ (y" -3)?—4 (x’ + 2) + 6 (y’—-3) = 36 


1) When memorizing the rule, leave out the words in brackets; 
they are essential but can readily be restored. 
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or, after simplifications, 
x? 4y7 =49 
This is the new equation of the line. It will be recalled 


ae 38) that this line is a circle of radius R=7 with centre 
at 0’. 


36/ Rotation of the Axes 


Notation (Fig. 32): 
old coordinates of point M:x=OP, y=PM; 
new coordinates of point M:x’=OP’, y'=P'M;- 
angle of rotation of axes a= / XOX'’=/ YOY’ 
Formulas of rotation: 2) 
x=x' cosa—y’ sina, 
y=x'sina+y’ ae (ly 
x’=x cosa+y sina, : 
‘=—xsina+tycosa } ey 
Example ty The equation 2xy=49 is a curve consisting of 
two branches: LAN and L’A’N’ (Fig. 33). It is called an 
equilateral (equiangular) hyperbola. Find the equation of the 


curve after a rotation of the axes through an angle of 45° 
Solution. For @= 45°, the formulas (1) take the form 


V2 V2 
—_— FE, Lied 
FEE 2? 
=z? V2 
g=* Ty > 


Substitute these expressions into the given equation. This 
yields 


V3 
ax 4? xP (ey) (0 $y") =49 
or, after simplifications, 
x? —y" ae 49 


1) See Sec. 14 for the sign of the angle a (first footnote). 

*) When memorizing formulas (1) note the lack of order in the 
expression for x (cosine in front of sine, minus sign between terms 
on the right). On the contrary, there is complete ‘‘order’’ in the 
expression for y (first the sine, then the cosine, and a plus sign bet- 
ween them). 

Formulas (2) are obtained from (1) if one replaces @ by -a@ and 
x, y by x’, y’ and vice versa. 
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Example 3 Prior to a rotation of the axes through an 
angle of —20°, the point M had an abscissa x=6 and an 
ordinate y=0. Find the coordinates of M after a rotation of 
the axes. 





Fig. 32 Fig. 33 


Solution. The new coordinates x’, y’ of the point M may 
be found from formulas (2), where we have to put x=6, 
y=0, x=0, a=—20° This yields 

x’ =6 cos (—20°) = 5.64, 
y’ =— 6 sin (—20°) = 2.05 


3} Algebrale Curves and Their Order 


An equation of the form 
Ax + By+C=0 (1) 
where at least one of the quantities A and B is not zero is 
an algebraic equation of the first degree (in two unknowns x, y). 
It always represents a straight line. 
An algebraic equation of the second degree is any equation 
of the form 
Ax? + Bxy+Cy? + Dx+ Ey+F=0 (2) 
where at least one of the quantities A, B, C is nonzero. 
An equation that is equivalent to Eq. (2) is also called 
algebraic. 
Example 1/ The equation y=5x?, which is equivalent to 
the equation 5x?—-y=0, is an algebraic equation of the second 
degree (A=5, B=0, C=0, D=0, E=—1, F=0). 
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Example 2 The equation xy=1, which is equivalent to 
xy—1=0, is an algebraic equation of the second degree 
(A=0, B=1, C=0, D=0, E=0, F=—1). 

Example 3¢ The equation (x+ y+ 2)?—(x-+-y+1)?=0 is 
an equation of the first degree since it is equivalent to 
2x +2y+3=0. 

In similar fashion we define algebraic equations of the 
third, fourth, fifth, etc. degrees. The quantities A, B, C, D 
and so forth (including the absolute term) are called the 
coefficients of the algebraic equation. 

If some curve L is described in a cartesian coordinate 
system by an algebraic equation of the nth degree, then in 
any other cartesian system it will be given by an algebraic 
equation of the same degree. However, the coefficients (some 
or all) of the equation will then change their values; in a 
particular case, some of them can vanish. 

A curve L given (in a cartesian system) by an nth degree 
equation is termed an algebraic curve of the nth order (or of 
degree n). 

Example 4¢ In a rectangular coordinate system, a straight 
line is described by an algebraic equation of the first degree 
of the form Ax+By+C=0 (Sec. 16). Therefore, a straight 
line is a first-order algebraic curve. In different coordinate 
systems, the coefficients A, B, C have different values for 
one and the same straight line. For instance, in an “old” 
system, let a straight line be given by the equation 2x+ 3y — 
—5=0(A=2, B=3, C=—5). If we rotate the axes through 
45°, then (Sec. 36) the same line will, in the “new” system, 
be described by the equation 


V2 V2 V2 V2 
a(x Py FP) 43 (ety FP )—5=0 

that is, 

V2 yp V2 y—s-0(a=22, gat), c=-5) 

Example id If the coordinate origin coincides with the 
centre of a circle of radius R=8, the circle is described by 
the equation (Sec. 38) x?+y?—9=0. This is an algebraic 
equation of the second degree (A=1, B=0, C=1, D=0, 
E=0, F=—9). Hence, a circle is a second-order (quadric) 
curve. If the origin is translated to the point (—5, —2), then 
in the new system the same circle will be given (Sec. 35) by 
the equation (x’—5)?+ (y’—2)?—9=0, or x”*-+-y*— 10x’ — 
— 4y’—20=0. This is also a second-degree equation; the 








56 HIGHER MATHEMATICS 


coefficients A, B and C remain the same, but D, E and F 
have changed. 

Example 6. The curve given by the equation y=sinx 
(sine curve) is not algebraic. 


38. The Circle 


A circle of radius R with centre at the origin of coordi- 
nates is given by the equation 


x24 y? = R? 
It states that the square of the distance OA (see Fig. 9, p. 24) 
. from the origin to any point A ly- 
ing on the circle is equal to R?. 
Mey) A circle of radius R with centre 
at the point C (a, 5) is described by 
the equation 


(<—a)*-+(y—6)t=R* (1) 
x It states. that the square of the dis- 
tance MC (Fig. 34) between the 
Fig. 34 points M (x, y) and C(a, 6) (Sec. 
10) is equal to R?. 

Eq. (1) may be rewritten as 
x2 + y® — 2ax — Qby + a*+ b?— R?=0 (2) 
Eq. (2) may be multiplied by any number A to give 
Ax? +- Ay? — 2Aax —2Aby + A (a? + 6*— R*2)=0 (3) 


Example 1. A circle of radius R=7 with centre at c (4, —6) 
is described by the equation 


(x —4)?+(y+6)?=49 or x?-+y?—8r+ 12y4+3=—6 
or (after being multiplied by 3) 
3x? +- 3y? — 24x + 36y +9=0 


Note. A circle is a second-order (or quadric) curve (Sec. 37) 
since it is described by a second-degree equation. However, 
an equation of the second degree does not always represent 
a circle. For this, it is necessary that 

(1) it should not have a term with the product xy; 

(2) the coefficients of x? and y? should be equal [cf. Eq. (3)}. 

These conditions however are not quite sufficient (see Sec. 39). 


Y 
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Example 2. The second-degree equation x?+ 3xy+y?=1 
is not a circle because it has the term 3xy. 
Example 3. The second-degree equation 9x?-+ 4y?—49 is 
not a circle because the coefficients of x? and y? are not equal. 
Example 4. The equation 
5x2 — 10x +- 5y? + 20y—20=0 


satisfies the conditions (1) and (2). In Sec. 39 it is shown 
that this is a circle. 


39. Finding the Centre and Radlus of a Circle 


The equation 
Ax?+ Bx-+ Ay?+Cy+D=0 (1) 
[which satisfies the conditions (1) and (2), Sec. 38] is a circle 
provided that the coefficients A, B,C, D satisfy the inequality 
B*+C2—4AD > 0 (2) 
Then the centre (a, 6) and the radius R of the circle may be 
found from the formulas (which need not be remembered: 
see Example 1, second method) 
B Cc __ B?4+C?—4AD 


a=— 5A b=—aq: carey | ama (3) 


Note. The inequality (2) states that the square of the 
radius must be a positive number; cf. the last formula of (3). 
If inequality (2) is not fulfilled, then Eq. (1) does not rep- 
resent any curve at all (see Example 2, below). 

Example 1. The equation 

5x? — 10x + 5y?+- 20y— 20=0 (4) 
fits (1); here, 


A=5, B=—10, C=20, D=—20 


Inequality (2) is fulfilled. Hence, Eq. (4) is a circle. Using 
formulas (3), we find 


a=1, b=—2, R*?=9 


Thus the centre is (1, —2) and the radius R=3. 
Alternative method. Divide Eq (4) by the coefficient of 
the second-degree terms (i. e., 5): 


x2—2x+ y?+ 4y—4=0 
Complete the squares in x?—2x and y?+4-4y by adding | to 


58 HIGHER MATHEMATICS 


the first sum and 4 to the second. Add the same numbers 
to the right side of the equation by way of compensation. 
We then have 


(29 2et I+ +4y+4)—4=144 


(x1 + +2)2=9 
Example 2. The equation 
x2— 2x+ y?+2=0 (5) 
fits the case (1), but inequality (2) is not fulfilled. Which 
means that Eq. (5) does not describe any curve. 

The sate conclusion may be arrived at in the following 
manner (ch. Example 1): 

Complete the square in x?—2x by adding 1; also add 1 
to the right side. This yields (x—1)?-+- y?-+2=1 or (x—1)?+ 
+y?=—Il. But the sum of the squares of (real) numbers 
cannot be equal to a negative number. For this reason there 
is no point whose coordinates can satisfy this equation. 


or 


40. The Ellipse as a Compressed Circle 


Through the centre 0 of a circle of radius a (Fig. 35) 
draw two mutually perpendicular diameters A’A, D’D. On the 
radii OD, OD’ lay off from O equal line-segments OB, OB’ 
of length 6 (less than a). From 
each point N of the circle drop a 
perpendicular NP onto the diameter 
A‘A and on this perpendicular lay 
off a segment PM from the foot P 
so that 


PM:PN=b:a (1) 


This construction transforms 
every point N into a corresponding 
point M lying on the same perpen- 
dicular NP; PM_ is obtained from 
PN by reduction in the same ratio 

=~. A transformation of this kind is termed uniform 
compression. The straight line A’A is called the axis of com- 
pression. 

The line ABA’B’ into which the circle has been transfor- 


med by uniform compression is called an ellipse (see Sec. 41 
for an alternative definition). 
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The line segment A’A=-2a (and frequently the straight 
line A’A, i. e. the axis of compression) is called the major 
axis of the ellipse. 

The line segment B’B= 26 (and often also the straight line 
B’B) is called the minor axis of the ellipse (2a > 2b, by 
construction). The point O is the centre of the ellipse. The 
points A, A’, B, B’ are termed the vertices of the ellipse. 

The ratio k=b:a is called the coefficient of compression of 
the ellipse. The quantity 1—k= (the ratio BD:OD) is 
called the compression of the ellipse and is denoted by a. 

An ellipse is symmetric about the major and minor axes 
and, hence, about the centre. 

A circle may be regarded as an ellipse with a coefficient 
of compression k= 1. 

Standard form of the equation of the ellipse. If the axes 
of the ellipse are taken as the coordinate axes, then the 
ellipse is described by the equation ) 


S+He! @) 


This is the standard (canonical) form of the equation of 
the ellipse. 

Example 1. A circle of radius a=10 cm is’ subject to 
uniform compression with coefficient of compression 3:5. 
This produces an ellipse with major axis 2a=20 cm and 
minor axis 26=12 cm (semi-axes a=10 cm, b=6 cm). The 


compression of the ellipse a=i—e=t-8 0.4. The stan- 


1) We have 
OP? + PN?*=ON?*=a? (3) 
By (1) we get 
PN=— PM (4) 
Putting this into (3) yields . 
OPt+-+> PMt=a! (5) 
that is, 
240 yg 6 
x tory =a (6) 


Dividing by a*, yields the equivalent equation (2). Thus, if 
M (x, ¥) lies on the ellipse ABA’B’, then x, y satisfy Eq. (2). But 
if M does not lie on the ellipse, then equality (4) and, hence, 
Eq. (6) are not satisfied (cf. Sec. 7). 
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dard form of the equation is then 
xt y? a 
too t 36 =! 

Example 2. In projecting a circle on some plane P, the 
diameter A,A, (Fig. 36) parallel to the plane is projected 
full size and all the chords per- 
pendicular to the diameter are 
reduced in a ratio equa! to cos q, 
where @ is the angle between 
the plane P, of the circle and 
the plane P. For this reason, 
the projection of a circle is an 
ellipse with major axis 2a= A’A 
and coefficient of compression 
k=COS @. 

Example 3. A _ terrestrial 
meridian is more accurately 
taken as an ellipse and not a 

Fig. 36 circle. The axis of the earth is 

the minor axis of the ellipse. It 

has an approximate length of 12,712 km. The length of the 
maior axis is roughly 12,754 km. Find the coefficient of 


compression & and the compression «@ of this ellipse. 
Solution. 


a-b 2a-2b _12,754-12,712 _ 
gee 0.003, 








41. An Alternative Definition of the Ellipse 


Definition. An ellipse is the locus of points (M), the sum 
of the distances of which from two given points F’, F 
(Fig. 37) is a constant, 2a: 
F‘M+FM=2a (1) 
The points F’ and F are called the foci » of the ellipse, the 
distance F’F is the focal length, denoted by 2c: 


F'F=2% (2) 


1) If a light source is placed at F (or F’), the rays of light are 
baa from the ellipse and come together at F’ (or F) (the other 
ocus). 
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Since F’F < F’'M+ FM, it follows that 2c < 2a, or 
<a (3) 
The definition given in this section is equivalent to that 
of Sec. 40 [cf. Eq. (7) with Eq. (2), Sec. 40]. 


Standard form of the equation of the ellipse. Take the 
straight line F’F (Fig. 38) as the axis of abscissas and the 





Fig. 37 Fig. 38 


midpoind O of the line segment F’F as the origin of coordi- 
nates. According to the definition of an ellipse and to (1), 
Sec. 10, we have F’ (—c, 0), F(c, 0). By Sec. 10 


Vero tyt V Et y= 2a (4) 


On elimination of the radicals, we obtain an equivalent 
equation: 


(a? —c*) x9 -+ ay? = a? (a? —c?) (5) 
or 
St gia! © 


Because of (3), the quantity a*—c® is positive. Therefore 
we can write (6) as 


2 y? 
Ztf=! (7) 
where 
64=a!—c? (8) 


Eq. (7) coincides with Eq. (2) of Sec. 40, and so the 
curve, called an ellipse in this section, is indeed identical 
with the curve described as an ellipse in Sec. 40. It then 
turns out that the centre O of the ellipse (Fig. 39) coincides 
with the midpoint of the line segment F’F, that is, OF =c. 
By equality (1), the major axis 2a= A’A of the ellipse turns 

1) Transpose one of the radicals to the right side and square. 


There will be only one. radical in the new equation, Separating it 
and again squaring, we simplify to (5). 
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out equal to the constant sum of the distances F’M+FM 
(Fig. 38). The semiminor axis 65 =OB (Fig. 39) and the line 
segment c=OF are sides of the right triangle BOF; the 
hypotenuse BF of this triangle is a. This is evident from (8) 
and also from the fact that the 
equal segments F’B and FB add to 
2a (by the definition of an ellipse). 
Thus, the distance from a focus to 
the end of the minor axis is equal 
to the length of the semimajor axis. 


” 


The ratio a of the focal 
length to the major axis, i.e. the 
quantity = , is called the eccent- 


ricity of the ellipse. The eccentricity is denoted by the Greek 
letter © (epsilon): 





Fige39 


c 
[= (9) 
Because of (3), the eccentricity of an ellipse is less than 
unity. By virtue of (8), the eccentricity ¢ and the coefficient 
of compression & of an ellipse (Sec. 40) are connected by the 


relation 
kh? = 1] — &? (10) 


Example. Let the focal length of the ellipse 2c=8cm 
and the sum of the distances of an arbitrary point from the 
foci be 10 cm. Then the major axis 2a=10 cm, the eccentri- 


city e=— = 0.8. The coefficient of compression k = 
= V 1—e?=0.6. The minor axis 2b = 2ak = 2 V a?—c?=6cm. 
The standard form of the equation of the ellipse is 


x? y? = 
ce ae 
Note. If the circle is regarded as a special kind of ellipse, 


b=a, then c=0, and the foci F’ and F must be taken to 
coincide. The eccentricity of the circle is zero. 


42. Construction of an Ellipse from the Axes 


First method. On the perpendicular straight lines X’X 
and Y’Y (Fig. 40) lay off the line segments OA’=OA=a 
and OB'=OB=b [halves of the given axes 2a, 2b (a > 5). 
The points A’, A, B’, B will be the vertices of the ellipse. 
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From point B, strike an arc uv with radius a; it will 
intersect the line segment A’A at the points F’, F; these 
will be the foci of the ellipse [by (8), Sec. 41]. Divide 
A’A=2a into two parts in arbitrary fashion: A’K =r’ and 
KA=r, so that r’+-r=2a. From the point F draw a circle 
of radius r and from F’ a circle of radius r’. These circles 
intersect at two points M and M’; by construction, we have 
F’'M+FM=2a and F’M’+FM'=2a. By the definition 
given in Sec. 41 the points M and M?’ lie on the ellipse. 
By varying r we obtain new points of the ellipse. 





Fig. 40 


Second method. Draw two concentric circles of radius 
OA=a and OB=b (Fig. 41). Through the centre O draw 
an arbitrary ray ON. Through the points K and M,, at which 
ON meets the two circles, draw straight lines that are 
tespectively parallel to the axes X’X, Y’Y. These straight 
lines will intersect at the point M. Its ordinate PM (= KD) 
is shorter than the ordinate PM, of the point M, which 
lies on the circle of radius a; we have PM:PM,=b:a. 
Therefore (Sec. 40) the point M lies on the desired ellipse. 
Varying the direction of the ray ON, we get new points of 
the ellipse. 


43. The Hyperbola 


Definition. The hyperbola (Fig. 42) is the locus of points 
(M) whose distances from two fixed points F’, F have a 
constant difference (cf. definition of the ellipse in Sec. 41): 


| F'M—FM | =2a () 
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The points F’ and F are called the foci” of the hyper- 
bola, and the distance F’F is the focal length denoted by 2c: 


F'F =2c (2) 

Since F’F > |F’M—FM]|, it follows that [cf. formula (3), 
Sec. 41] 

c>a (3) 


If M is closer to the focus F’ than to the focus F, i. e. if 





Fig. 42 Fig. 48 


F'M < FM (Fig. 43), then in place of (1) we can write 


FM—F'M=2a (la) 
But if M is closer to F than F’, i. e. F’'M> FM (Fig. 42), 
then we have 

F’'M—FM =2a (1b) 


Those points for which F’M—FM=2a form one branch of 
the hyperbola (usually the right 
branch); those points for which 
FM—F'M=2a form the other 

branch (the left branch). 
Standard form of the equa- 
tion of the hyperbola. In Fig. 
44, for the x-axis we take the 
line F’F and for the origin, 
the midpoint O of F’F. By (2) 
Fig. 44 we have F(c, 0), F’(—c, 0). 
By (1b) and Sec. 10 the right 

branch is given by the equation 


Viste ty —V cf + = 2a (4a) 





‘) tia light source is placed at one of the foci, the light rays 
reflected from the hyperbola will form a divergent beam with the 
centre in the other focus. Cf. footnote on p. 60. 
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For the left branch, by (la) and Sec. 10, we have the 
equation 


VG FF —V EOF =20 (4) 
On elimination of the radicals we get, in both cases, 
(a? —c?) x? + a?y? =a? (a? —c?) (5) 
or 
atgtas! 6) 


This equation is equivalent to the pair (4a), (4b) and 
represents the two branches of the hyperbola at once. » 

Equation (6) is outwardly the same as the equation of 
the ellipse [cf. (6), Sec. 41] but this similarity is deceptive, 
for now, due to (3), the quantity a?—c? is negative, so that 
V a*—C? is imaginary. Therefore, denote by 6 the quantity 
+ V @—a? so that» 





62 =ci—q? (7) 
Then from (6) we get the standard (canonical) equation 
of the hyperbola : 
x? y? 
a ora! 8) 
Example. If the magnitude of the difference F’M—FM 
is 2a=20 cm and the focal length is 2c-=25 cm, then 


b6Va—a= (cm). The standard form of the equation 


. x y? 
of the hyperbola is Too aap =! 
T 


44. The Shape of the Hyperbola, Its Vertices 
and Axes 


The hyperbola is symmetric about the point O—the 
midpoint of the segment F'F (Fig. 45); it is symmetric about 
the straight line F’F and about the straight line Y’Y drawn 
through O perpendicular to F’F. The point O is called the 


1) The two branches of the hyperbola might be taken as two 
curves and not one. But then neither of the curves, separately, 
would be a second-degree algebraic equation. 

2) See Séc. 46 on the geometrical meaning of the quantity 0. 
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centre of the hyperbola. The straight line F’F intersects the 
hyperbola at two points A(-+a, 0) and A’(—a, 0). These 
points are the vertices of the hyperbola. The segment 
A’A=2a (and also frequently the straight line A’A) is called 
the real (transverse) axis of the hy- 

s ty |@ perbola 
The straight line Y’Y does not 
intersect the hyperbola. Nevertheless, 
it is customary to lay off on this 
b line the segments B’O=OB=b and 
C. call B’B=26 (and also Y’Y) the ima- 
x | 2 x ginary (conjugate) axis of the hyper- 

a. 


Since AB*=OA?+ 0B?=a*-+ 6?, 
it follows from (7), Sec. 43, that 


a’ AB=c, i.e. the distance from a vertex 

of the hyperbola to the end of the con- 

Fig. 45 jugate axis is equal to half the focal 
length. 


The conjugate axis 26 may be greater than (Fig. 45), less 
than (Fig. 46), or equal to (Fig. 47) the transverse axis 2a. 
If the transverse and conjugate axes are equal (a=6), then 
the hyperbola is termed equiangular, equilateral, or rectangular. 





Fig. 47 


The ratio £5 
axis is called the eccentricity of the hyperbola and is denoted 
by e [cf. (9), Sec. 41)]. Because of (3), Sec. 43, the eccentri- 
city of the hyperbola is greater than unity. The eccentricity 


of an equilateral hyperbola is V2. 


= — of the focal length to the transverse 
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The hyperbola lies completely outside the strip bounded 
by the straight lines PQ and RS parallel toY’Y and distant 
from Y’Y by OA=A’O=a (Figs. 45, 46, 47). To the right 
and left of this strip the hyperbola goes off without bound. 


45. Construction of a Hyperbola from Its Axes 


On the perpendicular straight lines X’X and Y’Y (Fig. .48) 
lay off segments OA=OA’=a and OB=OB’=b (semitrans- 
verse axes and semiconjugate axes). Then lay off the segments 
OF and OF’ equal to AB. The 
points F’ and F are foci [according 
to (7), Sec. 43]. Take an arbitrary 
point K on the extension of the 
segment A’A. From F draw a circle 
of radius r=AK. From F’ describe 
a circle of radius r’ = A’K=2a-+-r. 
These circles will intersect in two 
points M, M’; note that by constru- 
ction F’M—FM=2a and F'M’— 
—FM’ = 2a. By the definition given Fig. 48 
in Sec. 43, the points M and M’ lie 
on the hyperbola. By varying r we get other points on the 
“right” branch. Similarly, we can obtain points on the “left” 
branch. 





46, The Asymptotes of a Hyperbola 


For |k| <—%, the straight line y= Ax (it passes through 
the centre O of the hyperbola) intersects the hyperbola in 
two points D’, D (Fig. 49) which 
are symmetric about O. But if 
Jkl=t, then the straight line 
y=kx (E'E in Fig. 50) has no 
common points with the hyperbola. 

The straight lines y= = x and 


y= —2x(u'u and V’V in Fig. 51), 
for which | k|= 2, have the fol- 


lowing unique property: each line when extended intefini- 
tely approaches indefinitely near to the hyperbola. 





Fig, 49 
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More precisely: if the straight line Q’Q, parallel to the 
axis of ordinates, is made to recede to an infinite distance 
from the centre O (to the right or to the left), the line 
segments QS, Q'S’ between the hyperbola and each of the 
straight lines U’U, V'V hecome small without bound. 





The straight lines y= ox and y=—2x are called the 


asymptotes of the hyperbola. ») 

The asymptotes to an equilateral hyperbola are mutually 
perpendicular. 

The geometrical meaning of the conjugate axis. Through 
the vertex A of a hyperbola (Fig. 51) draw a straight line 
L'L perpendicular to the transverse axis. Then the segment 
L'L (of this straight line) bet- 
ween the asymptotes to the 
hyperbola is equal to the con- 
jugate axis B’B=2b of the 
hyperbola. 


47. Conjugate Hyperbolas 





Two hyperbolas are called 
conjugate (Fig. 52) if they have 
a common centre O and com- 
mon axes, but the transverse 
axis of one is the conjugate axis of the other. In Fig. 52, 
A’‘A is the transverse axis of hyperbola / and the conjugate 
axis of hyperbola //, B’B is the transverse axis of hyperbola 
11 and the conjugate axis of hyperbola /. 


Fig. 52 


1) Asymptote is from the Greek meaning “not meeting.” 
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If 


is the equation of one of the conjugate hyperbolas, then the 
other one is given by the equation 


Conjugate hyperbolas have common asymptotes (U’U and 
V'V in Fig. 52). 


48. The Parabola 


Definition. The parabola (Fig. 53) is the locus of points 
(M) equidistant from a given point F and a given straight 


line PQ: 
FM=KM (1) 


The point F is called the focus,1) and the straight line 
PQ the directrix of the parabola. The distance FC=p from 
the focus to the directrix is the para- oly 
meter of the parabola. 

For the coordinate origin, take DOM 
the midpoint O of the line FC so that k 


CO=0F = 4 (2) 
The straight line CF will be the axis os da as 
of abscissas and the positive direction 
will be from O to F. 
We then have: F (+: 0), KM= 
Y 
= KD+DM= £.+x and (Sec. 10) Fig. 53 


FM = ($—* Vege. Because of (1), we have 


V (B-*)tut= $42 3) 


1) After reflection from a parabola, a parallel beam of rays per- 
pendicular to the directrix will become a central beam with centre 
in the focus. See footnote on p. 60. 
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On elimination of the radical sign, we get the equivalent 


equation 
y? = 2px (4) 


This is the standard canonical equation of the parabola. 
The equation of the directrix PQ (in the same system of 


coordinates) is x + 4 =0. 


The parabola is symmetric about the straight line FC 
(the x-axis in our coordinate system). This line is termed 
the axis of the parabola. The parabola passes through the 
midpoint O of the segment FC. The point O is called the 
vertex of the parabola (which we took for the coordinate 
origin). 2 

The parabola lies entirely on one side of the straight 
line ad (tangent at the vertex) and goes off to infinity on 
that side. 


49. Construction of a Parabola from a Given Parameter p 


In Fig. 54, draw a straight line PQ (the directrix) and 
at a given distance p=CF from it take a point F (the focus). 
The midpoint O of CF will be the 
vertex and the straight line CF will 
be the axis of the parabola. On the ray 
OF take an arbitrary point R and 
through it draw a straight line RS 
perpendicular to the axis. From the 
focus F as centre describe a circle of 
radius CR. It will intersect RS in two 
points M and M’. M and M’ belong 
to the sought-for parabola, since it is 
given (see definition, Sec. 48) that 
FM=CR=KM. By varying the posi- 
tion of the point R we obtain other 
Fig. 54 points of the parabola. 





50. The Parabola as the Graph of the Equation 
yoaxt+bxte 
' The equation 
x? = 2py (1) 
represents the same parabola as the equation y? = 2px (cf. Sec. 48), 
only in this case the axis of the parabola coincides with the 
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axis of ordinates; the origin, as before, coincides with the 
vertex of the parabola (Fig. 55). The focus lies in the point 


F (9. +): The directrix PQ is given by the equation 


2 
y+ >= 


0. 





Fig. 55 Fig. 56 


If for the positive direction of the y-axis we take the 
direction FO (Fig. 56) instead ot OF, then the equation of 
the parabola wil: be 


—xt=2py (2) 


(see Fig. 56, where the 
coordinate axes have 
the customary direc- 
tions). Accordingly, the 
graphs of the functions 

y=ax? (3) 
are parabolas_ which 
are concave up when 
a > 0 and concave down 
when a < 0. The smal- 
ler the absolute value 
of a(in Fig. 57 we 
have a=2, a=+ 1, 
a=+ rT a=+ , the 
closer the focus to the 
vertex and the more 


spread out the para- 
bola is. 
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Graphically, any equation 


y=ax?-+ bx-+c (4) 
is depicted by the same parabola as the equation y=ax? 
(for both parabolas the distance + from the vertex to the 

Y focus is equal to rast) 


Both are concave inthe same 





Fig. 58 Fig. 59 


direction. But the vertex of parabola (4) lies in point A (Fig. 58) 
with coordinates 


and not at the origin. 
Example. The equation 
ae ite cae (42) 


—_! pe 3 Seal ; 
(4= 7 b > c +) (Fig. 59) represents the same 








parabola as the equation y=— The vertex lies in 
point A with coordinates 
6 3 4ac— b? 1 
ta=— Fa YA Ga = 16 (Ga) 
The focus is located below the vertex at a distance 
Po 1 
2 T4a| =l 
Consequently, the coordinates of the focus are 
3 1 15 
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Note 7. The formulas (5) need not be memorized. The 
following device may be used to compute x4, ya. Rewrite 
equation (4a) as 


1 
y+ > =— 7 (32) (6) 
Complete the square in the brackets by adding +. To 
compensate, add —+ = =-% to the left-hand side. 
This yields 
1 1 3\3 

9-7 (*-F) (7) 

Eq. (7) takes the form 
yay @) 


if we perform a translation of the axes 
(Sec. 35): 


! = y— — xx (9) 


The vertex of the parabola (i. e., 
the point x’=0, y’=0) has the coordi- 


3 1 
nates x= 3. V=TE- 


Note 2. The general formulas (5) may 
be derived from (4) by the same technique as 
was used in Note | with respect to Eq. (4a). Fig. 60 

Note 3. The equation x=ay*+by+c is 


a parabola (Fig. 60) with vertex at the point ( 





4a ° 2a 


[ts axis is parallel to the x-axis; it is concave to the right if a>0 
and to the left ifa<0. 


4ac— b* 6 ) 


51. The Directrices of the Ellipse 
and of the Hyperbola 


(a) Directrices of the ellipse. Let there Le given an ellipse 
(Fig. 61) with major axis A’A=2a and eccentricity (Sec. 41) 
F c 


ay ni tiem Let e 40 (i. e., the ellipse is not a circle). 
On the major axis, lay off from the centre O of the ellipse 
the segments OD=OD’ equal to + (i.e. OD:OA=OA:0F). 
The straight lines PQ, P’Q’, which pass through D and D’, 
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respectively, and are parallel to the minor axis, are called 
the directrices of the ellipse. 

With each of the directrices we associate the focus of the 
ellipse which lies on that side of the centre; for example, 
focus F is associated with directrix PQ, focus F’ with di- 
rectrix P’Q’. Then, for any point M of the ellipse the ratio 
of its distance from the focus to the distance from the cor- 
responding directrix is equal to the eccentricity e: 


MF:MK =MF':MK’=e (1) 


Since for the ellipse © <1, any point of the ellipse is closer 
to a focus than to the corresponding directrix. 





Fig. 61 


If the major axis of an ellipse remains the same and the 
eccentricity tends to zero (i.e. the ellipse differs from a circle 
less and less), the directrices move off an infinite distance 
from the centre. 

The circle has no directrices. 

(b) Directrices of the hyperbola. Let A’A (Fig. 62) be the 


transverse (real) axis of a hyperbola and let exo = be 
its eccentricity (Sec. 44). Lay off 
0D=0D' =~ 


(i.e. OD:OA=OA:OF). The straight lines PQ, P’Q’ that 
pass through D and D’ respectively and are parallel to the 
conjugate axis are called directrices of the hyperbola. For any 
point M of a hyperbola the ratio of the distance of M toa 
focus to the distance to the corresponding directrix [see 
Item (a)} is equal to the eccentricity, or 

MF: MK=MF':MK'=e (2) 
Since e > 1 for a hyperbola, any point of a hyperbola is clo- 
ser to a directrix than to the associated focus. 
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62. A General Definition of the Ellipse, Hyperbola and Parabola 


All ellipses (except circles), hyperbolas and parabolas have the 
Property that for each of them the following ratio is invariant 
(Fig. ys 


FM:MK (1) 


where FM is the distance from an arbitrary point M toa given point 
F (focus), and MK is the distance of M to a given straight line PQ 
(directrix). 


a 


fa 


A F 





Fig. 68 Fig. 64 


For the ellipse (Fig. 64) this ratio is less than unity (it is equal 
to the eccentricity of the ellipse < 3 cf. Secs. 41, 51) For the hyper- 
bola (Fig. 65) it is greater than unity (it is equal to the eccentricity 
of the hyperbola <; cf. Secs. 43, 51); 2 
for the parabola (Fig. 66) it is unity 


(Sec. 48.) K 





Fig. 65 Fig. 66 


Conversely. every line having the indicated property is either an 
ellipse (if FM:MK <1), or a hyperbola (if FM:MK> 1), or a para- 
bola (if FM:MK=1). Therefore, this property may be taken as the 
general definition of an ellipse, hyperbola, and parabola, and the 
invariant ratio FM:MK=e is called the eccentricity. The eccentricity 
of the parabola is equal to unity, that of the ellipse e<1, that of 
the hyperbola e>1. 

By specifying the eccentricity e and the distance FC =d from a 
focus to its directrix we fully define the size and shape of an ellipse, 
hyperbola and parabola. If for a given @ we vary d, then all the cur- 
ves will be similar. 
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The chord RR’ of an ellipse, hyperbola or parabola (Figs. 64, 
65, 66) passing through a focus F pereendiculer to the axis FC is 
called a latus rectum and is denoted by 2p: 

RR'=2p (2) 


The duantlly p=FR=FR’ (i.e. half the length of the latus rectum) 
fs called the parameter of the ellipse, hyperbola or parabola. It is 


connected with d by the relation 

p=de (3) 
so that for the parabola (e=1) 

p=d (3a) 


The vertices of ellipse, hyperbola and parabola (A in Figs. 64, 
65, 66) divide the segment FC in the ratio FA:AC=e. The second 
vertex of the ellipse and hyperbola (A’ in Figs. 64, 65) divides FC 
in the same ratio externally (Sec. 11). 





Fig. 67 Fig. 68 


In accordance with this new definition, the ellipse, hyperbola and 
parabola are represented by a single equation. Taking the vertex A 
(Fig. 67) for the origin and letting the ray AF be the axis, this 
equation takes the form 


y?=2px—(1—e*) x* (4) 


where p is the parameter and e the eccentricity. 

Near a vertex, the parabola even in shape differs but little from 
an ellipse and a hyperbola with eccentricity close to unity. Fig. 68 
depicts an ellipse with eccentricity e=0.9, a hyperbola!) with eccen- 
tricity e=1.1 and a Parabols (e=1) all having a common focus F 
and a common vertex A. 

The semiaxes a, 6 and the semifocal length ¢ of the ellipse and 
hyperbola are expressed in terms of e as follows: 


1) The closer e is to unity, the farther the second vertex of the 
ellipse and hyperbola (and also the entire second branch of the hyper- 
bola) is from the first vertex. 
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p Pp & 
Ellipse a= Oa c=ae=p 7 
Pt el aes yee 
Hyperbola le a oa c=ae=p = 





In all three cases, the distance 6=AF from focus F to vertex A 
is expressed by the formula 


=P (5) 
53, Conic Sections 


The ellipse, hyperbola and parabola are called conic sections (co- 
nics) since they are obtainable on the surface of a circular cone (also 
on the surface of a noncircular 

cone) at the Intersection with a 


plane P that does not pass thro- 
ugh the vertex of the cone. The 
LN 


Fig. 69 


Kk’ 


Fig. 70 Fig. 71 
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surface of the cone is visualized as extending indefinitely from the 
vertex in both directions. 

If the plane P is not parallel to any generatrix of the cone 
(Fig. 69), the conic section is an ellipse. 4) 

If the plane P is parallel to only one of the generatrices of the 
cone (KK’ in Fig. 70), then the conic section is a parabola. 

lf the plane P is parallel to two generatrices of the cone (KK’ and 
LL’ in Fig. 71), then the conic section is a hyperbola. 





Fig. 72 Fig. 73 


If P passes through the vertex of the cone, then in place of an 
ellipse we get a point, in place of a hyperbola we have a pair of 
intersecting straight lines (Fig. 72), and in piace of a parabola, the 
straight line of tangency of plane P to the cone (Fig. 73). This line 
may be regarded as two lines merged into one. 


64. The Diameters of a Conic Section 


The midpoints of parate chords of any conic section lie on a 
single straight line called the diameter of the conic. To every di- 
rection of the parallel chords there corresponds a diameter lconjueate 
to the given direction). Fig. 74 depicts one of the diameters U’U of 





) The ellipse can also be a circle. On a circular cone, circular 
sections are formed only by planes parallel to the base, whereas a 
noncircular cone has in addition a familly of circular sections. 
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an ellipse. On it lie the midpoints K,, Ks, ... of the parallel chords 
MM’, MM), .... The locus of these midpoints is the segment L’L 
of the diameter U’U. 

Fig. 75 shows a diameter U’U of a hyperbola corresponding to 
parallel chords MM, MM), etc. It contains the midpoints K, K,, ... 


of these chords The locus of the points K,, Ky, ... is a pair of rays 
L’U’ and LU. it : if 





Fig. 74 Fig. 75 


Note. In elementary geometry the diameter of a circle is a line 
segment (the largest chord). In analytic geometry, the term “diame- 
ter” is also sometimes used to denote the segment LL’ (Figs. 74, 75). 
it ae usual, however, to use this term to denote. the entire 

ne ‘ 


55. The Diameters of an Ellipse 


All the diameters of an ellipse pass through its centre. 

The diameter corresponding to chords parallel to the minor axis is 
the major axis (Fig. 76). The diameter corresponding to chords pa- 
rallel to the major axis is the minor axis. 

To chords with slope &(k=0) there corresponds a diameter 
y=hk,x, where k, is determined from the relation 


kk,=e!-1 fl) 
i.e. Po 
khy=- (la) 
Example 1. The diameter U’U of the ellipse 
x? oy? 
oan 


(Fig. 77), which corresponds to chords with slope k= -$ , Is given 
my the equation y=hk,x; the value of &, is found from the relation 


-- hy=—-t so that the equation of the diameter U°U is 
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Example 2. The diameter V’V (Fig. 77) of the same ellipse, which 


corresponds to chords with slope kes is given by the equation 


= —— Xx. 


If the diameter U’U of the ellipse bisects the chords which are 
parallel to the diameter V’V, then the diameter V’V always bisects the 
chords parallel to the diameter U’U. 





Fig. 76 Fig. 77 


8 . x oy? 
Example 3. The diameter y=-->* of the ellipse rigs! 


(cf. Examples 1 and 2) bisects the chords parallel to the diameter 


' 
vey x. In turn, the diameter y=z* bisects the chords parallel to 


the diameter y=-— x. 


Diameters such that each one bisects the chords parallel to the 
other one are called conjugate diameters. 

Two diameters conjugate to one another and mutually perpendicu- 
lar are termed principal diameters. In the circle, any diameter is the 
principal diameter. The ellipse which differs from a circle has only 
one pair of principal diameters: the major axis and minor axis. 

The slopes of the nonprincipal conjugate directions have [in accor- 
dance with (la)] opposite signs; i.e. two conjugate diameters of an 
ellipse belong to different pairs of vertical angles formed by the axes 
(in Fig. 77, the diameter V’V lies in the second and fourth quadrants, 
while U’U lies in the first and third quadrants). The diameter U’U 
and the conjugate diameter V’V rotate in the same sense. 


56. The Diameters of a Hyperbola 


All the diameters of a hyperbola pass through its centre. 

The diameter corresponding to chords parallel to the conjugate 
axis (Fig. 78) is the transverse axis (the locus of midpoints of chords 
is the pair of rays A’X’ and AX); the diameter corresponding to 
chords parallel to the transverse axis (Fig. 79) is the conjugate axis 
(the midpoints of chords fill the Y’Y axis completely), 
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Fig. 78 Fig. 79 


As in the case of the ellipse, in the case of the hyperbola the 
slope & of parallel chords (k 0) and the slope k, of the corresponding 
diameter are connected by the relation 


kk,=e*—1 (1) 
However, the relation (1a), Sec. 55, is replaced by the relation 
68 
katy (1b) 
x? y? 
Example 1. The diameter U’U of the hyperbola Ta! 


(Fig. 80), which corresponds to chords with slope ka » is given by 


9 
the equation y=k,x; the value of 
k, is determined from the rela- 


tion kk,y=—, so that the equa- 
tion of the diameter U’U_ is 
yaa 


Example 2. The diameter V’V 
(Fig. 80) of the same hyperbola, 
corresponding to chords with slope 


=F" is given by the equa- 





tion =e x. 


If the diameter U’U bisects 
chords parallel to the diameter V’V, then V’V will always bisect 
chords Parallel to U’U. Two such diameters are termed conjugate. 

Each hyperbola has only one pair of principal (i.e. conjugate and 
cautually perpendicular) diameters: the transverse axis and the conju- 
gate axis. 

If the slope of the parallel chords is greater in absolute value than 
the slope of the asymptote, i.e. 


Fig. 80 


Iki>e 
a 
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see Exaniple 1, where — , then the Iscus of the midpoints 
of the chords is a pair of rays (L’U’ and LU). But if 


6 
Iki<z 


(see Example 2), then the midpoints of the chords fill the diameter 
(V’V in Fig. 80) completely Of two conjugate diameters, one always 
belongs to the first type, the other to the second. 

Note !. The slope of parallel chords cannot be equal, in absolute 
value, to 2 . for the stralght lines y=+ ZX (asymptotes) do not in- 
tersect the hyperbola, and the straight lines parallel to the asymptote 
intersect the hyperbola at only one point. 

According to (1b), the slopes of the nonprincipal conjugate direc- 


tions have the same signs; i. e. two conjugate diameters of a hyper- 
bola belong to one and the same pair of vertical angles formed by the 
axes. 

Contrariwise, with respect to asymptotes, two conjugate diame- 
ters belong to different pairs of vertical angles. 

Note 2. When the diameter U’U of a hyperbola is rotated, the 
conjugate diameter V’V rotates in the opposite sense. When, in the 
process, U’U approaches one of the asymptotes without bound, V’V 
unboundedly approaches the same asymptote. We therefore say that 
an asymptote is a diameter conjugate to itself. This statement is, 
strictly speaking, not true because an asymptote is not a diameter 
(cf. Note 1). Aside from. the asymptotes, any straight line passing 
through the centre of the hyperbola is one of its diameters. 


67. Tho Diameters of a Parabola 


All the diameters of a parabola are parallel to its axis; see Figs. 
81 and 82 (the locus of midpoints of parallel chords of the parabola is 
the ray LU). 





Fig. 81 Fig. 82 


The diameter corresponding to chords perpendicular to the axis of 
the parabola is the axis itself (Fig. 83). 
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The diameter of the parabola y*=2px, which corresponds to chords 
with slope k (k * 0), is given by the equation 


y= 


k 


(the greater the inclination of the chord to the axis, the farther is the 
diameter from the axis). !) 

Example. The diameter of the parabola y?=2px, which corresponds 
to chords inclined to the axis at an angle of +45° (k=1) is given by 
the equation y=p; in other words, its distance from the axis AX 


Fig. 83 Fig. 84 


(Fig. 84) is equal to half the latus rectum FR (Sec. 52). This means 
the diameter cuts the parabola at the point R above the focus F. 

All straight lines parallel to some diameter of a parabola cut the 
parabola at only one point. That is why the parabola does not have 
conjugate diameters. 


68. Second-Order Curves (Quadric Curves) 


The ellipse. (the circle, as a special case), the hyperbola, 
and the parabola are second-order (or quadric) curves; i. e. 
in any system of cartesian coordinates they are defined by 
second-degree equations. However, not every second-degree 
equation represents one of these curves. It may happen that an 
eaation of the second degree represents a pair of straight 
ines. 

Example 1. The equation 


4x4 — 9y2=0 (1) 


1) The slope of any diameter of a parabola is zero, i. e. it satis- 
fies the equation kk,=e?—1, which holds (Secs. 55, 56) for the ellipse 
and the hyperbola (lor the parabola e=1). 
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which decomposes into twa equations 2x —3y=0 and 2x + 3y=0, 
represents a pair of straight lines which intersect at the origin. 
Example 2. The equation 


x3 — 2xy+ y? —9=0 (2) 


which decomposes into the equations x—y+3=0 and x— 
—y—3=0, represents a pair of parallel straight lines. 

Example 3. The equation 

x3 — Qxy + y?=0 (3) 

or (x—y)?=0, Aa erik a single straight line x—y=0; but 
since the binomial x—y enters into the left-hand side of (3) 
twice as a factor, we can take it that (3) represents two co- 
incident straight lines. 

An equation of the second degree can also represent a 
single point. 

Example 4. The equation 


x4 y2=0 (4) 


has only one real solution, namely x=0, y=0, which repre- 
sents the point (0, 0). Incidentally, (4) can be decomposed 
into two equations x+y iy=0, x— > iy=0 with imaginary 
coefficients. For this reason, (4) is said to represent a pair 
of imaginary straight lines intersecting in a rea! point. 

Finally, it can happen that an equation of the second 
degree does not represent any locus at all. 

Example 5. The equation 


+-G=! (5) 


does not represent either a line or a point because the qu- 


antity +4, cannot have a positive value. However, be- 
cause of the external similarity between (5) and the equation 
at the ellipse, equation (5) is said to represent an imaginary 
ellipse. 

Example 6. The equation 


x8—2xy+y?+9=0 (6) 
likewise fails to represent either a curve or a point. But since 
it decomposes into the equations x —y+3i=0 and x—y—3i=0, 


we say (cf. Example 2) that (6) represents a pair of imagi- 
nary parallel straight lines. 
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Conic sections and pairs of straight lines exhaust all the 
curves that can be defined by second-degree equations in a 
oan system of ccordinates. Thus, the following theorem 
is valid. 

Theorem. Any curve of the second order (quadric curve) is 
either an ellipse, a hyperbola, a parabola ora pair of straight 
lines (intersecting, parallel or coincident). 

Plan of proof. By means of a transformation of coordina- 
tes, the given second-degree equation is reduced to a simpler 
form. We then either obtain one of the canonical (standard) 
equations 

S+4=41 (ellipse, real or imaginary), 
x? 


= v= l (hyperbola), y= 2px (parabola) 


or we find ‘that the second-degree equation may be decompo- 
sed into two first-degree equations. At the same time we find 
the dimensions of the second-order curve and its position 
relative to the original system of coordinates (for example, 
fot an ellipse, the lengths of the axes, their equations, the 
position of the centre, etc.). 

These transformations are given in full in Secs. 61 and 62. 


59. General Second-Degree Equation 
The general equation of the second degree is usually writ- 


ten as 
Ax? + 2Bxy + Cy?+ 2Dx-+ 2Ey+ F=0 (1) 


The designations 2B, 2D, 2E (instead of B, D, E) are intro- 

duced because many formulas employ half-coefficients of xy, of 

x and of y. This notation dispenses with fractional expressions. 
Example 1. For the equation 


x*-+ xy— 2y3-+ 2x-+ 4y+4=0 
we have 


A=l, B=y, C=—2, D=1, E=2, F=4 
Example 2. For the equation 2xy+.x-+5=0 we have 
A=0, B=1, C=0, D=+,£=0, F=5 
Note. The quantities A, B, C, D, E, F may take on any 


values so long as A, B, C are not all equal to zero at once, 
for then (1) would be an equation of the first degree. 
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60. Simplifying a Second-Degree Equation, 
General Remarks 


Transformation of the second-degree equation 
Ax? + 2Bxy+ Cy? + 2Dx4+ 2Ey+ F=0 (1) 


to one of the elementary forms (see Sec. 58) will be done as 
follows 1): 

(a) Preliminary transformation. In this way we eliminate 
the term containing a product of the coordinates (this is 
achieved by rotating the axes; see Sec. 61). 

(b) Final transformation. Here we get rid of terms contai- 
ning first degrees of the coordinates (this is attained by a 
translation of the origin; see Sec. 62). 


61. Preliminary Transformation 
of a Second-Degree Equation 


(If B=0, this transformation becomes unnecessary.) 
Turn the coordinate axis through an angle « which satis- 
fies the condition ?) 


2B 
tan 2a—=3—¢ (2) 
The transformation formulas will be (Sec. 36) 
x=x'cosa—y'sine, y=x'sina+y’' cosa (3) 


The terms involving x’y’ cancel out, ®) and the new equation 
takes the form 


A’x!?4+C’y?+2D’x' +. 2E’y’ + F'=0 (4) 
Example 1. Given the equation 
2x? — 4xy + 5y2—x-+ 5y—4=0 (la) 





1) The method presented here is not the fastest, but it has the 
advantage of not requiring any auxiliary theorems. A faster method 
is given in Secs. 69 and 70. 


2b 
%) If A=C (the quantity A-¢ becomes infinite), then (see 


Sec. 21, Note) 20=+4 90°, or a=+45°. 
8) The coefficient of x’y’ is of the form 


2B’=(C—A) 2 sin a cos a+2B (cos? a— sin? a) = 
=(C—A) sin 2a+2B cos 2a 
This coefficient is equal to zero by virtue of (2). 
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1 5 


Here, A=2, B=—2, C=5, D=—~+, E=zZ, F=—4. 
From Condition (2) we find 
tan Qa=t= 4 (2a) 


If the angle 2a is taken in the first quadrant (20 ~ 53°8’, 
@ ~ 26°34’), we obtain 
1 


3 
cos 22= ——————- = 
Vi+tant2a 5’ 


fn oe T—cos 2a 1 
sina= Seeeestatees, eee 
V 2 V5? 


1+cos 2a 2 
cosamy/ Liste =Ve 


Formulas (3) take the form 


2 ’ 
c=’ yy’, 
V5 
a3 Te kt (3a) 
ve V5 4 
Putting this into (1a), we get a new equation: 
2 22 3 ’ Ab 44 = 
x + 6y + yet tye 4=0 (4a) 


where 


Pe _  —. 73 ‘— 11 
A’=1, B’=0, C’=6, D We’ E WE’ 
If an angle 2a is taken in the third quadrant (20 ~ 233°8’, 


@ = 116°34’) then we: get in similar fashion the equation 


F’=—4 





where 
o_ ez ‘— ‘— 1 Pa 8 ena 
A’=6, B’=0, C’=1, D wr’ sve’ F 4 
Example 2. Given the equation 
B+ 2ry+y2+2x+y=0 (ib) 
Here 


A=1, B=1, C=1, D=1, E=+, F=0 
Since A=C, it follows (see footnote No. 2 on page 86) that 
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we can take a@=45°. Substituting into (1b) the expressions 





x=x’' cos 45°— y’ sin 45° (x —y’), 
(3b) 
y=x' sin 45°+-y’ cos = TS (x'+y’) - 
we find 
ray 3 
2x FF x 77 y’=0 (4b) 
Here 
A’ =2, B’'=0, C’=0, D'=—3_, E’= ——1_, F’=0 
a 2Vv2 2v2 
If we take a= — 45°, then we oe 
y+ oe x to = y'=0 (4b’) 
Here 
A’=0, B’=0,.C’=2, D'= yp e= sr P= 
Example 3. Given the equation 
2x? — 4xy + 2y2+ 8x — 8y—17=0 (Ic) 


Since A=C, it follows that we can take a=45°. Substitu- 
ting into (1c) the expressions (3b), we find 


4y'2—8Y 2 y’—17=0 (4c) 
Taking a= — 45°, we get 
4x24 8V 2x’ —17=0 (4c’) 


62. Final Transformation 
of a Second-Degree Equation 


One has to distinguish two cases: 
(1) not one of the coefficients A’, C’ in the equation 
A’x'8+ C’y'8+ 2D’ x! + 2E’y’ + F’=0 (4) 
is zero (as the case in Example | 


(2) one of the coefficients ae C’ is zero (as in Examp- 
les 2 and 3). 


1) The coefficients A’ and C’ cannot both be zero, otherwise Eq. 
(4) would be of degree one. 
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Case 1. The equation 
A’x'2 4. C’y’2 + 2D'x’ + 2E'y’ + F’=0 (4) 
is transformed as follows: adjoin the term a to the sum 
Vet tot , , : D’ ’ Fy ‘ , D 
A’x'24.2D'x' =A (« 2425 % ) to yield A (* +3) 
adjoin the term a to the sum C’y’2+2E’y’ to yield 
Cc’ (¥' +3)’. To compensate, add ate to the right- 
hand side of (4). The result is an equation of the form 
, t D’ 2 ta u E’ 2 , 
where z 
1 Ot, Bp 
Maat oF 
cd , D E’ : 
Carry the origin to the point (—F: —@),» which amounts 
to transforming the coordinates (Sec. 35) by the formulas 


2s iD 6 ee SE 
x =xi— a » ¥ =I—-G (6) 
This yields the equation 
A’? +C'y?=K (A’ £0, C’ ¢ 0) (7) 
If K’ 40, then we divide the equation by K’ to get 
x y? _ 
ee Ke (8) 
A’ Cc’ 
(a) If both quantities 5 ‘| HS are positive, we have an 
ellipse. oa 
(b) If both quantities a pS are negative, we have an 


imaginary ellipse (cf. Example 5, Sec. 58). 
(c) If one of the quantities (which one is immaterial) is 
positive and the other negative, then we have a hyperbola. 
But if K’=0, then equation (7) is of the form 


A'x?4+C'y?=0 (7') 

Two cases are possible: 
(d) If A’ end C’ have different signs, then A’x?+C’y? 
may be decomposed into first-degree (linear) factors as a di- 
fference of squares. The coefficients of both factors are real 
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and we have a pair of intersecting straight lines (cf. Examp- 
le 1, Sec. 58). 

(e) If A’ and C’ have the same sign, then A’x?-+-C’y? 
also decomposes into linear factors, but both factors contain 
terms involving imaginary coefficients and we have a pair of 
imaginary intersecting straight lines, i.e. a single real point 
(cf. Example 4, Sec. 58). 

Example 1. After rotation of the axes, Eq. (1a) of Examp- 
le 1, Sec. 61, was brought to the form 


a ed A ene VE y’—4=0 (4a) 
This equation can be written as 


(# uaa a WE be (y+ ve swe) =(wr)'+ 
+6 (WF y +4 (6a) 


or 
(*+ore) +8 (Y tare) <3 


Going over to the new system with origin at the point 


3 il : 
(Se: —aF) , via the formulas 
“ 2 ny ee ae 
i we’ 9 Yves (6a) 
we have 
= ee__ 13! 
4+ 6y=— (7a) 
or , 
>t 
wr tir ve 
ory 144 


The equation under study represents an ellipse with semiaxes 
a= EL 2.3, on He ~ 1.0. In Fig. 85 (where OE is 


the fae salt) a=0'A, b=0'B. 
The centre of the ellipse is at the point O’ with coordi- 


nates x==0, y=0. Using formulas (6a) we find the coordi- 
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Fig. 85 





In Fig. 85, 

x'=OP', y'=P'0' 
Using formulas (3a), Sec. 61, we find the coordinates of the 
centre of the original system "XOY: 


1 BP Wy Bc 
ten 7— (“we ) ve (ae = 
1 3 2 Moy 2 
Yen == (— we) ti (- ave) pee 
In Fig. 85, Xcen=OP, Yoon = PO’. 
Let us find the equationd of the axes of the ellipse in the 


original system. In the system XO’Y the major axis is rep- 


resented by the equation y=0, in the system X’OY’ the 
same axis [by virtue of the second equation in (6a)] is given 


by the equation y’=— 








12V5 - 
Solving the system ea) for x’, y’, we find 


| Jaen 


x= vs Vee y, 

y = FF 
We only need the latter of these equations; putting y’—— 
WF in it we get the equation of the major axis in the 
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system XOY; namely, 
2 1 ig 
ve’ ve 1aVv5 
12x —24y —11=0 
In the same way we find the equation of the minor axis: 
4x+2y+3=0 
Case 2. One of the coefficients A’, C’ is zero. Eq. (4) is 
of the form 


or 


A'x'3 +. 2D'x' + 2E'y' + F’=0 (9) 

C’y'2 + 2D'x’ + 2E’y’ + F’=0 (9’) 

Let us consider an equation of the type (9) [for equations 

of type (9’) the calculations are the same but x’ and y’ are 
interchanged]. 


(a) If E’ 40, then Eq. (9) may be solved for y’; this 
yields 


or “ 


_ Ao. DF 
Y= — ppt? — et — oe (10) 


We have a parabola. The coordinates of the vertex are de- 
fined by the formula (5), Sec. 50, for 


ee ae eee ee ee 
O=— oF? C= FB C= — OF 
(b) If E’=0, then Eq. (9) is of the form 
A’x'24-2D'x’ + F’=0 (11) 


Factoring the left-hand side of (11) into linear factors, we get?) 


a A'F’ , a APRS. 
(ee AF’ — aT Vo? a ak 


A’ A’ 
(12) 
For D’**—A’F’ > 0, Eq. (12) vey hence, (11)} represents a 
pair of parallel lines, for D’*— A‘’F’ <0, a pair of imaginary 


parallel lines, and for D’*— A’ i 0, two coincident straight 
lines (Sec. 58, Examples 2, 6, 3). 


y2_ Al Re pee 72 Arp tye 
1) The quantities Vo Neb and Vo A F’-D 


roots of Eq. (11). 


are 
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Example 2. After a rotation of the axes through an angle 
of 45°, Eq. (1b), Example 2, Sec. 61, was transformed to 


2x” tee Coos ees y’=0 (4b) 


Solving for y’, we get 

y =2V 2x74 3x’ (10b) 
Equation (10b) (and, hence, (1b) as well] represents a parabola 
(Fig. 86); the coordinates x’, 


y’ of its vertex A are found 
from formulas (5), Sec. 50: 





, 3 

4£,=— — ~—0.5, 
A 4V2 

, 9 

VA V9 





The coordinates of the 
vertex may be found without 
resorting to formulas (5), Sec. Fig. 86 
50 (see Sec. 50, Note 1). 

sing formulas (3b), Sec. 61, we find the coordinates of 
the vertex in the original system: 


V2 V2 3 9 3 
xa (x/— yy’) = (| —- a Je 2 922, 
V2 eG 88) 
== (x =-5-- | - oS od 
1 
=— 7% x09 


Let us find the equation of the axis AU of the parabola. In 
the new system, this axis is given by the equation 


pee 3 
x mrs a 3 


Solving Eq. (3b) for x’, y’, we find 
v=V2 (x+y), 


y=V2y—2 
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Substituting x’=———— into the first equation (the second 


one is not needed), we obtain 
3. V2 
SS Se 
Wa 2 tt 
or 
This is the equation of the axis of the parabola in the ori- 
ginal system. 
Example 3. After a rotation of the axes through —45°, Eq. 

(Ic) of Exarjple 3, Sec. 61, was transformed to 

4x" 48 VY 2x'—17=0 (4¢’) 
Factoring the left-hand side of Eq. (4c’), we get 


4(e—S=2V 9) (yg S472) (12c) 


That is, we have a pair of parallel lines (UV and U’V’ in 


Fig. 87): 
x= 5—2V 2 ‘ x= 
5+2V 2 
ae ne (13) 


Let us find the equations of the- 
se lines in the XOY system. 
Since the XOY system is obtai- 
ned from X‘OY’ by a rotation 
through + 45°, it follows that 





(x—y), y= ety (14) 


Substituting, into the first of these equations, first one and 
then the other value of (13), we find 


eal = ey, 
51273, V2 u-y 


or 
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V 2x—V 2y—5+2 V 2=0, 
V &—YV 2y+542V 2=0 


These are equations of the straight lines UV, U’V’ in the 
original system. 


63. Techniques to Facilitate Simplification 
of a Second-Degree Equation 


The method of simplifying second-degree equations given 
in Secs. 61 and 62 has two advantages over other methods: (1) 
it provides a complete classification of second-order curves 
(Theorem, Sec. 58); (2) it is simple in conception and uniform 
in structure. However, this method requires rather tiresome 
computations. 

In many cases the computations may be simplified. 

1. For second-order curves that can be decomposed into a 
pair of straight lines (Sec. 58, Examples 2, 3, 4, 6) it is easy 
to find equations of both lines without resorting to a trans- 
formation of coordinates. This method is presented in Sec. 65. 
Sec. 64 gives a decomposition test. 

2. A nondecomposable curve of second order may be either 
an ellipse, a hyperbola or a parabola. Theellipse and hyper- 
bola have centres, while the parabola does not. It is theretore 
convenient to start simplifying the equations of the ellipse 
and hyperbola by translating the origin to thecentre. We can 
find out, beforehand, to which of these three types the second- 
order curve belongs. The appropriate test is given in Sec. 67; 
the concept of centre is specified in Sec. 68; Sec. 69 explains 
how to find the coordinates of the centre. A device is explained 
in Sec. 70 for simplifying the equations of the ellipse and 
the iy perole, 

3. As for the parabola, the method of simplification given 
in Sec. 61 remains the best. Incidentally, the dimensions of 
a parabola (i.e. the magnitude of the parameter p) are readily 
found by means of so-called invariants (see Sec. 66). 


64. Test for Decomposition of Second-Order Curves 
If a second-order curve 


Ax? + 2Bxy + Cy? + 2Dx + 2Ey+ F=0 (1) 


can be decomposed into two (different or coincident) straight 
lines (which can be imaginary as well), then the third-order 
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determinant (Sec. 118) 

A B D 
BCE 
DE F 


(the major discriminant 4)) vanishes. Conversely, if A=0, then 
line (1) decomposes into two straight lines. 
For the proof see Note 2, Sec. 65. 
Example 1. In Sec. 61 (Example 3) we considered the 
second-order curve 
_  2x*®—4xy+ 2y? + 8x —By—17=0 
(A=2, “B=—2, C=2, D=4, E=—4, F=—17) 


In Sec. 62 (Example 3) it was established that this curve may 
be decomposed into two parallel lines: 


A= (2) 























V 2x—V 2y—542V 2=0 (3) 
and 
V 2x—V 2y+542V 2=0 (4) 
Accordingly, the major discriminant A is zero. Indeed, 
| 2-2 4 2—4 —2 —4 
A=|—2 2 —4 |=2]—4 —17}/4+2] 4 —17)/+ 
4 —4 —17 
—2 2 
+4) 4 —4/=2.(—50)+2-50+0=0 








Example 2. The second-order curve 
2x2 — 4xy + 5y?—x+ 5y—4=0 
does not decompose, since the major discriminant 


2 -—2 =F 
5 131 
Bence: 2B a oe 
l 5 
=p, gat 


') The discriminant A is called major in contrast to the minor 
discriminant described in Sec. 66. 
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is not equal to zero. In Secs. 61,62 (Example 1) it was shown 
that this curve is an ellipse. 

Rule for memorizing expression (2). The first row contains 
the letters followed by x in Eq. (1), the second row, the let- 
ters followed by y (either directly or after x), the third row, 
the last three letters. 


65. Finding Straight Lines that Constitute 
a Decomposable Second-Order Curve 


In order to find the equations of two straight lines which 
together form a decomposable second-order curve 


Ax® + 2Bxy + Cy?+ 2Dx+ 2Ey+ F=0 (1) 


(see Sec. 64 for the condition of decomposition), it is sufficient 

to expand the left-hand side of (1) into linear factors. When 

at least one of the coefficients A, C is nonzero, it is best to 

solve Eq. (1) directly for the square of x or y. The two so- 

lutions (they may coincide) are the two desired straight lines. 
Example 1. The second-order curve 


2x2 — 4xy + Qy? + 8x— 8y— 17=0 (2) 
is a decomposable line, since the major discriminant 
2 —2 4 
A=|—2 2 —4 
4 —4 —I7 








is zero. Eq. (2) may be solved for either of the letters x, y 
(both enter as squares). Representing (2) as 


yr—2(e+2) yt (t+ 4 —Z)=0 


we solve for y and obtain 


i.e. 
5 
=x+2 + Va 
One of the straight lines is given by the equation y=x+2+ 
+55. the other, by the equation yart2— 2. These 


lines are parallel (cf. Example 3, Secs. 61, 62). 


98 HIGHER MATHEMATICS 
Example 2. The second-order curve 
2x? + 7xy — 15y2— 10x + 54y —48=0 (3) 
decomposes, since 


7 
2 2 5 
A4=| 7-15 27 |= 
—5 27 —48 


Representing (3) as 
15y?— (7x + 54) y—(2x2— 10x — 48) =0 


“Txt 54-eV (xt 54)'+ 4-15 (2x? 10-48) 
Ae a 30 
The radicand is equal to 169x?+ 156x-+ 36=(13x-+ 6)?. 


Consequently, ya ETPt SMart) One of the straight lines 


is given by the equation y= 


we find 


2x+6 
3 


gaat £ | These lines intersect in the point Cae ia): 
Example 3. The curve 
10xy— 14x + 15y—21=0 (4) 
decomposes, since 





, the other by the equation 


oO Ve S79 
15 

a=x| 5 0 lio 
37 28.9) 


2 


Both x and y are linear in Eq. (4), and so we factor the 
left-hand side of (4) and group terms: 


lOxy — 14x + 15y—21 = 2x (5y—7) +3 (5y —7) = 
= (2x + 3) (5y—7) 
The curve (4) decomposes into the straight lines 2x-+3=0 
and 5y—7=0. 

Note I. If A=C=0 we can also solve the equation for x 
or y; in Example 3 we get (10x+ 15) y=14x+421; but it is 
possible to further divide both sides by 10x+-15 only when 
10x+15 is not equal to zero. We then get y=**?! 


Tox+15 
7 (2x+3) 7 ; ; ; 
=e (etd) and the equation of one of the straight lines 
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is eae i.e. 5y—7=0. When 10x+ 15=0, or k= — >, 


the equation (10x + 15) y=14x+421 is satisfied for any value 
of y; we thus get the other straight line —— or 2x-+ 
+3=0. 

Note 2. The calculations carried out in Examples | and 2 
may be performed for any equation of type (I), provided 
C £0. Performing these computations in the general form, 
we get as the radicand the quadratic trinomial 


(B?— AC) x22 (BE—CD) x ++ E*—CF (5) 
It will be a perfect square if and only if 
(BE —CD)*— (B?— AC) (E?—CF) =0 (6) 


After simple transformations we see that the left-hand side of 
(6) is equal to CA where A is the major discriminant. Since, 
by hypothesis, C #0, the criterion for decomposition is 
A=0. When C=O, but A #0, we arrive at the same con- 
clusion by interchanging x and y. Such is the proof of the 
criterion: (test) in Sec. 64 for the general case. In the excep- 
tional case of A=C =0 (and, hence, B + 0), the left-hand side 
of Eq. (1) is in the form 


2Bxy + 2Dx+2Ey+F 


We can give this polynomial in the form 2x (By+ D)+ 
+(2Ey+F). This expression may be factored into linear 
terms only when the appropriate coefficients of the binomials 
By+D and 2Ey+-F are equal or proportional (see Example 3); 
i.e. when 2DE—BF=0. However, in the case at hand the 








0 BD 

major discriminant A is of the form | B 0 EJ, whence 
DE F 

it follows that 2DE— BF => Such is the proof of the cri- 


terion (test) of Sec. 64 for the exceptional case. 


66. Invariants of a Second-Degree Equation 


When passing {rom one system of rectangular coordinates 
to another we replace the equation 


Ax? + 2Bxy + Cy? + 2Dx+ 2Ey+ F=0 (1) 
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of a second-order curve by the equation 

A’x'3 2B'x'y’ + C’y’2+ 2D'x’ + 2E’y’ + F’=0 (2) 
which is obtained from (1) by the formulas of transformation 
of coordinates (see examples in Secs. 61 and 62). The values 
of A’, B’, C’, D’, E', F’ (all or some) differ from the values 
of the like quantities A, B, C, D, E, F. 

However, the three expressions given below which consist 
of the quantities A’, B’, C’, D’, E’, F’ always remain equal 
to the like expressions composed of the quantities A, B, C, 
D, E, F. These three expressions are called the invariants 
(meaning that they do not change) of a second-degree equation. 

(a) First invariant A+C 


(b) Second invariant 6= AB (minor discriminant) 








BC 
(c) Third invariant 
A B D 
A=|B C E | (major discriminant) 








DE F 


Example 1. In Sec. 61 (Example 1) we transformed the 
equation 
2x? — 4xy + 5y?—x-+ 5y—4=0 


(A=2, B=—2, C=5, D=—+, E=>, Fa —4) 


to the form 
le 2 2 3 ’ Jt ae ae 
x24 6y tye tysy 4=0 

ro fe a Pras 28 nt ‘— 
(4'=1, B’=0, C’=6, = E sve F 4) 
in accordance with the rotation of axes through the angle 
arcsin vad ~ 26°34’. 

(a) The expression A+C in the old system was equal to 
2+5=7; in the new system, the like expression A‘+-C’ is 
1+6=7, so that 

A+C=A'+C’ 


(b) The minor discriminant in the old system was 


6= 





e 3 [=28—(-2)-(-2)=6 
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in the new system we have 


, fio 
5 =| 6|=8 
so that 
6= 6’ 
(c) The major discriminant in the old system was 
1 
ee, aia 
5 131 
rl 5 
3. a os 
in the new system it is 
3 
| 0 
an ey 
a 2v5| + 
3 i. 
2V5 2Vs5 = 
so that 
A=’ 


Example 2. In Sec. 62 (Example 1) we transformed the 
equation 
ie 


42 02 3 2 ’ —_ 
x + 6y +5 x +75 y’—4=0 


to the form x*-+ 6y3——=-=0 in accordance with a transla- 


‘ oe : ft ce d reas 
tion of the origin to the point x’= Wee’! RVve 
The major discriminant is now 

10 0 

a=|° ® 31 =f 

00 —-> 

so that 
A=A'=A 


The two other invariants have obviously also retained 
their earlier values. 
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To prove the invariance of each of the quantities (a), (b), 
and (c), it is sufficient to form expressions of the quantities 
A’, B’, C’, ... in terms of A, B, C, ... (these expressions 
will also contain the angle of rotation a and the coordinates 
of the new origin). Substituting them, for example, into the 
expression A’-+C’, we get (after simplifications) A+C and 
so forth. However, these computations are very cumbersome. }) 

Note. If both sides of Eq. (1) are multiplied (or divided) 
by some number k, the new equation will represent the same 
second-order curve. However, the quantities (a), (b), (c) will 
be changed: the first will be multiplied by &, the second by 
Rk? and the third by &3. That is why the quantities (a), (b), 
and (c) are-termed invariants of a quadratic (second-degree) 
equation and not invariants of a quadric (second-order) curve. 


67. Three Types of Second-Order Curves 


The minor discriminant 6 (Sec. 66) for the ellipse is posi- 
tive (see Example 1, Sec. 66), for the hyperbola it is nega- 
tive, and for the parabola it is zero. 


Proof. The ellipse is given by the equation 2+H- 


—1=0. The minor discriminant of this equation = 
=a > 0. In a transformation of coordinates, 6 retains 
its magnitude, but in multiplication of both sides of the 
equation by some number & the discriminant is multiplied by 
k® (Sec. 66, note). Hence, the discriminant of the ellipse is 
positive in any system of coordinates. The proof is similar for 
the hyperbola and the parabola. 

We accordingly distinguish three types of second-order 
curves (and quadratic equations): 

(a) Elliptic type characterized by the condition 


6= AC—B* > 0 
This type includes (in addition to the real ellipse) the ima- 
ginary ellipse (Sec. 58, Example 5) and a pair of imaginary 
straight lines intersecting in a real point (Sec. 58, Example 4). 
(b) Hyperbolic type characterized by the condition 


5=AC—B? <0 
This type includes a pair of real intersecting straight lines 
(Sec. 58, Example 1!) in addition to the hyperbola. 


1) There are artificial techniques which facilitate the proof. 
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(c) Parabolic type characterized by the condition 
6 = AC— B?=0 
This type includes, besides the parabola, a pair of parallel 


(real or imaginary) straight lines, which are possibly coincident. 
Example 1. The equation 


x2 2xy + y?+ 2x +-y=0 (1) 
is of the parabolic type because 

6 = AC— B?=1-1—1?=0 
Since the major discriminant 


1 1 ol 
I 
AS) os te 
i 


1 > 0 


is nonzero, Eq. (1) represents a nondecomposable curve, i.e. 
a parabola (cf. Secs. 61, 62, Example 2). 
Example 2. The equation 
8x2 + 24xy + y? —56x + 18y—55 =0 (2) 
is of the hyperbolic type because 
6= AC — B? =8-1 — 12? =— 136 <0 


of 22 
a 4 


Since 
8 12 —28 
A= 12 #1 9|=0 
—28 9 —55 








Eq. (2) represents a pair of intersecting straight lines. Their 
equations may be found by the method given in Sec. 65. 
Example 3. The equation 


2x? — 4xy + 5y?—x-+5y—4=0 
is of the elliptic type because 
6= AC — B? =5.2—2?=6 > 0 


Since 
1 
2 Seo. 
A=|—2 5 + 40 
1 5 
= as 


the curve does not decompose and, hence, is an ellipse. 
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Note. Curves of the same type are geometrically related 
as follows: a pair of intersecting imaginary straight lines 
(i.e. one real point) is the li- 
miting case of an ellipse shrin- 
king to a point (Fig. 88); a pair 
of intersecting real straight lines 
is the limiting case of a hy- 
perbola approaching its asymp- 
totes (Fig. 89); a pair of paral- 
lel lines is the limiting case 
of a parabola in which the 
axis and one pair of points M, 
M’, symmetric about the axis 
(Fig. 90), are fixed while the 
vertex recedes to infinity. 








Fig. 89 Fig. 90 


68. Central and Noncentral Second-Order Curves (Conics) 


Definition. The points A and B (Fig. 91) are termed sym- 
metric about a point C if C bisects the segment AB. The 
point C is called the centre of symmetry (or, simply, the 
centre) of the figure if the figure 
has, in addition to each point M, 4 Cc B 
another point N symmetric with °° ————*"—"""""~* 
tespect to M about C 

The point which we called the Fig. 91 
centre of an ellipse (Sec. 40) and also 
the point called the centre of a hyperbola (Sec. 44) obvio- 
usly fit this definition. The centre of a second-order 
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curve (conic) that decomposes into two intersecting straight 
lines (Sec. 58) is, by the definition given in this section, the 
point of intersection of these straight lines (L in Fig. 92). 

Each of the above-considered conics has a unique centre. 
But if the conic consists of two parallel straight lines (AB 
and CD in Fig. 93), then any point of MN equidistant from 
AB and CD will be suitable as centre. 

The parabola has no centre. 





Fig. 92 Fig. 93 


Conics having a unique centre (ellipse, hyperbola, a pair 
of intersecting straight lines) are termed central conics; conics 
having a multiplicity of centres or none at all (parabola, a 
pair of parallel lines) are called noncentral conics. 

Note. Imaginary ellipses and pairs of imaginary straight 
lines intersecting at a real point (see Sec. 58) are included 
in the group of central conics. This inclusion is symbolic as 
regards the imaginary ellipse, while a figure consisting of one 
real point fits the definition of a central “conic” (this point 
is itself the centre). Pairs of imaginary parallel lines (Sec. 58) 
are included in the group of noncentral conics. 

Thus, conics belonging to the elliptic and hyperbolic types 
(for them AC— B? # 0, see Sec. 67) are central conics; conics 
of the parabolic type (AC—B?=0) are noncentral conics. 


69. Finding the Centre of a Central Conic 
_To find the coordinates x9, yo of the centre of the central 
conic 
Ax? + 2Bxy + Cy?+ 2Dx+ 2Fy+ F=0 (1) 
we have to solve the system of equations 


Ax y+ By, + D=0, i 


Bro+Cyo +E =0 @) 
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This is a simultaneous system and it has a unique solu- 
tion (Sec. 187) 








eel ae 
o- —~ TAB Yor AB (3) 
lec lac 


since [3 e| # 0 (this is the condition of centrality; Sec. 68). 
Example 1. The centre of the conic (Example 2, Sec. 67) 
8x3 + 24xy + y? —56x-+ 18y— 55 =0 (4) 
is found by solving the system of equations 
"Bg + 12y)—28 =0, 
12x9+ Yot 9=0 


We obtain 
-28 12 8 -28 
pce Messe? Be an, kiN og 
o= 812) » Yor 8 12) 
1201 120 1 


Since (4) is a decomposable conic of the hyperbolic type, the 
point (—1, 3) is the point of intersection of the straight 
lines forming the conic (4). 

Example 2. The centre of the conic (Example 1, Sec. 61) 


2x? — 4xy + 5y?—x+5y—4=0 (5) 
is found by solving the system 


2xo—2yo— 7 =0, 


— 2x9 + 5yy +4 =0 
We obtain 


The conic (5) is an ellipse (since 6 > 0 and A # 0). 
Derivation of equations (2). If the origin is translated to 
the desired centre C (x9, Yo), then Eq. (1) is transformed by 
means of the formulas of translation 
X=Xotx', y=yoty’ (6) 
to 
Ax? + 2Bx'y’ + Cy +42 (Axo+ Byy+D) x’ + 
+2 (Bxot+Cyo+E)y’+F’=0 (7) 
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where, for brevity, we put 


F’ = Axo + 2Bxoyo +Cy§ + 2Dx9 + 2Ey + F 
If x9, yo satisfy Eqs. (2), then (7) will take the form 
Ax’? + 2Bx'y’ +Cy?+ F’=0 (8) 
This equation may be rewritten in the form 
A (— x’)? +2B (— x')(— y')+C (— gy’? + F’ =0 
For this reason, this curve contains point N(—x’, —y’), 
symmetric with M about the new origin C, in addition to 


every point M(x’, y’) belonging to the curve (8). Hence 
(Sec. 68), C is the centre of the curve (8). 


70, Simplifying the Equation of a Central Conic 


The equation of a central conic can be simplified faster 
than by the general method (Sec. 60) if we first translate the 
origin to the centre (thus eliminating linear terms; see Sec. 69) 
and then rotate the axes (thus eliminating the term in xy). 
The angle a of this rotation is known beforehand (Sec. 61) 
and is found from the equation 

2B 
tan 2a =z (1) 

Note. This method is applicable to any central conic, but 
for a decomposable curve it is better to use the method given 
in Sec. 65. 

Example. Given the equation (Example 1, Secs. 61, 62) 


2x? — 4xy + 5y2?—x +5y—4=0 (2) 
Translate the origin to the centre x»=— a » Y=— + 


(Sec. 69, Example 2). 
Using the translation formulas 


X=Xotx', y=yoty’ (3) 
we get [cf. (8), Sec. 69} 
2x’? 4x'y' + 5y'*— 31 =0 (4) 


From (1) we find tan 2a == , and if we take an angle @ in 
the first quadrant (cf. Sec. 61), we obtain the rotation 
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formulas 
x= = Xx ute I y. 
“V5 v5" 
Le ++ y 
Substituting into (4) yields 
+ 6 = St (6) 
or 
x? yt 
iar tar =! (7) 
3 «6144 


This curve is an ellipse with semiaxes a=y 33 ~ 2.3 and 


b= yi 1.0. In the original system, its centre has the 


coordinates m=—T Y=—+. the major axis (it is the 


x-axis in the x, y system) is given by the equation y—y) = 

= tana(x—x) or yt+e=y (+75) ; ie. 12x—24y — 

— 11=0 (cf. Sec. 62, Example 1). : 
Note. The dimensions of the ellipse may be found without 


erforming a transformation of coordinates. We know before- 
hand that a transformation has to yield an equation of the 


type Ax?-+Cy!+F=0. The quantities A,C and F may be 
found with the aid of invariants (Sec. 66). In the original 
equation they are 

A+C=2+4+5=7, 6=AC—B?=2-5—(— 2)?=6, 
ABD 
BCE 
DEF 


They must have the same values in the simplified equation. 
Hence, 


131 


=o ge 


A= 








oo }, 


PLANE ANALYTIC GEOMETRY 109 


whence 
Ast. C26 Feat 


and we again get Eq. (6). 


71. The Equilateral Hyperbola as the Graph of the Equation 
k 
yo 


7 
The equation 


y= (1) 


(Rk #0) represents an equilateral hyperbola (Sec. 44); its 
asymptotes coincide with the coordinate axes. The semiaxes 
are 


a=b=V2/kI (2) 


If k> 0, the branches of the hyperbola are arranged as 
follows: one in the first quadrant, the other in the third 
quadrant. But if & <0, then 
they lie in the second and 
fourth quadrants (Fig. 94). In 
the first case, the real axis of 
the hyperbola makes an angle 
of 45° with the axis of abscis- 
sas, in the second case, an angle 
of —45°. 

This is obtained by the 
method of Sec. 61 if Eq. (1) 
is written as 





xy=k (3) 
Note. When k=0, Eq. (3) repre- 
sents a pair of straight lines y=0 Fig. 94 


(axis of abscissas) and x=0 (axis of 

ordinates). When | &j decreases without bound, the hyperbolas (3) 

come closer and closer to these lines (so that a pair of perpendicular 

siawnt lines may be regarded as a degenerate equilateral hyperbola). 
or kR=0, Eq. (1) represents only one straight line y=0 (axis of 

abscissas), and not in its entirety but without the origin of coordi- 


nates because for k=0 and x=0 the expression got becomes inde- 


terminate. But if we give this indeterminate quantity all possible 
values, we get the “lost” axis of ordinates. 
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72. The Equilateral Hyperbola as the Graph of the Equation 





__mx+en 
Y= pe+q 
Consider the equation 
__mxtn 1) 
~~ px+q ( 


for p #0 (for p=0 we have the straight line y== cee) 


If the determinant 


. =|p g|=m—" 


is nonzero, ‘then Eq. (1) represents the same equilateral 
hyperbola as Eq. (1) of Sec. 71: 


k 

y= 
where k=, with the sole difference that the centre 
is displaced from the origin to the point c(-4: a 





Fig. 95 Fig. 96 


(Figs. 95, 96). This means that (Sec. 71) the semiaxes 
21D 
are a=b= on : 
When D < 0 (then & > 0), the real axis makes an angle 
of +45° with the axis of abscissas (Fig. 95), but if D> 0, 
then the angle is —45° (Fig. 96). 
Example 1. The equation 
_ 4x-9 
¥= 22-6 
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(here m=4, n=—9, p=2, g=—6, D=|$ =| =—6 
represents an equilateral hyperbola (Fig. 95) with centre 
C(3, 2) and with semiaxes a=b= 22 =V'3 = 1.73. 


The axis A’A forms a 45° angle with OX since D <0. The 
coordinates of the vertex A will then be 


xa=xce+a cos 45°=3+4+Y) 3% > 42, 
ya= =yotasin 5°=24+V 34) x wz 3.2 
Similarly, we find 
3V2 aV2 
xy =3—V 3 218, yy =2—-V 3 208 
Example 2. The equation 
x-1 
o> x41 
(here, m=1, n=—1, p=1, g=1, D=2) represents an. 
equilateral hyperbola (Fig. 96) with centre C(—1, 1) and 
with semiaxes a=b=y/ 22 = 72. The axis A’A makes an 
angle of —45° with OX since D > 0. 
Note 1. If the determinant D= “4 | is zero, then the quanti- 


ties m, n and p, q are proportional Gare so that mx+n_ is 


divisible by px+q; the quotient is = . Eq. (1) then represents the 
straight line yee devoid of the point x= -t [ for rat expre- 


ssion (1) is indeterminate; see Sec. 71, Note |. 
3a+6 





For example, the equation =F 


_|3 
o-|3 
x=—2. If the indeterminate quantity y is given all possible values, 
we then ane anottier straight line x=-2 (in addition to the straight 


(m=3. n=6, p=l, q=2, 





6 3|=°) represents a straight line y=3 devoid of the point 


line 
Notes 2. We can visualize the “deletion” of point x=-2 from 


the straight line y=3 as follows. Consider the equation ya Stts 
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here p=|7 $8 |=6 (1-8) so that for B #1 we have a hyperbola 
with asymptotes x=-2 and y=3. But when the quantity B is close 
to 1, the hyperbola (Fig. 97, where B=1.1) comes very close to its 
asymptotes U’'U and V’V which intersect at the point K (—2, 3). 
We might expect that for B=1 we would 
get a pair of stralgnt lines U’U (y=3) 
and V’V (x=-2). However, the line V’V 
“falls out” since it is parallel to the 
y-axis and, hence (Sec. 14, Note 2), 
cannot be represented by an equation 
solved for the ordinate. The point K is 
also omitted since it lies on the line V’V. 


73. Polar Coordinates 





In a plane (Fig. 98) take an arbi- 
Fig. 97 trary point O (pole) and draw a ray 

OX (polar axis). Take some seg- 

ment OA for the unit of length and some angle (it is cus- 
tomary to take the radian) for the unit of angular measu- 
rement. Then the position of any point M in the plane may 
be specified by two numbers: (1) a positive number p exp- 
ressing the length of the line segment OM (radius vector), 


M_--- 
ae Ss 
/ x 
L Me ‘ 
ae é ae ae 
My oor 
. ¢ 
N Soe ge? 
Fig. 98 Fig. 99 


(2) a number @ expressing the magnitude of the angle XOM 
(polar angle). The numbers p and @ are termed the polar 
coordinates of the point M. 


Example 1. The polar coordinates p=3, p=— + define 


a point N (Fig. 98), the polar coordinates p=3, o= = define 


the same point N, the polar coordinates p=1, p=0 
(and also p=1, p=2n or p=1, P=—2n, etc.) define the 
point A. 

Each pair of values p, @ is associated with a unique 
point; but one and the same point M is associated with an 
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infinity of values of the polar angle which differ by a multiple 
of 2n (cf. Example 1). But if the point M coincides with 
the pole, the value of the polar angle is completely arbitrary. 

We can agree to take only one of the values of the polar 
angle, say we take (@) within the limits 


—n< gan (1) 


This value of the polar angle is called the principal value. 
Example 2. The point N (Fig. 98) is associated with the 


polar coordinates p=3, g=— Ft 2kx; the principal value 


of the polar angle is +: 


The point L is associated with the polar coordinates 
p=2, p=xn-+ 2kn; the principal value of @ is, according to 
Condition (1), = (not — x). 

When dealing with principal values, every point (except 
the pole) is associated with one pair of polar coordinates. 
For the pole, p=0, and @ is arbitrary. 


Note 1. When point M describes a circle centred at the pole O 
(Fig. 99) and intersects, at point K, the extension of the polar axis, 
the principal value of the polar angle changes abruptly experiencing 


P M 
4, 
Oo OA x 
Oo. A x 
a Cc 
Fig. 100 Fig. 101 


a Jump (at the point M, it is close tom, at Mz, It Is close to —7). 
In many cases, it is not advisable, therefore, to confine oneself to the 
principal values of q. 

Note 2. When the pom M describes a straight line PQ (Fig. 100) 
and passes through the pole O, the value of @ changes abruptly 
(a jump). For instance, if Z XOP =i. 
the ray OP) o=pt 2kx, and for the point M, (on the ray OQ) 


then for the point M, (on 


oan + 2nx (k and a are integers). To avoid this situation, we can 


ascribe to all points of the straight line PQ one and the same value 
of , for example, g=Z XOP and consider the radius vectors as 
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positive on the OP ray and negative on OQ. For example, the pole: 
coordinates 


== en 
O=T+ OFZ 


define the point M,, and the polar coordinates 


define the point M,. 
The same points may be specified by the coordinates 


(point M,) and . ; 
g= E 1, p= iy 
(point M,). We thus ascribe to all points of the straight line PQ the 


value = 2 X0OQ, so that p is positive on the ray OQ and negative 
on 


Example 3. Construct a point M with polar coordinates 


n 
p=-3, eF- > 
The polar angle o=-— is associated with the ray OC (Fig. 101). 


Lay off OM=30A on its extension OD. This -yields the desired 
point M. To the same point there correspond the polar coordinates 


= 
o=3, =a i 


74, Relationship Between Polar and Rectangular Coordinates 


Let the pole O (Fig. 102) of the polar system coincide 
with the origin of a rectangular system of coordinates and 
7 let the polar axis OX coincide with the 
positive direction of the axis of abscissas. 

M4 Let M be an arbitrary point in the plane, 


ef |y x and y its rectangular coordinates, and 
p, @ its polar coordinates. Then 
oj tT PX x:=p cos @, y=psin@ (1) 
Fig. 102 Conversely, !) 


p=VeP+Ty (2) 


1) It is assumed in formulas (2) and (3) that the radius vector p is 
always positive. If, however, we consider the negative values of p as 
well (Sec. 73, Note 2), then in place of (2) and (3) we will have to 
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, sing= —H— (3) 


cos P= ——— 
e Vxty yy} 





oa ee 
Vxt+y? 

and 

tang= + (4) 


However, alone, formula (4) [likewise, only one of the formu- 
las (3)] is not sufficient for a determination of the angle @ 
(see Example 1). 

Example 1. The rectangular coordinates of a point are 
x=2, y=—2. Find its polar coordinates (for the above- 
indicated mutual arrangement of the two systems). 

Solution. By formula (2), 


p=V B+ (—278=2V2 
By formula (4), tan @ = + =—1. Hence, either p=— t+ 


+ 2kn or e=% + 2kn. Since the point lies in the fourth 


quadrant, only the first value is correct. The principal value 
of @ is——. 


If we take advantage of the formula cos p = —= 


Vary ' 
2 _V2 : _ in 

we get cos p= 77 Hence, either p = + + 2kn or 
p=— + +2kn. Only the second value is correct. 


Example 2. In the rectangular system XOY, the circle 
depicted in Fig. 103 is given by the equation (Sec. 38) 
(x—R)?+y?=R*?. Formulas (1) and (2) permit finding its 
equation in the polar system (O is the pole and OX is'the 
polar axis). We get p?—2Rp cos p=0. This equation may be 
peor into two: (1) p=0.2, (2) p—2Rcos p=0. The 
first (for any value of @) represents the pole O. The second 
yields all points of the circle including the pole (for 





Q= + and g=— > . Therefore, the first equation may be 
discarded. We then have 
- p=2R cos » (5) 
write p=4Vx"+y?, cos p= ——=—, sin o= —— the 
+ Vxi+y? + Vetey 


signs either all upper or all lower). The formulas (1) and (4) remain 
unchanged. 
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This equation is obtained directly from the triangle OMK 
with right angle at the vertex M(OK = 2R,0M =p, 
Z KOM= Q). 





0 x 
Fig. 103 Fig. 104 


Note. \f negative values of p are not introduced, then in Eq. (5) 
we can take the angle @ in the fourth and first quadrants, but not 


in the second and third quadrants. Thus, for g = $A Eq. (5) gives 


p=-—RV 2. Indeed, the ray ON (Fig. 103) does not have any points 
in common with the circle, with the exception of the pole. Now if 
we introduce negative values of p (Sec. 73, Note 2), then the coor- 
dinates p=-RV 2, p= = yield the point L on the extension of 
the straight line ON. 


Example 3. Determine which curve is defined by the 
equation 
p=2a sing (6) 
Solution. Passing to the rectangular system, we find 
ET y 
2 2 ——— 
V+ y%=2a Veta ye 
or 
x?+ y?—2ay=0 


2+ (y—a)?=a? 


Eq. (6) is a circle of radius a (Fig. 104) passing through 
the pole O and tangent to the polar axis OX. 


or 


15. The Spiral of Archimedes !) 
1. Definition. Let the straight line UV (Fig. 105) emanate 


from an initial position X’X and uniformly rotate about a 
fixed point O and let the point M emanate from an initial 


4) This curve is discussed in detail in Sec. 511. 
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position O and uniformly move along UV. The curve described 
by the point M is called the spiral of Archimedes in honour 
of the great Greek scholar Archimedes (third century B. C.) 
who first studied that curve. 

Note. The kinematic concepts that enter into this defini- 
tion may be removed by replacing them by the condition 
that the distance p=OM be proportional to the angle of 
rotation ¢ of the straight line UV. 

The rotation of the line UV from any position through 
the given angle is associated with the same increment in the 





Fig. 105 Fig. 106 


distance p. For instance, a complete revolution is associated 
with the same displacement MM,=a. The segment a is cal- 
led the lead of the spiral of Archimedes. 

To a given lead a there correspond two Archimedean 
spirals which differ in the direction of rotation of the line UV. 
Counterclockwise rotation generates a right-handed spiral 
(Fig. 106, solid line); clockwise rotation generates 2 left- 
handed spiral (Fig. 106, dashed line). 

Right and left spirals with the same lead may be brought 
to coincidence. To do this, one of them has to be turned 
over (reverse up). 

From Fig. 106, it will be seen that right and left spirals 
of one and the same lead may be regarded as two branches 
of a curve described by a point M when the point traverses 
the entire straight line UV, passing through point O in so 
doing. 

2. The polar equation (O is the pole, the direction of the 
polar axis OX coincides with the direction of motion of M 
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when it passes through the point O; a@ is the lead of the 
spira}!): 


Pn 
a 


(1) 


gle 


The right branch corresponds to positive values of g, the 
left to negative values. 
Eq. (1) may be written as 


p=kp 
where & (the parameter of the spiral of Archimedes) is the 
displacement = of the point M along the straight line UV 
when the line is rotated through an angle of one radian. 


76. The Polar Equation of a Stralght Line 


A straight line AB (Fig. 107) not passing through the 
pole is given in polar coordinates by the equation 


ee ee 
P= cos (g-@) (1) 


where p=OK and a= XOK are the polar parameters of 
the straight line AB (Sec. 29). 





fer 


0 





Fig. 107 Fig. 108 


Eq. (1) 1s obtained from the triangle OKM (where OM=p 
and 7 KOM=q—a@). : 

The straight line CD (Fig. 108) pees through the pole 
cannot be represented by an equation of the type (1) [for 


such a line p=0 and p—a=+ + , So that cos (e—a)=0] 


Its ray OD is represented by the equation p=@ (where 
Po= Z XOD), and ray OC, by the equation p=q, (where 
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Qi=Z XOC). Each of these equations can represent the 
entire straight line if negative values of p are introduced 


(Sec. 73 Note 2). 


17. The Polar Equation of a Conic Section 


Put the pole in the focus F (Fig. 109) of a conic section 
(ellipse, hyperbola or parabola) and bring the polar axis to 
coincidence with the axis FX of the conic section in the 


direction opposite to that in which the 
corresponding directrix PQ lies. Then 
the conic section is represented by the 
equation 


p 
e= l-ecos @ (1) 


where p is a parameter and e is the 
eccentricity of the conic section (Sec. 52). 

Note. If only positive values of p are 
considered, then in the case of the hy- 
perbola (2 > 1) Eq. (1) represents only 
one branch, that enclosing the focus. 





Fig. 109 


Also, for g the inequality 1—ecosg@>O0O must hold. Now 
if negative values of p are considered, then @ may have 
any value, and for 1—e cos ¢ < 0 we get the second branch. 
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78/ Vectors and Scalars. Fundamentals 


A vector quantity, or a vector (in the broad sense of the 
word), is any quantity possessing direction. A scalar quantity 
(or scalar) is a quantity that does not possess direction. 

Example 1. A force acting on a mass point is a vector 
because it has direction. The velocity of a mass point is 
also a vector. 

Example 2. The temperature of a body is a scalar since 
there is no direction involved. The mass of a body and its 
density are also scalar quantities. 

If one disregards the direction of a vector, then it may 
be measured (like a scalar) by choosing an appropriate unit 
of measurement. However, the number ob- 
tained from the measurement characterizes A 
the scalar quantity entirely, whereas the vector 
quantity is described only partially. 

A vector quantity is fully specified by B 
giving the direction of a line segment and {Newton 
indicating a linear scale unit. Mr—iN 

Example 3. The directed segment AB in Fig. 110 
Fig. 110 with scale unit MN depicting unit 
force (1 Newton) characterizes a force of 3.5 Newtons, the 
direction of which coincides with the direction of the segment 
AB (indicated by the arrow). 


79,/The Vector In Geometry 


In geometry, a vector (in the narrow sense) is any directed 
line-seg ment. 
A vector with initial point A and terminal point B is 


— 
denoted as AB (Fig. 110). 
A vector can also be denoted by a single 


letter as in Fig. 111. In printing this letter 
c is given in boldface type (a), in writing it is 
given with a bar (a). 
Fig. 111 The length of a vector is also called 


the absolute value (or modulus) of the 
vector. The absolute value of a vector is a_ scalar 
quantity. 
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The absolute value of a vector is denoted by two vertical 
lines: | AB] or |a] or Ja]. 

In the two-letter notation of a vector, its absolute value 
is sometimes denoted by the same letters without an arrow 


(AB is the absolute value of the vector AB), in the single- 
letter notation, the absolute value is denoted by a normal 
weight letter (6 is the absolute value of the vector 8). 


80. Vector Algebra 


Operations involving vectors are called the addition, sub- 
traction and multiplication of vectors (see below). These 
operations have much in common with the properties of the 
algebraic operations of addition, subtraction and multiplication. 
Therefore, the study of vector operations is called vector 
algebra. 


'81/Colllnear Vectors 


Vectors lying on parallel straight lines (or on one and 
the same straight line) are termed collinear. The vectors a, 


6b, and c in Fig. 112 are collinear. The vectors “AC, BD 
and CB in Fig. 113 are collinear. 


A 
oa g 
ta 
a D 
Fig. 112 Fig. 113 


Collinear vectors can have the same direction or they can 
have opposite directions. Thus, the vectors a and e (Fig. 112) 
are in the same direction, vectors @ and 6 (and also 6 and c) 


are in opposite directions. The vectors AC and BD in Fig. 113 


are in the same direction, vectors AC and CB are in Oppo- 
site directions. 
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82/ The Null Vector 


If the origin A and the terminus B of a segment AB 
coincide, then the segment AB becomes a point and loses 
direction. However, for the purpose of generality of the rules 
of vector algebra it is agreed that a pair of coincident points 
is to be regarded as a vector, the null vector. It is considered 
collinear with a 

The null vector is symbolized by 0, the number zero. 


03/Equalty ‘of Vectors 


Definition. Two (nonzero) vectors a and 6 are equal if 
they are in the same direction and have one and the same 
absolute value. All zero vectors are taken to be equal. In all 


other cases, the vectors are not equal. 
- 
8 x L 
ae Oo ee 
cf} 


K 
Fig. 114 Fig. 115 


Example 1. The vectors AB and CD (Fig. 114) are equal. 


Example 2. The vectors OM and ON (Fig. 115) are not 
equal (although they are of the same length) because they 


have different directions. The vectors ON and KL are likewise 


not equal, while the vectors OM and KL are equal. 
Warning. Do not confuse the concept of “equality of vec- 
tors” with that of “equality of line segments”. When we say 
that the line segments ON and KL are equal, we assert that 
one of them can be brought to coincidence with the other. 
But this may require a rotation of the segment being brought 


to coincidence (as in Fig. 115). In that case, the vectors ON 


and KL are, by definition, not equal. The two vectors will 
be equal only when they can be brought to coincidence without 
a rotation. 
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Notation. The notation @=6 expresses the fact that the 
vectors a and 6 are equal. The notation a 4 6 expresses the 
fact that the vectors @ and Bb are not equal. The notation 
|a@|=[0| expresses the fact that the absolute values (lengths) 
of the vectors a and 6 are equal; here, the vectors a and b 
may (or may not) be equal to one another. 


Example 3. AB=CD (Fig. 114), a o 
ON # KL (Fig. 115), | ON|=| KL| = 


(Fig. 115), OM=KL (Fig. 115). 


ec 8b 
a X% 
84,/Reduction of Vectors to a Common |e 0 
Orlgin d 

Two vectors (or any number 
of vectors) can be reduced to a com- 
mon origin; i.e. it is possible to construct vectors that are 
equal to the given ones and have a common origin at some 
point O. This reduction is shown in Fig. 116. 


Fig. 116 


/ 
85, Opposite Vectors 
N 


Definition. Two vectors having the same absolute values 
and opposite directions are called opposite vectors. 
M A vector which is in the direction oppo- 
site to a vector a is denoted by —a. 


Wo w ae 
Example 1. The vectors LM and NK _ in 


Fig. 117 are in opposite directions. 
_— 
Fig. 117 Example 2. If the vector LM (Fig. 117) 


— . 7 
is denoted by a, then NK= —a, ML=—a, KN =a. 
From the definition it follows that —(—a)=a, |—a|=|a|. 


86; Addition of Vectors 
Definition. The sum of the vectors a and 6 is a third 
vector ¢ obtained by the following construction: from an 


arbitrary origin O (Fig. 118) construct a vector OL equal 
to a (Sec. 83); from the point L, as origin, construct the 
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— —. 
vector LM equal to &. The vector c=OM is the sum of the 
vectors a and 6 (triangle rule). 

Notation: a+b=c. 

Warning. Do not confuse the concept of a “sum of line 
segments” with that of a “sum of vectors”. The sum of the 
line segments OL and LM is 
obtained by the following 
construction: extend the stra- 
ight line OL (Fig. 119), lay 
off a segment LN equal to 
LM. The segment OWN is the 
sum of the segments OL and 
Fig. 118 Fig. 119 LM. The sum of the vectors 


OL and LM is constructed differently (see definition). 
In the addition of vectors we have the following inequa- 
lities: 





ja+6|<|a|+]6], (1) 
jJa+6|>|la|—|4|l (2) 


which state that the side OM ofthe triangle OML (Fig. 118) 
is less than the sum_and greater than the difference of the 
other two sides, In formula (I) the 
equality sign is valid only for vectors in 
the same direction (Fig. 120); in formula 
(2), only for vectors in opposite directions 
(Fig. 121). 





b 
a4/"L a 
0 SPF == 
Fig. 120 Fig. 121 Fig. 122 


The sum of, opposite vectors. From the definition it follows 
that the sum of opposite vectors is equal to the null vector: 
t a+(—a)=0 
~ Commutative property. The order in which vectors may 
be added is immaterial: 
a+b=b+a 
Paralletogram rule. \f the summands a and 6 are not 
collinear, then the sum @+6 may be found by the following 
construction: from any origin O (Fig. 122) construct the 
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vectors OA=a and OB=b: on the segments OA, OB construct 
a parallelogram OACB. The vector of the diagonal OC=c is 
=>, 

the sum of the vectors a and 6 (since AC=OB=b and 
OC =0A+ AC). 

This construction is not applicable to collinear vectors 
(Figs. 120, 121). 

Note. The definition of addition of vectors is established 


in accord with the physical laws of adding vector quantities 
(for example, forces applied to a mass point). 


87, The Sum of Several Vectors 


Definition. The sum of the vectors a;, @z, Gs, ..., Gq is 
a vector obtained as the result of a sequence of additions: to 
the vector a, add the vector a,, to the resultant vector add 
the vector a3, etc. 





Fig. 123 Fig. 124 


From the definition there follows the following construction 
(rule of the polygon, or chain rule). 
Starting from an arbitrary origin O (Fig. 123) construct a 


vector 0A, =a,, from the point A, (as origin) construct a 
—> 

vector A,A,=@.2, from the point As construct a vector 

A,As=4s, and so forth. The vector OA, (Fig. 123, n=4) is 


the sum of the vectors a,, Qo, ..., Gp. 
The sum of the vectors @,, @,, @s, @, is denoted 
Oa Oat ta Cas 


Associative property. In the addition of vectors, the terms 
may be grouped in any way whatsoever. For example, if one 
first finds the sum of the vectors d,+a;+ 4, (it is equal to 
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the vector AYA, not depicted in Fig. 123), and then adds 
the vector a, (=0OA\), we get the same vector a,+a,-+ 
+ ay -+4a,(=0A)): 

@; + (d,+ 43+ @,)=@,+@,+4;+4, 
ORule of the parallelepiped. If three vectors a, 0, ¢ are 
reduced to a common origin (Sec..84) and do not lie in the 


same plane, .then the sum a+6b+e may be found by the 
following construction. |. From any « origin O (Fig. 124) codstruct 


the vectors OA=a, OB= b, 0¢= =c. On the segments OA, 
OB, OC (as edges) construct a parallelepiped. The vector of 


the diagonal OD is the su sum ot the vectors” a, o, and de (since 


OA=a, AK=OB=b, KD=0C =e and OD=0A+AK+KD). 
This construction is not applicable to vectors which (after 
reduction to a common origin) lie in the same plane. 


as/' Subtraction of Vectors 


Definition. To subtract a vector a, (subtrahend) from a 
vector a, (minuend) means to find a new vector x (diffe- 
rence) which together with the 
vector @; yields the vector ag. 





@,—a, 
a oO eM 
0 
Fig. 125 Fig. 126 


Briefly, subtraction of vectors is the inverse operation of 
addition. 

Notation: @,—ay. 

From the definition follows the construction: from an 
arbitrary origin O (Figs. 125, 126) construct the vectors 


OA; =a, OA, =a. The vector A,A, (drawn from the ter- 
minus of the subtrahend vector to the terminus of the minu- 
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end) is the difference a,— a: 
_ >= > 
A, A,=0A,—OA, 


Indeed, the sum 0A, + AjAz is equal to OAs. 


Note. The absolute value of the difference (the length of the vector 


A,A,) may be less than the absolute value of the “minuend® but may 
also be greater than or equal to , 
it. These three cases are shown in 
Figs. 125, 126, 127. 

Alternative construction. To 
construct the difference a,—a, 
of the vectors a, and a, we can 
take the sum of the vectors a, 
and —dy,, i.e. 


@,— @, =a, +(—a) 


Example. Let it be required Fig. 127 Fig 128 
to find the difference a,—a, 


(Fig. 128). By the first construction a,;—a,=A,Ay. Now 
construct the vector ALS — ay, and add the vectors 0A, =a, 
and AS ais We get (Sec. 86, definition) the vector OL. 
From the figure it is seen that OL=A\Ap. 





20/1 Multiplication and Division of a Vector by a Number 


Definition 1/To multiply a vector a (multiplicand) by a 
number x (multiplier) means to construct a new vector (pro- 
duct) the absolute value of which is obtained by multiplyin 
the absolute value of the vector a by the absolute value o 
the number x, the direction coinciding with the direction of 
the vector a or being in the opposite sense, depending on 
whether the number x is positive or negative. If x=0, the 
product is the null vector. 

Notation: ax or xa. 


> 


Examples. OB =OA-40r OB =40A (Fig. 129), OC =34 OA, 
=_—> =_S>-lUC or? _> : 
OD= —20A, OE = —1.50A (Fig. 130). 

Definition 2. To divide a vector @ by a number x means 


to find a vector such that when it is multiplied by the num- 
ber x it yields the vector @ as a product. 
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Notation: a:x or =. 
Instead of the division < we can perform the multipli- 


cation at 
ae 


The multiplication of a vector by a number obeys the 
same laws as the multiplication of numbers: 


”A EO 


o D 
“Fig. 129 Fig. 130 


1. (x+y)a=xa-+ya (distributive property with respect to 
the numerical factor) 

2. <(a+6)=x1a+x6 (distributive property with respect to 
the vector factor) 

3. x (ya) = (xy) @ (associative property). 


By virtue of these properties it is possible to construct 
vector expressions having the same external aspect as polyno- 
mials of the first degree in algebra; these expressions can be 
manipulated in the same fashion as the corresponding algebraic 
expressions (collect like terms, remove parentheses, take out- 
side of parentheses, transpose ternis from one side of an 
equality to the other with opposite sign, etc.). 


Examples. 2a + 3a =5a (by Property 1), 
2 (a4-6)==2a+ 2b (by Property 2), 
5-12c = 60e (by Property 3); 


4(2a — 3b) = 4[2a + (—3b)]=4[2a+-(—3)b] = 4-2a + 4(—3)b= 
= 8a -|}-(—12) b = 8a — 128, 

2 (3a — 40 + c)—3 (2a + b — 3c) = 6a — 86 + 2c —-6a — 36 + 
+9ce=— 116+ Ile=11 (e—b) 


90/' Mutual Relationship of Collinear Vectors (Division of a Vector 
by a Vector) 


If a vector @ is nonzero, then any vector 8 collinear with 
it may be represented in the form xa, where x is a number 
obtained as follows: it has an adsolute value |8|:;a| (ratio 
of absolute values); it is positive if the vector 6 is in the 


SOLID ANALYTIC GEOMETRY 129 


same direction as the vector a, it is negative if 6 and a@ are 
oppositely directed, and is zero if & is a null vector. 

Examples. For the vectors a and 6 in Fig. 131 we have 
b=2a (x=2), in Fig. 132 we have b= —2a. 


see a 
a7 ov 


Note. Finding the number x is termed the division of a 
vector 6 by a vector a. Noncollinear vectors cannot be divided 
by each other. Soe Pe Tepe 


sv The Projection of a Point on an Axis 


An axis is any straight line on which one of its directions 
(no matter which) has been selected. This direction is called 
positive (indicated by an arrow in drawings); the opposite 
direction is the negative direc- 
tion. 





Fig. 133 Fig. 134 


Each axis may be specified by any vector lying on it and 
having that direction. The axis in Fig. 133 may be specified 


by the vector AB or AC (but not by the vector BA). 

Let there be given an axis OX (Fig. 134) and some 
point M (exterior to the axis or lying on it). Draw through 
M a plane perpendicular to the axis; it will intersect the 
axis at some point M’. The point M’ is termed the projec- 
tion of the point M on the axis OX (if M lies on the axis, 
then it is its own projection). 

Note. In other words, the projection of the point M on 
the axis OX is the foot of a perpendicular drawn from M 
to OX. The above definition stresses the fact that the con- 
struction is performed in space. 


130 HIGHER MATHEMATICS 
92/ The Projection of a Vector on an Axis 


The expression “the projection of a vector AB on an 
axis OX” is used in two different meanings: geometrical and 
algebraic (arithmetical). 


1. The projection (geometric) of a vector AB on an axis 
_ 


OX is the vector A’B’ (Fig. 1) the origin of which A’ is 
the projection of the origin on the axis OX, and the 
terminus of which B’ is the projection of the terminus B on 
the same axis. 


Notation: Prox AB or, briefly, Pr AB. 


7 





Fig. 135 Pig. 136 


If the axis OX is given by a vector c, then the vector 
—_—— —_ 
A’B' is also called the projection of the vector AB on the 
direction of the vector c and is denoted by Pre AB. 

The geometric projection of a vector _on_an axis OX is 
also called the component of the vector along the -axis. 

2. The projection (algebraic) of the vector AB on the 
OX-axis (or on the direction of the vector c¢) is the length 
of the vector A’B’ taken with the + or — sign depending 


on whether the vector AB is in the same direction as the 
OX-axis (vector c) or in the opposite direction. 
Notation: 


_— _— 
Pfox AB or pre AB 


Note. The geometric projection (component) of a vector is 
a_vector, while the algebraic projection of a vector is a_nusber, 
Example 1. The geometric projection of the vector OK=a 


(Fig. 136) on the OX-axis is the vector OL. Its direction is 
opposite to that of the axis, and the length (with scale unit 
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OE) is equal to 2. Hence, the algebraic projection of the 
=_> 
vector OK on the OX-axis is a negative number, —2: 


Pr OK=OL, prOK=—2 


If the vectors AB and CD (Fig. 137) are equal, then their 
algebraic projections along the same axis are also equal 


(pr AB= pr CD= +) . The same holds for geometric pro- 
jections. 





Fig. 137 Fig. 138 


Algebraic projections of the same vector on two like di- 
rected axes (O,X, and OX, in Fig. 138) are the same 


(Pro,x, NM = pro,x, NM = —2). The same holds for geometric 
projections. 

» 3. The relationship between a component (geometric projec- 
tion) and the algebraic projection of a vector. Let c, be a 
vector in the same direction as the OX-axis and of length 1. 
Then the geometric projection (component) of some vector a 
along the OX-axis is equal to the product of the vector c, 
by the algebraic projection of the vector a along the same axis: 


Pra=pra-c, 
Example 2. In the notation of Fig. 136 we have c,=0E. 
_ 
The geometric projection of the vector OK =a on the OX-axis 


is the vector OL, and the algebraic projection of the same 
vector is the number —2 (see Example 1). We have 


_— _ 
OL= —20E. 


4) 1f the axes are parallel but in opposite directions, the algebraic 
projeetions are not equal; they differ in sign. 


132. HIGHER MATHEMATICS 
93, Principal Theorems on Projections of Vectors 


Theorem 1, The projection of a sum of vectors on some 
axis is equal to the sum of the projections of those vectors 
on the same axis. 

The theorem holds true for both meanings of the term 
“projection of a vector” and for any number of terms; thus, 
for three terms 

Pr (a, + @2 + @3) = Pr a, + Pr a,+ Pr ag (1) 
and 
pr (a; + 2+ @y) = pr a, + pr ay + pr ay (2) 

Formula (1) follows from the detinition of the addition of vectors, 
formula (2) from the rule for adding positive and negative numbers. 

Example 1 The vector AC (Fig. 139) is the sum of the 

Paes gem 

vectors AB and BC. The geometric projection of the vector 

; AC on the OX-axis is the vector 
' AC’ and the geonietric projections 
1 i baste. td oe 
1 of the vectors AB and BC are AB’ 

—_ 

' and B’C’. Here, 

oO A c Bg Xx AC’ = AB + BC’ 

Fig. 139 so that 





—_ — =_ => 
Pr (AB + BC)= Pr AB+ Pr BC 
Example 2, Let OE (Fig. 139) be the scale unit; then the 


algebraic projection of the vector ‘AB on the OX-axis is equal 
to 4 (the length of AB’ taken with the plus sign); i. e. 


pr AB=4. Further, pr BC = —2 (the length of B’C’ taken 
_ 

with the minus sign) and pr AC=-+2 (the length of AC’ 
taken with the plus sign). We have 

pr AB-+ pr BC=4—2=2 
On the other hand, 

=> > => 

pr (AB+ BC) =pr AC=2 

so that 
pr (AB + BC) =pr AB+ pr BC 
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‘Theorem 2/ The algebraic projection of a vector on some 

axis is equal to the product of the length of the vector by 
the cosine of the angle between the axis and the vector: 

prg 8=| b| cos (@, B) (3) 

Example 3¢ The vector b=MN (Fig. 140) forms with the 


OX-axis (it is specified by the vector a) an angle of 60°. 
If OE is the scale unit, then |b|=4, so that 


e 1 
pr, 5=4-cos 60°=4.>=2 


N 
7 , 
mf ; 
a 1 1 1 
OE MeN Xx OE U Xx 
Fig. 140 Fig. 141 


Indeed, the length of the vector M’N’ (geometric projection of the 
vector 6) is equal to 2, and the direction coincides with that of the 
OX-axis (cf. Sec. 92, Item 2). 


Example 4, The vector b=UV in Fig. 141 forms with the 


OX-axis (with the vector a) an angle G, 6) = 120°. The length 
|| of the vector 6 is 4. Therefore, pr, 8=4-cos 120°= —2. 


Indeed, the length of the vector uv’ is 2 and the direction is 
opposite to that of the axis. 


04/ The Rectangular Coordinate System In Space 


Base vectors. The three mutually perpendicular axes OX, 
OY, OZ (Fig. 142) which pass through a certain point O form 
a rectangular system of coordinates. The point O is the origin, 
the straight lines OX, OY, OZ are the axes of coordinates 
(OX is the axis of abscissas, or x-axis, OY is the axis of 
ordinates, or y-axis, and OZ is the z-axis), and the planes 
XOY, YOZ, ZOX are the coordinate planes. Some line seg- 
ment UV is taken as the scale unit for all three axes. 

Laying off on the x, y, z-axes in the positive direction 
the segments OA, OB, OC equal to the scale unit, we obtain 
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sme er lc > 
three vectors OA, OB, OC, which are called base vectors and 
are designated by i, J, &, respectively. 

It is customary to choose the positive directions on the 
axes so that a rotation through 90°, which brings the positive 
ray OX to coincidence 
with the ray OY (Fig. 
142) would appear to be 
counterclockwise when vie- 
wed from the ray OZ. 
This is the right-handed 
coordinate system. The 
left-handed system of coor- 
dinates is sometimes also 
used, in which case the 
rotation is clockwise (Fig. 
Note |. The trihedral angles eee rays OX, OY, OZ in 


the right-handed system and in the left-handed system cannot be 
made to coincide so that the corresponding axes coincide. 





Fig. 142 Fig. 143 





a) 2 z 
. vai 
oR 
T, a 
a - ~~ 
Xx Y Y. x 
Fig. 144 Fig. 145 


Note 2. The names “left-handed” and “right-handed” stem from 
the fact that the right-handed system is generated if one places his 
thumb, index and middle fingers of the right hand as the axes OX, 
OY, OZ shown in Fig. 144. The same arrangement for the left hand 
(Fig. 145) produces the left-handed system. 


95,/ The Coordinates of a Point 


The position of any point M in space may be determined 
by three coordinates in the following manner. Through M 
draw planes MP, MQ, MR (Fig. 146) parallel, respectively, 
to the planes YOZ, ZOX, XOY. At the intersections with the 
axes we obtain the points P, Q, R. The numbers x (abscissa), 
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y (ordinate), and z (z-coordinate), which measure the line 
segments OP, OQ, OR to a given scale are called the (rec- 
tangular) coordinates of the point M. They are positive or 
oOo > 
negative according as the vectors OP, OQ, OR are in the 
same directions as the base vectors é, j, &, or in oppo- 
site directions. 
Example. The coordinates 
of the point M in Fig. 146 
are: abscissa 
x=2 
ordinate 
y=—3 
z-coordinate 
z=2 
Notation: 
M (2, —3, 2). 


as 
The vector OM from the Fig. 146 

origin Oto some point M is 

called the radius vector of M and is denoted by the letter r; 
it is customary to use subscripts to distinguish the various 
radius vectors of different points: ry, for the radius vector 
of the point M. The radius vectors of the points Aj, 
Ag, ..-, Ay are denoted 





Ty, La, ose) Pn 


96/ The Coordinates of a Vector 


Definition. The rectangular coordinates of a vector m are 
the algebraic projections (Sec. 92) of the vector m on the coor- 
dinate axes. The coordinates of a vector are denoted by capi- 
tal letters X, Y, Z (the coordinates of a point, by lower-case 
letters). 

Notation: 


m{X,Y, 2} or m={X, Y, Z} 


Instead of projecting the vector mon the x, y, 2-axes, 
one can project it on the axes M,A, M,B. M,C (Fig. 147) 
drawn through the-origin M, of the vector m and having the 
same directions as the coordinate axes (Sec. 92, Item 2). 
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_—— 
Example 1.“Find the coordinates of the vector M,M, 
(Fig. 147) with respect to the coordinate system OXY Z. 
Through the point M, draw axes M,A, M,B, M,C in the 
same directions, respectively, as the x, y, z-axes. 
Through the point M, draw the planes M,P, M.Q, MgR 
paral! to the coordinate planes. 
he planes M2P, M.Q, MR will 
intersect the axes M,A, M,B, M,C 
in the points P, Q, R, respectively. 
The abscissa X of the vector 
-_—— 
M,M, is the length of the vector 
-_— 
M;P taken with the minus sign (Sec. 
92, Item 2); the ordinate Y of the 
vector m is the length of the vector 
M,@ taken with the minus sign; 
the z-coordinate is the length of the 
-_--_ 
Fig. 147 vector M,R taken with the plus 
sign. Given the scale of Fig. 147, 
X=-—4, Y=—3, Z=2. 
Notation: 





M,M,{—4, —3, 2} 


_— 


M,\M,={—4, —3, 2} 


If two vectors mt, and mt, are equal, then their coordina- 
tes are respectively the same: 
X =X, Y= Va, 2; = Ze 
(cf. Sec. 92, Item 2). 
The coordi invariant und arallel 
translati f coordinates. This is not true of 
e coordinates of a point under the same translation (see 
below, Sec. 166, Item 1). Bae 
If the origin O of a vector OM coincides with the origin 


cae 
of coordinates, then the coordinates of the vector OM are 
equal, respectively, to the coordinates of the terminus M 
(Sec. 95). Laps Se 

Example 2; In Fig. 146, the vector OM has abscissa X = 2, 
ordinate Y= —3, and z-coordinate Z=2. The point M has 
the same coordinates. 


Notation: OM {2, —3, 2} or OM ={2, —3, 2} 


or 
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97/ Expressing a Vector in Terms of Components 
and in Terms of Coordinates 


|. Every vector is equal to the sum of its components 
(geometric projections) on the three coordinate axes: 
m=Proym+Proym+Prozm (1) 
Example 1. In the notation of Fig. 147, we have 


_ _— —_ _—_ 
M\M.=M,P+M,Q+ MR 

2. Every vector m is equal to the sum of the products 

of the three base vectors by the corresponding coordinates of 


the vector m: 
m=Xi+Yj+Zk (2) 
Example 2. In the notation of Fig. 147, we have 


-__ 
M,M,= —4i—3/+2k 


‘98 / Operations Involving Vectors Specified 
Their Coordinates 


Y. When vectors are added, their coordinates are also added; 
i.e. ifa= a,+@., then X= X1+Xo, Y= =Y,+Y,,Z2= cee 

YX A similar rule holds for the subtraction of vectors: if 
a=a,—a,, then X=X,—X,, Y=Y,—Y,, Z=2Z,—2Z,. 

ax When multiplying a vector by a number, multiply all 
the coordinates by that number; i. e. if m,—=dAm,, then X,=AX,, 
Y,=AY,, Z,=Ad. 

YA similar rule holds for the division of a vedio by a 


number: if m,=—', then X,=4. Y,=0,2Z,=%. 


my 
a’ 4 a 


-oa/' Expressing a Vector in Terms 
of the Radius Vectors of Its Origin and Terminus 


Note an important formula: 


AA, =r—r1 @ 
where r,=0A, (Fig. 148) is the radius vector (Sec. 95) of 


the origin A, of the vector Ay Ass and ro:=OA> is the radius 
vector of its terminus Ag. 
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From (1), by virtue of Sec. 98, Item 2, we get the follo- 
wing formulas: 

X=X_—Xy, YSyo—yy, 2=%—2y Loy (2) 

Here, X, Y, Z are the -coordinates of the vector A Aj; x, 

Y,, 2, are the coordinates of the point A, (they are equal 

respectively to the coordinates of the 


radius vector r;=OA,) and Xo, Yo, Ze. 

are the coordinates of the point A, 

(they are equal respectively to the 

coordinates of the radius vector 
f,=O0A,). 

In words: to find the x-coordinate 

(abscissa) of-a vector, subtract the _ab- 


scissa of the origin of the vector from 
the abscissa of the terminus. 

Fig. 148 7 imilar rules hold for the y-coordi- 
nate (ordinate) and the z-coordinate. 


Example. Find the coordinates of the vector A, Ay if 
A, (1, —2, 5) and A,(—2, 4, 0). 
lution. X=—2—1=—3, Y=4—(—2)=6, Z=0— 


—5=—5 so that A,A,={—3, 6, —5}. 





109/' The Length of a Vector. 
The Distance Between Two Points 


The length of a vector a{X, Y, Z} is expressed in terms 
of its coordinates by the formula 


|a|=VFTVIPZ a 
Example 1. The length of the vector a{—4, —3, 2} is 
equal (cf. Fig. 147) to 


Jal} =V (—4?+ (3 $2 = V 29 = 5.4 


The distance d between the points A, (x,, 41, 23), 
Ag (Xa, Ya, 22) is given by the formula 


d=V (%.— x)? + Y2— 1)? + (2 — 4)? (2) 
which is obtained from (1) by virtue of formulas (2), Sec. 99 
(cf. Sec. 10). 


Example 2. The distance between points A, (8, —3, 8), 
A, (6, —1, 9) is d= V 6—8)? + (—1+3)?+ O—8)?=3. 
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101/The Angle Between a Coordinate Axis and a Vector 
~f 
The angles a, B, y (Fig. 149) formed by the positive direc- 


tions of OX, OY, OZ with the vector a{X, ¥, Z} may be 
found from the formulas ) 


xX. x 
csaa recs (srr) Uy 
gies fo eS ef , 
008 Bares (sre) ey 


pepe Serene eee oe 
0s Y= Pee ( =Te) GB pe 


If the vector @ has length egual to 
the scale unit, i.e. if |a@|=1, then Fig. 149 





cosa=X, cosB=Y, cosy=Z 
From (1), (2), (3), it follows that 
cos?a-+ cos? B+ cos? y= 1 (4 


Example. Find the angles formed by the coordinate axes 
with the vector {2, —2, —I}. 


aaee eee cos B= 2 cos y= 
Voe(-241 3’ q COS Y= 


whence a = 48°11’, B = 131°49’, -y = 109°28’. 


Solution. cos a= 


I 
3 


102. Criterion of Collinearity (Parallelism) of Vectors 


If the vectors a,{X,, ¥y, 2;}, @a{Xa, Ye, Ze} are colli- 
near, then their respective coordinates are proportional: 


Xg:Xy=Ve:Y¥1 =Z,:Z, (1) 
and vice versa. ia 
If the coefficient of phoportionality .=~2="%—2: js 


X, YY; = Z 
positive, then the vectors a, and az are in the same direc- 
tion; if it is negative, the directions are opposite. The abso- 
lute value of 4 expresses the ratio of the lengths | a, |:[a@,|. 


1) From the right-angle triangle OMR we have 





rp OR eae Zz 
lom| (4! Vxt+yt+z3 


Formulas (1) and (2) are obtained in similar fashion. 
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Note. lf one of the coordinates of the vector a, is zero, 
then the proportion (1) is to be understood in the meaning 
that the corresponding coordinate of the vector ay is also zero. 

Example 1. The vectors {—2, 1, 3} and {4, —2, —6} 
are collinear and oppositely directed (4=—2). The secondi 
vector is twice the length of the first. 

Example 2. The vectors {4, 0, 10} and {6, 0, 15} are 


collinear and in the same direction (A =). The second vec- 


tor is one and a half times longer than the first. 
Example 3. The vectors {2, 0, 4} and {4, 0, 2} are not 
collinear. ; ¥ 


103. Diviston of a Segment in a Given Ratlo 


The radius vector r of a point A, which divides the seg- 
ment A,A, in the ratio A,A:AA,==m,:mg, is determined by 
the formula 

Mary tye 


mytm, (ly 


where r, and rz are the radius vectors of the points A, and Ag. 
The coordinates of the point A are found from the for- 

mulas 

MX 4 My Xy May EM Ye __ My2y 4 M422 

=m, 9mm, 2 mem, 


(cf. Sec. 11). 
In particular, the coordinates of the midpoint of the seg- 
ment A,Ag, are 


X,+X2 
: 


Yity 
= y=, 


@ 
Note. The point A may also be taken on the prolonga- 
tion of the segment A,A, in either direction; then one of 
the numbers m,, m, must be taken with the minus sign. 
Example. Find the coordinates of the point A which 
divides the segment A,A, in the ratio A,A:AA,=2:3 if 
A, (2, 4, —1), A, (—3, —I, 6). 
Using formulas (2), we find 
3:2+2(-3)_ 9 


a 4t2(-l_o 


24+3 2+3 


3-(-1)42-6_ 9 
pate D426 8 / 
uv 


2+3 
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104, Scalar Product of Two Vectors 


Definition. The scalar product of a vector a by a vector 
6 is the product of their absolute values by the cosine of 
the angle between them. 

Notation: a-6 or ab 

By definition, . 

_——__ 
ab=|a|-|6|cos (a, 6) (1). 

By virtue of Theorem 2, Sec. 93 


~~ 
|B| cos (a, b)= prab 
so that instead of (1) we car. write 


ab =|a| prab (2) 

Analogously v 
ab=|6|pr,a 

In words, the scalar product of two vectors is equal to 

the lute value of one o m multiplied by the algebraic 

projection o, other vector on rst. 


If the angle between the vectors a and 6 is acute, then 
ab > 0; if it is obtuse, then ab <0; if it is a right angle, 
then ab=0. 


This follows from formula (1). 


Example. The lengths of the vectors a and 6 are respec- 
tively equal to 2 metres and | metre, and the angle between 
them is 120°. Find the scalar product 
ab. 

Using formula (1), we have ab= ‘ 
=2-1-cos 120°=-—l1I (metre squared). ' 

Let us compute the same quantity BO 7 7 
using formula (2). The algebraic proje- 
ction of the vector & (Fig. 150) on the Fig. 150 
direction of the vector a is equal to 


|OB| cos 1202-5 (the length of the vector OB’ taken with 
the minus sign). We have 
ab=|a| prab=2- (— >) =—1 (metre squared) 


Note 1. Let us examine the term “scalar product”. The 
first word states that the result of the operation is a scalar 
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and not a vector (in contrast to a vector product; see Sec. 111). 
The second word stresses the fact that for this operation the 
basic properties of ordinary multiplication hold (Sec. 105). 

Note 2. Scalar multiplication cannot be extended to the 
case of three factors. 

Indeed, the scalar product of two vectors a and 6 is 
a number; if this number is multiplied by a vector ¢ (Sec. 89), 
then the product will be a vector: 


a 
(ab) c=|a]-|b| cos (a, b)e 
collinear with, the vector c. 


104a. The Physical Meaning of a Scalar Product 


If the vector a=OA (Fig. 151) depicts a displacement 
= 
of a mass point, and the vector F=OF depicts the force ac- 


F ting on that point, then the scalar product 
aF is numerically equal to the work of the 
F/ \ force F. 
* a 
FY Indeed, only the component OF” performs work. 
0 This means that in absolute value the work is 
Fig. 151 equal to the product of the lengths of the vectors 


a and OF’. It is considered positive if the vec- 


=—_ 

tors OF’ and a are in the same direction, and negative if they are 
in opposite directions. Hence, the work is equal to the absolute 
value of the vector a multiplied by the algebraic projection of the 
vector F along the direction of the vector a; i.e. the work is equal 
to the scalar product aF. 


Example. The vector of a force F has an absolute value 
equal to 5 kg. The length of the displacement vector a is 
4 metres. Let the force F act at an angle a= 45° to the 
displacement a. Then the work of the force F is 


Fa=|F|-|a|cosa=5-402 = 10 V2 ~ 14.1 kg-m 


105 Properties of a Scalar Product 
The scalar product ab vanishes if one of the factors 
is a null vector or if the vectors @ and 6 are perpendicular. 
This follows from (1), Sec. 104. 


Example. 3/-2/=0, since the base vectors /, / and, hence, 
also the vectors 3é, 2f are perpendicular. 
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Note. In ordinary algebra, the equality ab=0 states that 
either a=0 or b=0. For a scalar product this property does 
not hold true. 

2/ ab =ba (commutative property). 

This follows from (1), Sec. 104. 

SX (A,+4,) b=a,6+4 ab (distributive property). 

This property holds for any number of terms; for example, 
for three terms 


(@,+ 4,+ a3) 6=a,b + a,b + a3b 
This follows from (2), Sec. 104, and from (3), Sec. 93. 


nA (ma) b=m (ab) (associative property with respect to 
a scalar factor). !) 
Examples. 


(2a) 6=2ab, (—3a)b=—3ab, p(—6q)=—6pq 

Property 4 is derived from (1), Sec. 104 (it is convenient to con- 
sider separately the cases m> 0 and m < 0). 

49/ (ma) (nb) = (mn) ab. 

Examples. 

2 10 
(2a) (—36) = —6ab, (—5p) (— + 4) =~ pa 

This property follows from Property 4. 

Properties 2, 3, and 4a permit applying to scalar products 
the same operations as are performed in algebra on the pro- 
ducts of polynomials. 

Example 1. 

YS 2ab-+-3ac=a (2b +3) 
(by virtue of Properties 3 and 4). 
Example 2, 


(2a— 3b) (c+ 5d) = 2ac+ 10ad —3bc— 156d 


(by virtue of Properties 3 and 4a). 

Example 3. Compute the expression (¢-+)(j—&), where 
i, J, R are base vectors. 

Solution. Since the vectors i, j, & are mutually perpen- 
dicular, it follows that ij=ik=jk=0; besides, 


om 
kk=|hk||R| cos (z, &)=[#]2cosO=1 


1) The associative property does not hold with respect to a vector 
factor: the expression (cb) a is a vector collinear with a (Sec 104, 
Note 2) whereas ¢ (6a) is a vector collinear with ¢ so that 


(cb) a # ¢ (ba) 
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(the absolute value of the base vector is equal to unity). 


Therefore ; 
(+k) (J—k)=tf—tk+ hj—kk= — 

5. If the vectors a and B are collinear, then ab= + | a|-|6|; 
(the plus sign if a, & have the same direction; and the mi- 
nus sign if opposite directions). 

5a. In particular, aa=|a|? 

The scalar product aa is denoted a? (scalar square of the 
vector a), so that 

a’=|a|? (1) 


(the scalar square of a vector is the square of its absolute 
value). ; 

Note In~vector algebra there is no scalar cube (higher 
powers are all the more so absent, cf. Sec. 104, Note 2). 

Note. a? is a positive number (the square of ‘the length 
of the vector); we can extract any nth root, for example, 
the square root V a? (the length of the vector a). However, 
one cannot write a in place of Va*, since a is a vector, 
while VY a? is a number. The proper result is 


Va@=|a| (2 


108. The Scalar Products of Base Vectors 


From the definition given in Sec. 104 it follows that 
w=2?=1, Jj=fP=|, kR=PR=1, 
ij=ji=0, je=kj=0, ki=ik=0 

(cf. Sec. 105, Example 3). 


These relations may be presented in the form of a table 
of scalar multiplication: 


Multiplicand 


Multiplier 
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1107. Expressing a Scalar Product in Terms 
of the Coordinates of the Factors 


If a,={X,, Yi, Z,} and a,={Xz, Yo, Z,}, then 1) 


Q\0,=X,X2+YYetZiZ, (1) 

In particular, if m={X, Y, Z}; then 
mi=X24 2423 (2) 
whence . 
Vat =|m|=VFVIEA (22) 


(cf. Sec. 105, Note 2, and Sec. 100). 
Example |/Find the lengths of the vectors a, {3, 2, I}, 
a, {2, —3, 0} and the scalar product of these vectors. 
Solution. The desired lengths are 


Vaia=V3424 R=) 14, 
Va-Veq3t0 Vis 
The scalar product is 
@,a,=3-2+2(—3)+1-0=0 


Hence (Sec. 105, Item 1), the vectors a, and a, are per- 
pendicular. 
Example 2. Find the angle between the vectors 


a,{—2, 1, 2} and a,{—2, —2, 1} 
Solution. The lengths of the vectors are 
[a |=V (2 F P+ =3, 
| az |= V (—2"° + (27 +P =3 
The scalar product aa, — (—2) (—2) + 1 (—2) ++ 2-1=4. Since 
G,a,=| a, || @_| cos (@,, az), it follows that 


-_~ a,a, _ 4 aes 
cos (a;, Q2)=7Ta.,14:7 allay 33> 9 


(a;, G,) = 63°37’ 


1) We have a,=X,l+Y,f/+Z,k, @:=X,l+YV./+Zk. Multiply to- 
Hire! ne. into account Properties 3, 4, Sec. 105 and the table 
n Sec. . 
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108. The Perpendicularity Condition of Vectors 

If the vectors a, {X, ¥y, 2,}, ay {Xz, Ye, Zp} are mutu- 
ally perpendicular, then 

X,Xo+-Y¥o4-Z,Z,-=0 

Conversely, if X\X_24+-Y\Yo+2Z,Z,==0, then the vectors 
a, and a, are perpendicular or one of them (say, @,) is a null 
vector) (then X,=Y,==Z,=0). 

This is derived from Sec. 105, Item 1, and (1) of Sec. 107. 


109. The Angle Between Vectors 
The angle g between the vectors @,}X,. Yy, Z,}, 


ay {Xo Yo, Z,} may be found from the formula (cf. Example 
2, Sec. 107) 


eT eae iat eg eer ec oe ts | 
é eee 
| ay |-| ae | V xtev2az?. x24 y24z2 as 


This is derived from (1) and (2a) of Sec. 107. 
Example 1/ Find the angle between the vectors {I, 1, 1} 





and {2, 0, 3}. 
Solution. 
eG SaaS SS 5 __ = 0.8006 


Vievitet?-Voeq3? = ¥S-¥ I 
whence @ = 36°50’. 
Example 2/ The vertices of a triangle ABC are 
A(1, 2, —3); B(O, t, 2); C(2, 1, Y) 


Find the lengths of the sides AB and AC and the angle A. 
Solution. 


4 


AB={(0—1), (1—2), (2+3)}={—1, —1, 5}, 
AC ={(2—1), (1—2), 1+3)}=(1, —1, 4}, 

| AB\=V (1? (— 1 + 59#=3 V3, 

| AC |=V Pa V5, 


!) The null vector may be regarded as perpendicular to any vector; 
cf. Sec. 82. 
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Note. The formulas (1) to (3), Sec. 101, are special cases 
of formula (1) of this section. 


(10. Right-handed and Left-handed Systems 
of Three Vectors 


Let a, 6, c be three (nonzero) vectors that are not parallel 
to one plane and are taken in the indicated order (i.e. @ is 
the first vector, & the second and ¢ the third). Bringing them 
to the common origin O (Fig. 152), we get three vectors 


OA, OB, OC not lying in one plane. 





Fig. 152 Fig. 153 


The system of three vectors a, 0, ¢, is called right-handed 
(Fig. 152) if a rotation of the vector OA which brings it to 


— 
coincidence (by the shortest route) with the vector OB is 
alerted in a counterclockwise sense for an observer at 
oint C. 

c If the rotation is clockwise (Fig. 153), then the system of 
three vectors a, Bb, c is called left-handed. ') 

Example 1. The base vectors i, j, & in a right-handed 
coordinate system (Sec. 94) form a right-handed system.. 
However, the system j, #, & (the vectors are the same, but 
the order is different) is left-handed. 

If we have two systems of three vectors and each of them 
is right-handed or each is left-handed, then we say that these 
systems have the same orientation; if one of the systems is 
right-handed and the other is left-handed, then we say that 
the systems have opposite orientations. 


1) On the origin of the names “right-handed” and “left-handed” 
see Sec. 94, Note 2. 
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A system changes its orientation in a single itierchange 
of two vectors (cf. Example 1). 

A system maintains its orientation in the case of a cir- 
cular permutation of the vectors as indicated in Fig. 154 
(the second vector becomes the first, the third 
the second, and the first becomes the third, 
i.e. in place of the system a, 6, c we have 
the system 6, c, a). 

Example 2. A circular permutation carries 
the right-handed system #,/, & into the right- 
P handed system J, &, i, and from this system 

Fig.\154 to the right-handed system &, é, j. 

: Example 3. If the vectors a, 6, c form 
a right-handed system, then the following three systems are 
right-handed: 





a, b,c, b,c, a, ¢, a, b 
and the remaining three systems 
6, a,c, a,c, 6b, c,b,a 


composed of the same vectors are left-handed. 
right-handed system of three vectors cannot be brought 
to coincidence with any left-handed system. 
The mirror image of a right-handed system is a left-handed 
system, and vice versa. 


itt. The Vector Product of Two Vectors 


Definition. The vector product of a vector a (multiplicand) 
by a noncollinear vector 6 (multiplier) is a third vector c 
(product), which is constructed as follows: 

(1/its absolute value is numerically equal to the area of 
a parallelogram (AOBL in Fig. 155) constructed on the vectors 


-_™ 
a and 5; i.e. it is equal to |a|-| | sin (a, 6); 
its direction is perpendicular to the plane of the indi- 
cated parallelogram; 
the direction of the vector ¢ is chosen (from two pos- 
sible directions) so that the vectors a, 6, c form a right- 
handed system (Sec. 110). 
Notation: c=axXb6 or c=(ab} 
Supplement to definition. If the vectors a and 6 are col- 
linear, then it is natural to assign a zero area to the figure 
AOBL (conditionally we continue to consider it a parallelo- 
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gram). ‘Therefore the vector product of collinear vectors is 
considered equal to the null vector. 

Since any direction can be attributed to a null vector, this agree- 
ment does not contradict Items 2 and 3 of the definition. 

Note /. In the term “vector product” the first word indi- 
cates that the result of the operation is a vector (in contrast 
to a scalar product; cf. Sec. 104, Note 1). 





Fig. 155 Fig. 156 


Example rind the vector product xj, where é, / are 
base vectors of a right-handed coordinate system (Fig. 156). 

Solution. (1) Since the lengths of the base vectors are 
equal to the scale unit, the area of the parallelogram (square) 
AOBL is numerically equal to unity. Hence, the absolute 
value of the vector product is unity. 

(2) Since the perpendicular to the plane AOBL is the 
axis OZ, the desired vector product is a vector collinear with 
the vector Rk; and since both of them have absolute value t, 
the desired vector product is equal either to R or to —R. 

(3) Of these two possible vectors we have to choose the 
first, since the vectors i, j, R form a right-handed system 
(and the vectors i, f, —& form a left-handed system). 


Thus, 
ixj=k 


Example 2/ Find the vector product jX¢é. 

Solution. As in Example 1, we conclude that the vector 
JxXi is equal either to & or to —&. But this time we have 
to choose —&, since the vectors j, i, —& form a right-handed 
system (and the vectors J, i, R form a left-handed system). 


Thus 
jxi=—k 


Example 3/ The vectors a and 6 have lengths equal to 
80 cm and 50 cm, respectively, and form an angle of 30°. 
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Taking the metre as the unit of length, find the length of 
the vector product axb. 


Solution. The area of the parallelogram constructed on the 
vectors a@ and 6 is 80-50sin 30°==2,000 (cm?) or 0.2 m?. 
The length of the desired vector product is 0.2 metre. 


Example 4/ Find the length of the vector product of the 
same vectors, taking the centimetre as the unit of length. 


Solution. Since the area of the parallelogram constructed 
on the vectors a and 6 is 2,000 cm?, the length of the vector 
product is ‘2,000 cm or 20 metres. 

A comparison of Examples 3 and 4 shows that the length 
of the vector aXb not only depends on the lengths of the 

factors a and 6 but also on the choice of the 

es unit of length. 
‘ Physical meaning of a vector product. Out 
i of a multitude of physical quantities depicted by 
0 IF 2 vector product we consider only the moment of a 

orce. 

K Let A be the point of application of a force F. 
F The momemt of the force F relative to the point O 


coe 

is the vector product OAXF. Since the absolute 

A value of this vector product is numerically equal 

to the area of the parallelogram AFLO (Fig. 157), 

Fig. 157 the absolute value of the moment is equal to the 

product of the base AF by the altitude OK, 

i.e. to the force multiplied by the distance from the point O to the 
straight line along which the force acts. 

In mechanics, proof is given to show that for equilibrium of a rigid 
body it is necessary that not only the sum of the vectors Fy, F,, F3,..., 
representing the forces applied to the body be equal to zero, but 
the sum of the moments of the forces as well. When all forces are 
parallel to a single plane, the addition of the vectors representing 
the moments may be replaced by the addition and subtraction of their 
absolute values. This substitution is impossible in the case of arbitrary 
directions of the forces. Accordingly, the vector product is determined 
as a vector and not as a number. 


112. The Properties of a Vector Product 


1/The vector product a@Xb vanishes only when the vectors 
a and 6 are collinear (in particular, if one or both of them 
are null vectors). 


This follows from the first item of the definition of Sec. 111. 
la. axa=0. 


The equality axa=0 makes it unnecessary to introduce 
the concept of a “vector square” (cf. Sec. 105, Item 5a). 
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Pat the factors are interchanged, the vector product is 
multiplied by —1 (reverses sign): 

bxa=— (axb) 
(cf. Examples 1 and 2 of Sec. 111). 


Thus, a vector product does not possess the commutative 
property (cf. Sec. 105, Item 2). 


3fa+b)xt=axl+oxt (distributive property). 





Fig. 158 


This property holds for any number of terms; for example, 
for three terms we have 


(a+6+c)xl=axl+oxl+exl 

/ 4/(ma) xb =m (axb) (associative property relative to a 
scalar multiplier). 

4a. (ma) xX (nb) = mn (ax). 

Examples: (ly —3axb= —3(axb). 

(27 0.3ax 4b = 1.2 (ax). 

(8) (2a— 38) x (¢ + 5d) =2 (axc)+ 10 (ax d)—3 (0Xce) — 
— 15(@xXd)=2(a X c)+ 10(a X d)+3(e X 6)+ 15 (4X5) = 
=2(axc)—10(dxa)+3 (cxb)+ 15 (dx). 
(4) (a+ 6)x(a— 6) =axa—axb-+bxa—bxb. The first 
and fourth terms are equal to zero(Item 1). Besides, 6xa= 
= —axb (Item 2). Hence 

(a+ 6) x (a— 6) == —2 (axb)=2 (bX a) 


Thus, the area OCKD (Fig. 158) is twice that of OACB. 
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113/The Vector Products of the Base Vectors 


From the definition given in Sec. I11 it follows that 
ixi=0, ixj=k, ixk=—j, 
Ixi= —k, IxXjJ= 0, Ixk=i, 
kxi=j, kxj=—i, kxk=0 
The following mnemonic scheme will help you to avoid 
making mistakes in the signs (Fig. 159). 
If the direction of the shortest distance from the first 
vector (multiplicand) to the second (multiplier) coincides 
with the direction of the arrow, the product 
J a is equal to the third vector; if it does not 
coincide, then the third vector is taken with 
2 the minus sign, 
Example 1/Find Rxt. See diagram, the 
direction of the shortest distance from k to i 
k coincides with the direction of the arrow. 
Therefore Rxi=/j. 
eS Example 2, Find &x/j. Here, the direction 
of the shortest distance is opposite to that 
of the arrow. Therefore kx j= —i. 
Example a Simplify the expression (2/—3/+6k)x 
x (4i —6/-+ 12 Removing the parentheses and taking ad- 
vantage of the hbis or of the scheme, we find 


(24 —3f + 6k) x (4d —6/+ 12h) =8 (xd) —12 (EX J) + 
+24 (ix k)— 12 (Jxé)+ 18 (fx J) —36 (JX Rk) + 
+24 (Rx t)—36 (AXJ)+72 (RX Rk) = — 12R—24j+ 12k— 
—36i + 24/-+ 361 =0 
Since a vector product vanishes only in the case of col- 
linearity of the factors (Sec. 112, Item 1), the vectors 


2i—3j+6k and 44—6/4-12k are collinear. This is also 
indicated by the criterion of Sec. 102. 


114/Expronsng a Vector Product In Terms 
of the Coordinates of the Factors 


If @,={X1, Ya, Z} and ag—={Xz, Ya, Za}, then 4) 
YiZ,) (ZaXa) GY: | 
axas={ Yo2o|, |ZaXel, | Xa¥o ay 


1) We find the vector product (X,8+Y¥4/+Z,2)X(Xsé+ rere 
using the table in Sec. 113 and the Properties 2, 3, 4, Sec. (cf. 
Example 3, Sec. 113). 
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The expressions given between the vertical bars are second- 
order determinants (Sec. 12). 

Practical rule,/To obtain the coordinates of the vector 
a@,Xa, form the array 








XY 2, 

X22 2) 

Covering the first column, we find the first coordinate: 
Y,2, 
YZ, 

Covering the second column and taking the remaining 

determinant with opposite sign | — X21 or, what is the 

XZo 
same thing, 1X , we find the second coordinate. 
Z2X9 





Covering the third column (the remaining determinant is 
again taken with its own sign), we find the third coordinate. 
Example 1, Find the vector product of the vectors 


a, {3, —4. 8} and a,{—5, 2, —I}. 
Solution. Form the array 
3 —4 —8 
—5 2 —1 
Covering the first column, we obtain the first coordinate 
—4 —8 
2 —-1 
Covering the second column, we find the determinant 
| 3 —8 


=(—4)-(—1)—2-(—8) ==20 





—5 —! 
Interchanging columns (this reverses the sign), we obtain the 


second coordinate my _3|=8 





Covering the third column, we obtain the third coordinate 
3 —4 

—5 9|= —14. 
Thus, a,x a_,={20, 43, —14}. 
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Note. To avoid mistakes in the sign when computing the 
second coordinate, use the following table instead of array (2): 


X12 XY; 
Xe Yo Zp Xo Yo (By 


This array is obtained from (2) by adjoining the first two 
columns. Covering the first column in (3), we take the next 
two in succession. Then, covering the second column as well, 
we take the next two in succession. Finally, covering the 
third column too, we take the last two. The columns do not 
have to be.interchanged in any one of the three determinants 
obtained. 

Example ° 2 Find the area S of a triangle bb specified 
vertices A, (3, 4, —1), Az (2, 0, 4), Az (—3, 5, 

Solution. The desired area is equal to half the ‘area als a 


parallelogram constructed on the vectors AAs and AqAs. 
We find (Sec. 99) aun —3), 0—4), 44+1)}={—-1, 


—4, 5} and A Aloe , 5}. The area of the, parallelo- 
gram is equal to the abcolate value of the vector product 


A,X AyAg, and the vector product is equal to {—25, 
—25, —25}. Hence 


--— 


S=4|A\A:xA AA, |=+ V (= (— (= 


=+ V 1875 = 21.7 
Ki aati Vectors 


Three or more vectors are called coplanar if, when brought 
to a common origin, they all lie in one plane. 

If at least one of the three vectors is a null vector, all 
three are still considered coplanar. 

The criterion of coplanarity is given in Secs. 116, 120. 


1 s/ Scalar Triple Product 


The scalar triple product of three vectors a, b, c (taken 
in that order) is the scalar product of the vector a by the 
vector product Oxc, i.e. the number a@(8Xe) or, what is 
the same thing. (xc) a. 

Notation: abc. 
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2S ere of planarity. If the system a, 8, ¢ is right- 
handed, then e> it is left-handed, then abc < 0. 
But if the vectors a, 6. e are coplanar ‘Sec. 115), then 
abc =0. In other words, the vanishing of the tri 

abc _ is a criterion ti . 
~~ Geometrical interpretation of a . A triple 
product abc of three noncoplanar vectors a, 0, ¢ is equal 
to the volume of a parallelepi- 
ped constructed on the vectors 
a, 6, c with the plus sign if the 
system a, 06, ec is  right-han- 
ded and with the minus sign if 
the system is left-handed. 


Explanation. Construct (Figs. 160, 
161) the vector 










are ; 
OD=axb ay 
Then the area of the base OAKB is 
equal to 
_ 
Ss =| OD | Qy 
The altitude H (length of the vector 


OM) with plus or minus_ sign is 
(Sec. 92, Item 2) the algebraic pro- 
jection of the vector ¢ along the dire- 


—_ 
ction OD, i. e. 





H=+ pr >> 0 DS (3 " 
The plus sign is used when OM and > é 
ne Pp Fig. 164 
OP are in the same direction (Fig. 
160); this is the case for a right-handed system of a, The 


minus sign corresponds to a left-handed system (Fig. 161). ‘Prom (2) 
and (3) we get 


v=sH=+ |ODlpr—ee 
OD 
_ 
but job | PT ob ce is the scalar product OD- e (Sec. 104), f. e 


(aX) c. Hence 


OD 
vV=4(axo)c, 
117. Properties of a Scalar Triple Product 


VA triple product does not change in a circular permu- 
tation of the factors (Sec. 110); an interchange of two vectors 
reverses the sign: 


abc = bca=cab = — (bac) = — (cba) = — (acb) 
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This follows from the geometrical interpretation (Sec. 116) and 
from Sec. 110. © 

/ (a+b) cd=acd+ bed (distributive property). It ex- 
tends to any number of terms. 


This follows from the definition of a triple product and from 
Sec. 112, Item 3. 


(ma) bc=m (abc) (associative property relative to the 
scalar factor). 
This follows from the definition of a triple product and from 
Sec. 112, Item 4. 


These properties make it possible to apply algebraic pro- 
cedure to triple products, with the sole difference that the 
order of the factors may be changed only if allowance is made 
for the sign of the product (Item 1). 

Y A triple product having at least two equal factors is 


zero: 


aab=0 
Example a ; 


ab (3a + 2b — 5c) =3aba + 2abb —5abc = — 5abe 


Example 3/ 
(a+6) (6+ ¢) (¢+a)=(axb+axc+bxb+6xXe) (¢+a)y= 
=(axb+axXc+6 X c) (e+ a)=abe-+ acc+ aca+ aba+ 
+bce-+ bca 


All the terms, except the two extreme ones, are equal to 
zero. Besides, bca=abe (Property !). Therefore 


(a+) (b+¢) (c + a)=2abe 


118/ Third-Order Determinant 4) 


In many cases, in particular when computing triple pro- 
ducts, it is convenient to employ notation like 
a bd c 
a, be Ce 
a3 b3 Cg 


() 








4) Determinants are fully discussed in Secs. 182 to 185. 
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This is an abbreviation of the expression 


be Cy 
bs Cg 


ag bg 
2 
ay bs &Y 


Expression (1) is called a determinant of the third order. 
The determinants of the second order which enter into 
Gy are constructed as follows. Delete from array (1) the row 
nd column containing a,, as shown in the following scheme: 


_p. |% © 
1 


a 
: ag Cg 


+e 

















@--b)--4 
Ge b, & 
g »b 

fs 9 %& 


The remaining determinant enters into (2) as a factor with 
a, deleted. In similar fashion we obtain the other two de- 
terminants of formula (2): 


&)--4)--G -@,--h--% 
“2 42 % and % % te 
Qs b; C3 a3 b —3 


Remember that the middle term in formula (2) has a ml- 
nus sign! ; 
Example 1,/Evaluate the determinant 








—2 —1 —3 
—! 4 6 
! 5 9 

We have 
—2 —1 —3 

4 6 —1 6 —1 4 
= sh) £6 =—2| [+1| |-3| |= 
| 1 5 9 5 9 19 15 





= —2-64 1-(—15)—3-(—9) =0 


ms Cy ag 
> Cy as 


Gy Ce 
3 C3 


Note 1. Since 











; the third-order 
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determinant may be represented as 

















a =a,|," 2 +6, cas +e ie ‘| (3) 
rae aes b3 C3 C3 3 az bs wy) 


Here, all second-order determinants have a plus sign. 


Note 2. Computation by formula (3) may be mechanized in the 
following manner. Adjoin the first two columns to array (1); this 
yields the array 


a ban a 

a, by Cy a, db, (4) 

as 5, Cy ay by Pa 

Take the ‘letter a, in the first row and descend diagonally to the 

right, as shown by the arrow in array (5): 

a, 6b ¢ a, 6 

(5) 

a, b, Ce, | a, b, V4 
GQ, |b, cy| as by 


The second-order dcteratnan! indicated by the arrow is multiplied 
by a,. This yields a, | ,* “ 


al: 
Then cover the first column, take 6, from the first row (the first 
of the remaining letters) and proceed as before [as indicated in array 
(6 : 
! 6, o ay by 
\ (6) 


by E ay] by 2 





bs |¢s as} 5s 
This yields 
b ee a, 
* les as 
Finally cover the second column and obtain c, | id | 
8 3 


Example 2. Evaluate the determinant 








1 2 3 
D=|-1 3 4 
2 6 2 
Form array (4 
12 3 1 2 
-1 3 4 -1 3 
25 2 5 
which yields 
3 -1 -1 3 
D=!1. +2 +3 =-14+20-33=-27 
5 2 2 5 
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ig/eapwuas a Triple Product 
in Terms of the Coordinates of the Factors 


If the vectors a, a3, @3 are defined by their coordinates 
a,={X, Yi, Z,}, a,={X2, Yo, Z,}, a,={X;, Ys, Zs} 
then the triple product a,a,a3; is computed by the formula 





xX, ¥,; 4 
a,a,a,;=|X_, Y, Zs; (1) 
Xs Y3 Zs Se 





This is a consequence of formulas (1), Sec. 107, and (1), Sec. 114. 


Example IY The triple product @,a,@, of the vectors a, {—2, 
—1, —3}, a, {—1, 4, 6}, a {1 5, 9} is equal to 


—2 —1-—3 
—1 4 6 |=0 
1 5 9 








(cf. Sec. 118, Example 1). Hence (Sec. 116), the vectors a, 6, 
¢ are coplanar. 

Example 2/The vectors {1, 2, 3}, {—I, 3, 4}, {2, 5, 2} 
form a left-handed system because their triple product (Sec. 
118, Example 2) 

1 2 3 
—1 3 4 
25 2 


is negative (see Sec. 116). 


=—27 








120/Copianarity Criterion in Coordinate Form 


A (necessary and sufficient) condition for coplanarity of the 
vectors Qa, {X,, Y, Z,}, a, {Xa, Y2, Z3}, as {Xs, Y3, Zs} is 
(see Sec. 119, Example 1) 








This follows from Sec. 116. 
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(21/ Volume of a Parallelepiped 
The volume of a parallelepiped constructed on the vectors 


4, {X1, ¥y, 2}, a2{Xe, Yo, Ze}, @3{X3, Ya, Za} 
is 
X,Y, 4 
Xe VY, 2 
X5 Y3 Z3 
where the plus sign is taken when the third-order determinant 


is positive, and the minus sign when the determinant is ne- 
gative (cf. Sec. 13). 


This is a consequence of Secs. 116, 119. 


V=+ 








Example 1,/Find the volume of a parallelepiped construc- 
ted on the vectors {1, 2, 3}, {—1, 3, 4}, {2, 5, 2}. 

Solution. We have 

12 3 
—! 3 4 

25 2 


Since the determinant is negative, we take the minus sign. 
This yields V=27. 

Example ,2/ Find the volume V of a triangular pyramid 
ABCD with vertices A (2, —1, !), B(5, 5, 4), C(3, 2, —1), 
D(4, 1, 3). 

Solution. We find (Sec. 99) 


V=4 = +(—27) 








AB={(5—2), 6 +1), (4—1)}={3, 6, 3} 


In the same manner, AC={1, 3, —2}, AD=(2, 2, 2}. The 
desired volume is equal to + of the volume of a parallele- 
piped constructed on the edges AB, AC, AD. Therefore 


36 3 
Vegzel[l 3 —2 
22 2 








Whence we get V=3. 
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122/ vector Triple Product 


A vector triple product is an expression of the form 
ax(bxc) 


A vector triple product is a vector that is coplanar with 
vectors & and c; it is expressed in terms of the vectors b 
and ¢ as follows: 


ax(bXc)=6 (ac)—c (ab) (1) 


f 


124/‘Te Equation of a Plane 


A. A plane (Fig. 162) which passes through a point Mg (Xo, 
Yo, Zo) and is perpendicular to a vector N{A, B, C} is rep- 
resented by the first-degree equation 1) 
A (xx) +B (yo) + C (2 —2)=0 (IY 


or 







Ax+ By+Cz+D=0 (2)7 
~~ 
where D stands for the quantity 
— (Axo + Byo + C2o) 
The vector N{A, B, C} is called the 
normal vector to the plane P. 
Note 1/The expression “the plane Fig. 162 
P is represented by Eq. (l)” means 
that: (1) the coordinates x, y, z of any point M of plane P 
satisfy Eq. (1); (2) the coordinates x, y, z of any point exte- 
rior to plane P do not satisfy this equation (cf. Sec. 8). 
B. Any equation of the first degree Ax+ By+Cz+D=0 
(A, B and C are not all simultaneously zero) represents a 
plane. 
In vector form, Eqs. (1) and (2) are of the form 


N (r—fro)=90, (la), 
Nr+D=0 (2ay 
(ro and r are the radius vectors of the points My and M; 


==— Nr,). 


1) Eq. (1) is a condition for the perpendicularity of the vectors 
N={A, B, ct and MyM={x— xo, Y-Yo: 2-29}. See Secs. 108 and 99. 
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Exampig/A plane passing through a point (2,1, —1) per- 
pendicular to a vector { —2, 4, 3} is defined by the equation 


—2 (x—2) 44 y—1) +3 (2 +1) =0 
—2x + 4y+3z+3=0 


Note 2. One and the same plane may be represented by a multi- 
plicity of equations, all the coefficients and the constant term of which 
are, respectively, proportional (see below. Sec. 125, Note). 


or 


124/ Special Cases ot the Position of a Plane 
Relative to .a Coordinate System 


U/The equation Ax-+ By+Cz=0 (constant term D=0) 
represents a plane passing through the origin. 

2/The equation Ax+ By+D=0 (coefficient C=0) is a 
plane parallel to the z-axis OZ, the equation Ax-+Cz+D=0 

: is a plane parallel to the y-axis 
OY, and the equation By+Cz+ 
+D=0 is a plane parallel to the 
x-axis OX. 

It is useful to remember that 
if the letter z is absent from the 
equation, the plane is parallel to 
the z-axis OZ, etc. 

Example. The equation 


x+y—1=0 


represents a plane P (Fig. 163) pa- 
rallel to the z-axis OZ. 


Note. {n plane analytic geometry, the equationx+y—1=0 depicts 
a straight line (KL in Fig. 163). We shall now explain why the same 
equation in space represents a plane. 

On the straight line KL take some point M. Since M lies in the 
xy-plane XOY, z=0. In the xy-plane, let the point M have the coor- 





dinates x=>) yee (they satisfy the equation x+y-—1=0). Then in 
the three-dimensional system OXYZ, the coordinates of the point M 
will be x=z yey , 2=0. These coordinates satisfy the equation 


x+y-1=0 (for greater clarity we shall write it in the form Ix+ly+ 
+0z-1=0). 


Let us now consider the points for which rey UES but z+0, 


for example, the points M, (= ‘ > -z): ma( + +): 


i} 
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Ms(—.—~. 1), etc. (see. Fig. 163). Their coordinates also sa- 


tisfy the equation x+y+0-z—1=0. These points fill the “vertical? stra- 
ight line UV that passes through M. Such vertical straight lines may 
be constructed for all points of the straight line KL. Together, they 
will fill the plane P. 

The representation of the straight line KL in a spatial coordinate 
system will be given in Sec. 140, Example 4. 

3¢The equation Ax+-D==0 (B=0, C=0) is a plane pa- 
rallel both to the y-axis OY and to the z-axis OZ (see Item 2), 
i.e. it is parallel to the coordinate plane YOZ. 

Similarly, the equation By+D=0 is a pe parallel to 
the plane XOZ, and the equation Cz-+-D=0 is a plane pa- 
rallel to XOY (cf. Sec. 15). 

y The equations X=0, Y=0, Z=0O represent the planes 
YOZ, XOZ, XOY, respectively. 


126 /eonatton of Parallelism of Planes 


If the planes 

Ayx+Byy+Cz+D,=0 and A,x+ B,y+C,z+ D,=0 
are parallel, then the normal vectors Ny, {Ax B,, C,} and 
Nz{Ag, Bg, Cy} are collinear (and conversely). Therefore 


(Sec. 102) the condition (necessary and sufficient) that the 
planes be parallel is 


Example 1. The planes 
2x—3y—4z+11=0 and —4x+6y+8z+36=0 
are parallel since 3=4= 5. 
Example 2/ The planes 2x—3z—12=0 (A,=2, B,=0, 
C,=—3) and 4x-+ 4y—6z+-7=0 (A,=4, Bz=4, C,=—6 
are not parallel since B,=0, but B,+0 (Sec. 102, Note). 


Note. If not only the coefficients of the coordinates, but 
also the constant terms are proportional; i. e. if 


A,;_B,; _C:_D, 


A, By Cy, Dy! 
then the planes coincide. Thus, the equations 
3x+7y—5z+4=0 and 6x+14y—10z+8=0 
represent one and the same plane. Cf. Sec. 18, Note 3. 
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126/Conaition of Perpendicularity of Planes 
If the planes 
Ayx+ Byyt+C,z+D,=0 and Agx+ B.y+C.z+D,=0 


are perpendicular, then their normal vectors N,{A,, Bi, C,}, 
Nz {Az, Ba, C,} are also perpendicular (and conversely). The- 
refore (Sec. 108), the condition (necessary and sufficient) that 
the planes be perpendicular is 


A,Ag+ BB, +CiC,=0 J¥ 
Example .1/ The planes 
3x—22Qy—2z+7=0 and 2x+2y+2+4=0 


are perpendicular since 3-2-+ (—2)-2-+ (—2)-1=0. 
Example 2/ The planes 


3x—2y=0 (A,=3, B,=—2. C,=0) 


and 
z=4 (A,=0, B,=0, C,=1) 


are perpendicular. 


127/ Angle Between Two Planes 


The two planes 


Ayx-+ By +C,z+D,=0 ly 
and Cre 
Agx + Boy + Cyz + Dz=0 (2y 


form four dihedral angles that are pairwise equal. One of them 
is equal to the angle between the normal vectors N; {Aj, By, C,} 
and N,{Ag, Bz, Cy}. Denoting any one of the dihedral angles 
by @, we have 
A, Ar+B,Bi+C,C2 
068 = 5 Or 3 
V a2 +834 C2 V ads B2+C3 ey 


Choosing the upper sign, we get cos (Nj, Na), choosing the 


lower sign, we get cos [180° —(M,, N2)]- 
Example. The angle between the planes 


x—yt+V2z2+2=0 and x+y+V2z2—3=0 
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is determined from the equality 
cos@= + P-1+(-1p14V 2-V 2 
V t+t+(V 9) V i414 (VoP 
We get p=60° or p= 120°. 
If the vector N, forms with the x-, y-, z-axes the angles 
@1, Bi, V1. and the vector Ne, the angles a, Be, yo, then 
cos P= + (cos a cos &,-+ cos B, cos B.-++ cos 7, COS ye) (ay 
This follows from (3) and formulas (1) to (3), Sec. 101. 





v|- 


= 


128,/ A Plane Passing Through a Given Point 
Parallel to a Given Plane 


A plane passing through a point M,(x,, y;, 2) parallel 
to a plane Ax-+ By+Cz+D=0 is given by the equation 
A (x—%,) + B(y—yy) +C (2-24) =0 
This follows from Secs. 123 and 125. 


Example. A plane passing through a point (2, —1, 6) 
parallel to the plane x+-y—2z+5=0 is given by the equa- 
tion (x—2)+ (y+ 1) —2 (z—6)=0, i.e. x+y—2z2+11=0. 


129,/A Plane Passing Through Three Points 


If the points Mo (Xo, Yo: Zo), Mi (1, Y1, 21), Ma (x2, Ya, 
22) do not lie on a straight line, then the plane passing through 
them (Fig. 164) is given by the equa- 


tion M, 
X—Xy Y—Yo 2 —2 M(c,y,2) 
X1—X% Yio. 1 —Z%y =O = (1) 
X%2—Xo Ya—Yo %a—2o M, M 


It expresses coplanarity of the vectors 
peg ee yee 
MoM, MoM, MoM, (see Secs. 120 and 99). 


Example. The points Mg (1, 2, 3), M, (2, 1, 2), Me (3, 3, 1) 
‘do not lie on one straight line since the vectors MyM, 
{1, —1, —1} and M)M, {2, 1, —2} are not collinear. The 


Fig. 164 
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plane MyM,M,g is defined by the equation 
x—1l y—2 z—3 
1 —-1l —!1 
2 1 —2 


=0 








i.e. 
x+2z2—4=0 


Note. If the points My, My, Ms lie on one straight line, 
then Eq. (1) becomes an identity. 


19 oe on the Axes 


“If the plane Ax-+ By+Cz+D=0 is not parallel to the 
x-axis (i.e. if A 4 0; Sec. 124), then it intercepts on this axis a 


segment a= —2 . Similarly, the intercepts on the y-axis and 


on the z-axis will be b= —2- (if B #0) and c=—2 (if 
C £0) (cf. Sec. 32). 
Example. The plane 3x+-5y—4z—3=0 intercepts on the 


axes the line segments a===1, b=, co— >, JS 


it/ tron Form 
of The Equation of a Plane 

If a plane intercepts on the axes the (nonzero) segments 
a, b, c, then it may be represented by the equation 


x y z 
ary! (ly 
which is called the “intercept form of the equation of a plane”. 
Eq. (1) may be obtained as an equation of a plane passing through 


three points (a, 0, 0), (0, 5, 0) and (0, 0, c) (see Sec. 129). 
Example. Write the equation of the plane 


3x —6y + 22— 12=0 


in the intercept form. 
We find (Sec. 130) a=4, b= —2, c=6. The intercept form 
of the equation is 


x y 2 
atiortgal 
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Note rar plane passing through the coordinate origin cannot be 
represented by an intercept-form equation (cf. Sec. 33, Note 1). 
Note ry A plane parallel to the x-axis but not parallel to the other 


two axes may be represented by the equation 442 <1, where 6 and 
c are the y-intercept and z-intercept, respectively. A plane parallel to 
the x-axis and y-axis may be given by the equation 2 =I. Planes pa- 


rallel to either one or two of the other axes may be represented simi- 
larly (cf. Sec. 33, Note 2). 


132/1 A Plane Passing Through Two Points 
Perpendicular to a Given Plane 


A plane P (Fig. 165) which passes through two points 
Mo (Xo, Yo: 20) and M, (x, y,, 2,) and is perpendicular to a 
plane Q specified by the equation 
Ax+ By+Cz-+D=0 is represented by 
the equation 


x —Xo Y —Yo 2 —2o 
%1— Xo Yi Yo 21 20 
A 











Fig. 165 


It expresses (Sec. 120) coplanarity of 
=_ —_ =—_ 
the vectors MoM, M,M, and N{A, B, ch = MK. 


Example. A plane passing through the two points 
My(1, 2, 3) and, M,(2, 1, 1) perpendicular to the plane 
3x-+ 4y+2z—6=0 is represented by the equation 
x—l y—2 z—3 
2—1 1-2 1-3 

3 4 1 
i.e. x—y+z—2=0. 

Note. When the straight line MyM, is perpendicular to 
plane Q, plane P is indeterminate. Accordingly, Eq. (1) be- 
comes an identity. 


=0 








133/4 Plane Passing Through a Given Point 
Perpendicular to Two Planes 


A plane P which passes through the point Mo (Xo, Yo, 20) 
and is perpendicular to two (nonparallel) planes Q,, Qs: 


Ayx+ By+Cyz+D,=0, Agx+ Bey +C.2+D,=0 
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is given by the equation 


X—Xqo Y—-Yo 2—2o 


A, B, C, |=0 Wy 
Ay By Cy 


It expresses (Fig. 166) coplanarity of the vectors 
— ‘a 
MoMy, N, {Ai By Ci}, Ne (Az. Be. Co} 


Example. A plane that passes through the point (1, 3, 2) 
and is perpendicular to the planes x+2y+z—4=0 and 
: 2x+y+3z+5=0 is given by the 

equation 

















x—1 y—3 z—2 
1 2 1 |=0 
2 1 3 
or 
Fig. 166 5x—y—3z+4=0 


Note. If the planes Q, and Q, are parallel, then the P 
plane is indeterminate and Eq. (1) becomes an identity. 


134 The Point of intersection of Three Planes 


Three planes may not have a single point in common (if 
at least two of them are parallel and also if their straight 
lines of intersection are parallel), may have an infinity of 
common points (if they all pass through the same straight 
line) or may have only one common point. In the first case, 
the system of equations 


A\x+ By +C\z+D,=0, 

A2x + Bey +C2z+ D,=0, 

Asx + Bsy+C5z + D3=0 
has no solutions, in the second case it has an infinity of 
solutions, and in the third, only one solution. The investi- 


gation is most conveniently carried out by means of deter- 
minants (Secs. 183, 190), but elementary algebra will suffice. 


') The vector product N,xX/A, (Fig. 166) serves as the normal vee- 
tor to the P plane. Thus [Sec. 123, (la)] the equation of the P plane 
is (N,XN,) (r—ro)=0, which again yields Eq. (1). 
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Example 7 The planes 


7x—3y+ z2z—6=0, (1) 
14x —6y+2z—5=0, (2) 
x+ y—5z=0 (3) 


have no common points since the planes (1) and (2) are pa- 
rallel (Sec. 125). The system of equations is not consistent 
[Eqs. (1) and (2) are contradictory]. 

Example 2 Investigate the following three planes for com- 


mon points: 
x+ y+ z=1, (4) 
x—2y—3z=5, (5) 
2x— y—2z=8 (6) 


We seek the solution of the system (4)-(6). Eliminating 
z from (4) and (5), we get 4x-+y=8; eliminating z from 
(4) and (6), we get 4x-+-y=10. These two equations are 
inconsistent. Hence, the three planes do not have any points 
in common. Since there are no parallel planes among them, 
the three straight lines along which the planes intersect pair- 
wise are parallel. 
Example 3,/ Investigate the following planes for common 
points: 

xty+tz=1, x—2y—3z=5, 2x—y—2z=—6 


Operating as in Example 2, we both times get 4x-+y=8, 
which is actually one equation, not two. It has an infinity 
of solutions. Hence, the three planes have an infinity of com- 
mon points, i.e. they pass through one straight line. 

Example Ay The planes 


x—y+2=0, x+2y—1=0, x+y—z+2=0 


have one common point (—1, 1, 2) because the system of 
equations has the unique solution x= —1, y=1, z=2. 


19511 The Mutual Positions of a Plane and a Palr 
of Points 


The mutual arrangement of points My (41. U1. 21), Mz (Xs, Ys, 29) 
and a plane 
Ax+By+C2z+D=0 (1) 


may be determined by the following criteria (cf. Sec. 27): 

(a) The points M, and M, lie to one side of the plane (1) when 
ae numbers Ax,+By,+Cz,+D and Ax,+By,s+Cz,+D have the same 
signs. 
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(b) M, and M, lie on different siF+(— 2)? +2? 3 3° 
d=|d|=5— 


3 


Note |. The sign of 8 indicates the mutual positions of the point 
M, and the origin O relative to the plane (1) (cf. Sec. 28, Note 1). 

Note 2. Formula (3) may be derived analytically by reasoning as 
in Note 2 of Sec. 28. The equation of a a tcent line which passes 
through a point M, and is perpendicular to the plane (1) is conve. 
niently taken in parametric torm (see Secs. 153, 156). 


t31/the Polar Parameters (Coordinates) of a Plane» 


The polar distance (or radius vector) of a plane UVW 
(Fig. 167) is the length p of the perpendicular OX drawn to 
the plane from the origin O. The pofar distance is positive 
or zero. 


4) Cf. Sec. 29. 
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If the plane UVW does not pass through the origin, then 
for the positive direction on the perpendicular OK we take 


ay 
the direction of the vector OK. But if UVW goes through 
the origin, then the positive direction on the perpendicular 
is taken in arbitrary fashion. 

The polar angles of the plane 
UVW are the angles 


a=XOK, B=ZYOK, 


between the positive direction of 
the straight line OK and the coor- 
dinate axes (these angles are con- 
sidered to be positive and not to 
exceed 180°). The angles ~, f, are 
connected (Sec. 101) by the relation 

cos? a + cos? B+ cos? y= 1“ Fig. 167 

The polar distance p and the polar angles a, f, y are 
termed the polar parameters (or polar coordinates) of the 
-plane UVW 

If the plane UVW is given by the equation Ax-+ By + 
+Cz+D=0, then its polar parameters are determined by 
the formulas 


|D\ 


Ee ===» 1 
P VAt+Bt+ Ct Sy 
A 
csa= tT aw 
B 
cos p= —— 
b= 7 Wane (2) 
(oj 
OS ='T faa 


where the upper signs hold true when D> 0, and the lower 
signs when D <0. But if D=0, then arbitrarily we take 
only the upper of only the lower signs. 


Example 1. Find the polar parameters of the plane 
x—2y+ 2z—3=0 (A=1, B= —2, C=2, D=—%3). 


Solution. Formula (1) yields 


I-31 3 
eecr__—_——_— =—=] 2 
“Vina 3 f 
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Formulas (2), where we have to take the lower signs (becau- 
se D= —3 < 0) yield 


be 
OSO= Tar a'f 
= 20 ae 
Pq 
cos ede BS ‘ 
"Vireo 8” 
Hence 
a = 70°32’, B= 131°49', y ~ 48°11’ yy. 
Example 2/ Find the polar parameters of the plane 
Se x—2y+2z2=0 
Formula (1) gives p==0 (the plane passes through the 
origin); in formulas (2) we can take either the upper signs 
alone or the lower signs alone. In the former case, 


! 2 2 
cosa=——+, cos pB=+ 3, i Sua 9) 
hence ; 
a = 109928’, Bx 48°11’, y x 131949" |, 
in the latter case, 
@ = 70°32’, B = 131949", px 48°11" _// 
138/ The Normal Equation of a Plane 


A plane with polar distance p (Sec. 137) and polar angles 
a, B, y (cos?a+cos* B+ cos? y=1; Sec. 101) is given by 
the equation : 


xcosa+ycosh+zcos y—p=0 (1) 
This is the normal form of the equation of a plane. : 
Example Y Set up the normal form of the equation of a 
plane in which the polar distance is oe and all the polar 
angles are obtuse and equal. 
Solution. For a=p=y the condition cos*a-+ cos? f + 
+ cos?y=1 yields cosa—cosfh=cos p= + VE and since 
the angles a, B, y are peas we mae to take the minus 
: Y pots 1 
sign. The desired equation is — Ve" I—Fe 2—Fe=0. 
as The same plane can be represented by the equation 
x+ytz+1=0 


SOLID ANALYTIC GEOMETRY 173 


(both members of the preceding equation have been multip= 
lied by — V3), but this is not the normal form of the equa- 
tion because the coefficients of the coordinates are not cosines 
of the polar angles (the sum of their squares is not equal 
to unity) and, what is more, the constant term is positive. 


Example 2/ The equation Tits y— —$24+5= =0 is not the 
normal form, since even though (+ 5 y: se a +(=3), =i, 


the constant term is positive. 
Example 3/The equation — erty y— $2-5= =0 is of 


1 2 
the normal form; cosa=—- sz, ne cos y=—- =, 


p=5 (a~109°98’, Bx48°1l’, yx 131°49’). 


Derivation of Eq. (1). The plane under consideration (UVW in 
Fig. 167) goes throug! 1_the point K (pcosa, pcos, pcos y) perpen- 


— 

dicular to the vector OR. Instead of OK we can take the vector a in 
the same direction with length equal to the scale unit. The coordi- 
nates of the vector a are cosa, cos f, cosy ons 101). Applying Eq. 
(1), Sec. 101, we get the normal form of Eq. (1). 


139 Reducing the Equation of a Plane 
to the Normal Form 


To find the normal form of the equation of a plane spe- 
cified by the equation Ax+ By+Cz+D=0, it is sufficient 
to divide both members of the given equation by 
+ V A?+ B?-+C%, the upper sign is taken when D > 0, the 
lower when D <0; if D=O, any sign may be taken. ‘This 
yields the equation 


A B Cc 
——_—————— x = ——_— ———_—_———_ z— 
> VAt+Bt+C? VAtaBtaC? % VA*+Bt+C? 
ear 2 een 
VA?+ Bt+C? 


It is in the normal form because the coefficients of x, y, z, by 
virtue of (2), Sec. 137, are equal to cosa, cos B, cosy, respectively, 
and the constant term is equal to —p by virtue of (1), Sec. 137. 
Example yY Reduce the following equation to the normal 
form: 

x— 2y+2z—6=0 (1) 


Divide both members of the equation by 
+ V 1?+ (—2)?+ 2?=3 (the sign before the radical is plus 
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since the constant term, —6, is negative). We get 
t 2 2 
ze TF yt+z2—-2=0 
Hence, p=2, cosa= + ,» cosp=— + , cosy= + 
(a~70°32’, B~131°49’, y~48°11’). 
Example xy Reduce the following equation to the normal 


form: ’ 
x—2y + 22+6=0 (2y 
The constant term is positive. We therefore divide by 
— V 12+ (—2)? +2? = —3 and get 
a 1 2 2 
Consequently, p=2, cos a=—— , cosp = + , COS Y=-F 
(a= 109°28’, B= 48°11’, y~131°49’). 
Example ¥y Reduce to normal form the equation 
‘x—2y+2z=0 


Since D=0 (the plane goes through the origin), we can 
divide either by +3 or by —3. This yields -x—S y+ 
+ f2=0or —tx}+ty—22=0. In both cases, p=0. 
The quantities a, B, y in the-first case are the same as in 
Example 1, in the second case, the same as in Example 2. 

Note. If in the equation Ax-+ By+Cz+D=0 the con- 
stant term is negative and A?-+ B?+4C?=1, then the equa- 
tion is in the normal form (Sec. 138, Example 3) and it 
does not need to be transformed. 


149/ Equations of a Stralght Line In Space 


Any straight line UV (Fig. 168) may be represented. by a 
system of two equations: 


A,x-+ By +C\z+D,=0, (ly 
A2x + Bay +C2z + D,=0 (2), 
which represent (if they are considered separately) any two 
(distinct) planes P, and P, passing through UV. Eqs. (1) 


and (2) (taken together) are termed the equations of the 
straight line UV. 
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Note. The expression “the straight line UV is represented 
by the system (1)-(2)” means that (1) the coordinates x, y, 
z of any point M of the line UV satisfy both equations (1) 
and (2); (2) the coordinates of any point not lying on UV do 
not iio apie | satisfy both Eqs. (1), (2), though they 
may satisfy one of them. 


Fig. 168 Fig. 169 


Example 1. Write the equations of the straight line OK 
(Fig. 169) that passes through the origin O and the point 
K (4, 3, 2). 

Solution. The straight line OK is the intersection of the 
planes KOZ and KOX. Taking some point on the z-axis OZ, 
say L(0, 0, 1), form the equation of the plane KOZ (the 
plane passing through three points O, K, L; Sec. 129). This 
gives us 


=0, that is, 3x—4y=0 (3) 


x 
4 
0 


ows 


z 
2 
1 


va 


In the same way 


= 


e find the equation 
2y—3z=0 (4) 


of the plane KOX. The straight line OK is given by the 
system of equations (3)-(4). 


Indeed, any point M of line OK lies both in the KOZ plane and 
in the KOX plane; hence, its coordinates satisfy both Eqs. (3) and (4) 
at the same time. On the other hand, the point NM, which does not 
lie on OK, cannot belong to both planes KOZ and KOX at the same 
time; hence, its coordinates cannot satisfy both Eqs. (3) and (4) at 
the same time. 
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Example_}- The straight line OK of Example | may also 
be given by the system of equations 


3x—4y=0, (3y 
{ 2x—42=0 Qy 


The first describes the KOZ plane, the second, the KOY plane. 
The same line OK can be represented by the system 


2y—3z=0, 2x—4z=0 


Example 3/ Do the points M, (2, 2, 3), Mz(—4, —3, —3), 
i bag —6, —4) lie on the straight line OK of Example 1? 

he coordinates of point M, do not satisfy either Eq. (3) 
or Eq. (4); point M, does not lie on the straight line UV. 
The coordinates of point Mg satisfy (3) but do not satisfy ) 
point Mg, lies in the KOZ plane, but does not lie in the KOX 
plane: Hence, M, does not lie on OK. Mg lies on OK since 
oth Eqs. (3) and (4) are satisfied. 

Example 4/ Equation z=O describes the xy-plane. The 
equation x--y—1=0 describes the plane P parallel to the 
z-axis (Sec. 124, Example). The straight line along which 
the planes XOY and P intersect (KL in Fig. 163) is repre- 
sented by the system 


x+y—1=0, z=0 


14K Condition Under Which 
Two First-Degree Equations Represent 
a Straight Line 


The system 
{ A\x+ By +C,z+ D,=0, (1), 


Ax + Bay + Cyz + D,=0 (2), 
represents a straight line if the coefficients A,, B,, C, are 
not proportional to the coefficients A», Bz, Cy [in this case 
the pines (1) and (2) are not parallel (Sec. 125)]. 

If the coefficients A,, B,, C, are proportional to the coef- 
ficients Az, Bz, C,, but the constant terms do not obey the 
same proportion 


Ay: Ay= Bg: By =Cy:Cy F Dz:D, 
then the system is not consistent and does not present any 


geometric image [planes (1) and (2) are parallel and noncoin- 
cident]. 
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If all four quantities A,, B,, C,, D, are proportional to 
the quantities Ag, Bs, C2, Da: 
Ag: Ay= By: By=Cy3:C,; =D,:D, 
then one of the equations (1), (2) is a consequence of the other 


and the system describes a plane [the planes (1) and (2) arc 
coincident]. 


Example 1/7 The system 
2x—Ty+12z—4=0, 4x—14y+36z—8=0 
describes a straight line (in the second equation the coeffici- 


ents A and B are twice those in the first, and the coefficient C 
is three times gs large). 


Example 2/ The system 
2x—Ty+12z—4=0, 4x—l4y+24z—8=0 
describes a plane (all four quantities A, B, C, D are propor- 


tional). 
Example Sf The system 


2x—7y+12z—4=0, 4x—l4y+24z—12=0 


does not represent any geometric image (the quantities A, B, C 
are proportional and D does not obey that proportion; the 
system is inconsistent). 


g/m Intersection of a Straight Line 


and a Plane 
The straight line L 
{ Ayx-+ Byy+C,z+D,=0, (1) 
uy A2x+ Byy+C,2+ D,=0 (2) 


and the plane P 
Ax+ By+Cz+D=0 (3) 


may not have a single common point (if L || P), may have an 
infinity of common points (if L lies on P) or may only have 
one common point. The problem reduces )) to seeking common 
points of three planes (1), (2), (3), (see Sec. 134). 

Example 1. The straight line 


xty+z—l=0, x+—2y—3z—5=0 


1) The computations are simplified when the equations of the 
straight line are taken in parametric form (Sec.152 and Note in Sec, 153). 


178 HIGHER MATHEMATICS 


does not have common points with the plane 
2x— y—2z—8=0 


(they are parallel) (see Example 2, Sec. 134). 
Example 2/T he straight line 


x—2y—3z—5=0, 2x—y—2z=6 


lies in the plane x-+y+z=1 (see Example 3, Sec. 134). 
Example 3/The straight line x+-y—2z+2=0, x—y+2=0 
intersects the plane x-+-2y—1=0 in the point (—1, 1, 2) 
(see Example 4, Sec. 134). 
Example Determine the coordinates of some point on 
the straight line L: 


2x —3y—z+3=0, 
5x—y+2—8=0 


Assign some value, say x=3, to the x-coordinate. We then 
have the system —3y—z+9=0, —y+z+7=0. Solving it, 
we find y=4, z=—=3. The point (3, 4, —3) lies on the stra- 
ight line L (at its intersection with the plane x=3 parallel 
to YOZ). In the same way, taking x=0, we find the point 
(0, —2 : 21) at the intersection of L and the plane YOZ, 
etc. It is also possible to assign various values to the y- or 
z-coordinate. 

Example 5/ Determine the coordinates of some point on 
the straight Tine L: 


5x — 3y + 2z—4=0, 
8x —6y + 42 —3=0 


Unlike the preceding example, arbitrary values cannot 
be assigned to the x-coordinate. For instance, for x=0 we 
et the inconsistent system —3y + 2z —4=0, —6y-+ 4z—3=0. 
he straight line L is parallel to the plane ZOY. We can 
assign arbitrary values to the y- or z-coordinate; for in- 


stance, putting z=0, we get the point (4, a : 0) . For x 


we will always obtain the same value x= so that the stra- 


ight line L lies in the plane cat parallel to ZOY, 
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t4yl The Direction Vector 


A. Any (nonzero) vector a {l, m, ay lying on a straight 
line UV (or parallel to it) is called the direction vector of 
that line. The coordinates /, m, n of the direction vector are 
called the direction numbers of the line. 

Note. By multiplying the direction numbers /, m, a by 
one and the same number & (not equal to zero), we get num- 
bers Ik, mk, nk, which will also be 
direction numbers (these are the co- 
ordinates of the vector ak, which is 
collinear with a). 

B. For the direction vector of 
the straight line UV 

{ A\x +By+C,z2+D,=0, (1) 

Agx + Bay + Cz + D,=0 (2) 
we can take the vector product N, x 
x Nz, where Mi={A1, B,, C,} and 
N.={Ag, Bo, Ca} are normal vectors to the planes P, and P, 
(Fig. 170) described by Eqs. (1) and (2). Indeed the straight 
line UV is perpendicular to the normal vectors Ny, Ng. 

Example. Find the direction numbers of the straight line 

2x—2y—z+8=0, x+2y—2z+1=0 


Solution. We have N,={2, —2, —1}, Na={I, 2, —2}. 
Taking @=N,XWN, for the direction vector of the given 
straight line, we find 


a={|~> 2) |= i]. |i 3] }=t6 3 6 
The direction numbers will be [=6, m=3, n=6. 


Note. Multiplying these numbers by + , we find the direc- 


tion numbers [’=2, m’=1, n’=2. One can also take the 
numbers —2, —1, —2 and so forth for the direction numbers. 


Fig. 170 


144/ Angles Between a Straight Line 
and the Coordinate Axes 


The angles a, B, y formed by a straight line L (in one of 
its two directions) with the coordinate axes are found from 
the relations 

t 


cos @= 
ViF+mt+ni ’ 
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m 
cos p= ——————— 
B ViF+m?+nt ’ 
n 
cos p= ———————— 
Y= Vitemtant 
where |, m, n are the direction numbers of L. 
This is a consequence of Sec. 101. 


The quantities cosa, cos B, cosy are called the direction 
cosines of the straight line L. 
Example. Find the angles formed by the straight line 


2%k—W—2+8=0, x+2y—2z+1=0 


with the axe3-of coordinates. 

Solution. For the direction numbers of the given straight 
line (Sec. 143, Example) we can take /=2, m=1, n=2. 
Hence cos a= ———*-— = , cos pat , COS y=2; whence 

V2t4 18+ 2? 3 3 3 
a = 48°11’, B ~ 70°32’, y = 48°11’. 


145,/ Angle Between Two Straight Lines 


The angle @ between the straight lines L and L’ (more 
exactly, one of the angles between them) is found from the 
formula 

U+mm'+nan 


CSO 
? Vitemi+nt VitEm etn? 


Oy 


where /, m, n and l’, m’, n’ are the direction numbers of the 
straight lines L and L’, or from the formula 


cos p= cos a cos a’-+ cos B cos B’-+ cos y cos y’ (2y 
This follows from Sec. 109. 
Example,/Find the angle between the straight lines 
2x—2Qy—z+8=0, 4x+ y+3z—21=0, 
tee oo) 2x 4-2y—3z+ 15=0 


Solution. The direction numbers of the first line (Sec. 143, 
Example) are 1=2, m=1, n=2. If for the direction vector 
of the second line we take the vector product {4, 1, 3hx 
x {2, 2, —3}, then the direction numbers will be —9, 18, 6. 


Multiplying them by + (to obtain smaller numbers, Sec. 143, 
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Note), we get /=—3, m=6, n=2. We thus have 
cos p= 2-(—3)+1-64+2-2 4 
V294 1242? V(—3)8+624+2? = 21 
whence @ ~ 79°01’. 


146/ Angle Between a Straight Line and a Plane 


The angle between the straight line L (with direction 
numbers /, m, n) and the plane Ax-+ By+Cz+ D=0 is found 
from the formula 

| Al+Bm+Cn | 
VAt+B?4+C? Vitemt+n® 

This follows from Sec. 145 (if @ is the angle between the straight 

line L and the normal vector {A, B, c}, then g=90° + ). 


Example/ Find the angle between the straight line 
3x—2y=24, 3x—z=—4 


and the plane 6x-+ 15y—10z+31=0. We have [=2, m=3, 
n=6 (Sec. 143) and find 


sin p= 


sin p= 16-2+15-3+(—10)-6] 3 
V6#+15?+(—10)* V224+3?+6? 133 


whence @ ~ 1°18’. 


147,/Conditions of Parallelism and Perpendicularity 
of a Straight Line and a Plano 


The condition for a straight line with direction numbers 
l, m, n to be parallel to a plane Ax+ By+Cz+ D=0 is 


Al+ Bm+Cn=0 (1) 


It expresses the perpendicularity of the straight line and the 
normal vector {A, B, C}. 

The condition for perpendicularity of a straight line and 
a plane (same notation) is 


1 m n 
—_m nt 2 
ABC Cy 


This expresses the parallelism of a straight line and a normal 
vector. 
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148. A Pencil of Planes )) 


The collection of planes passing through one and the same 
Straight line UV is called a pencil of planes The line UV 
is the axis of the pencil. 

If we know the equations of two distinct planes P, and P, 


Ayx+ By +C\z+D,=0, (1) 
Aox + Bay + Cz + D,=0 (2) 
belonging to a pencil, (i.e. the equations of the axis of the 
pencil: see Sec. 140), then every plane of the pencil may be 
represented’ by an equation of the form 
m, (A,x-+ Byy +C,z + Dy) + me (Agx + Bey +-C22z + D2) =0 (3) 
Conversely, for any values of m,, m, (not all zero simul- 
taneously) Eq. (3) represents a plane belonging to the pencil 
with axis UV.?) In particular, for m,=0 we get the plane 
P, and for m,=O0, the plane P,. Eq. (3) is called the equa- 
tion of the pencil of planes. ® 
When m, #0, we can divide Eq. (3) by m,. Denoting 
m,:m, in terms of A we get the equation 
Ayx-+ Byy+Cyz+ Dy +A (Agx+ Bay +Cyz4+D3)=0 (4) 
Here, all possible values are given to the single letter A; but 
from (4) we cannot obtain the equation of the plane Pg. 
Example 1. Let there be given the equations 
5x—3y=0, (5) 
3z—4x=0 (6) 
of two planes of a pencil, i.e. the equations of the axis of 
the pencil. The equation of the pencil is 


my, (5x — 3y) + mg (32 —4x) =0 (7) 
For example, taking m,;=2, m,=—3 we will have 
2 (5x —3y) + (—3) (3z— 4x) =0 (8) 
Eq. (8) or 
22x —6y —9z =0 (8a) 


represents one of the planes of the pencil. 


4) Cf. Sec. 24. 

3) See below: explanation of Example |. 

3) If planes (1) and (2) are parallel Gut not coincident), then 
Eq. (3) represents (for all possible values of m,, m,) all the planes pa- 
rallel to the two given planes (parallel pencil of planes). 
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Explanation. On the straight line UV take an arbitrary point 
M (x, y, 2). Its coordinates x, y, z satisfy the Eqs. (5) and (6) and, 
hence, Eq. (8). This means that plane (8) passes through any point M 
of the line UV, i.e. it belongs to the pencil. 

Example 2. Find the equation of a plane passing through 
the straight line UV of Example 1 and through the point 
(1, 0, 0). 

Solution. The desired plane is given by an equation of 
the form (7). This equation must be satisfied for x=1, y=0, 
z=0. paipeler ata Tale values into (7), we get 5m,—4m,=0, 
OF my:m,g= 4:5. We get the equation 


4 (5x—3y)+5 (8z—4x) =0 


5z—4y=0 
Example 3. Find the equations of 
the projection of the straight line L: 
2x+3y+4z+5=0, (9) 
x—6y+3z—7=0 
on the plane P 
Qx-+2y+z+15=0 (10) Fig. 171 
Solution. The desired projection 
L’ (Fig. 171) is a straight line along which plane P is cut by 
plane Q (drawn through L perpendicular to P). Plane Q be- 


longs to the pencil with axis L and is given by an equation 
of the form 


(2x-++ 3y+ 42+ 5)-+ A (x—6y + 3z—7) =0 (11) 
In order to find 4 give (11) in the form 
(2+ 4) x + (83—6A) y+ (443A) z+5—7A=0 (11a) 


and write the condition of perpendicularity of the planes (10) 
and (Ila): 


or 


2 (2+A)+2(3—6A)+1 (4434) =0 


From this we have A=2. Putting it into (lla), we obtain 
the equation of the plane Q. The sought-for projection is gi- 
ven by the equations 
4x—9y+ 10z—9=0, 
{ 2x+2y+z+ 15=0 
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149, Projections of a Stralght Line 
on the Coordinate Planes 


Let a straight line be represented by the equations 


{ A,x+ By +C,z+D,=0, (1) 
Agx + Bey +C2z-+ D,=0 (2) 
where C, and Cy, are not simultaneously zero (case C; =C,;=0 
is considered below in Example 3). To find the projection of 
the straight line on the xy-plane, it suffices to eliminate z 
from Eqs. (1)-(2). The resulting equation (together with 
z=0) will represent the desired projection.” The projections 
on the yz-~and zx-planes are found in similar fashion. 
Example 1. Find the projection of the straight line L 
2x + 4y—3z— 12=0, (3) 
x—2y+ 4z—10=0 (4) 
on the xy-plane. 
Solution. To eliminate z, multiply the first equation by 4 
and the second by 3 and add. This yields 


4 (2x-++ 4y— 3z— 12) + 3 (x —2y + 42— 10) =0 (5) 
or 
I1x+ 10y—78=0 (6) 
This equation together with the equation 
z=0 (7) 
is the projection L’ of the straight line L on the xy-plane. 


Explanation. Plane (5) passes through the straight line L 
(Sec. 148). On the other hand, as will be seen from (6) (which does 
not contain z), this plane (Sec. 124, Item ak is perpendicular to the 
bd tla Hence, the straight line along which plane (6) intersects 
plate (7) is the projection of L'on the plane (7) (cf. Sec. 148, Exam- 
ple 3). 


Example 2. The projection of the straight line L 
3x—5y + 4z—12=0, (8) 
2x—5y—4=0 (9) 
on the plane z=O is represented (in the plane coordinate 


system XOY) by Eq. (9). There is no need to eliminate the 
z-coordinate since it is already absent from Eq. (9). The 


‘) See Example 1, Explanation. 
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plane (9) is perpendicular to the xy-plane; it projects the 
straight line L on XOY. 

Example 3. Find the projections of the straight line L 

2x—3y=0, (10) 
x+y—4=0 (11) 
on the coordinate planes. 

Solution. In both equations z is absent, so that both pla- 
nes P, and P, (Fig. 172) are perpendicular to the xy-plane. 
The straight line L is perpendicular 
to XOY and is projected on the xy- 
plane in the point N with z-coor- 
dinate zy =0. From the system 
(10)-(11) we find xy=¥, yw= 

8 
= s 7 

The equation of the projection 
L’ on the yz-plane may be found in 
the usual way by eliminating x from 
(10) and (11).We get y=-5 , which Fig. 172 
is the same equality found above for yw (from the figure it 
is evident that the straight line L’ is at a distance OB from 
OZ, equal to yy = AN). The equation of the projection L” on 


the xz-plane is r= : 


150. Symmetric Form of the Equation 
of a Straight Line 


The straight line L passing through a point Mo (Xo, Yo. 2) 
and having the direction vector a {l, m, n} (Sec. 143) is gi- 
ven by the equations 


ay eer ana (1) 
which express the collinearity of the vectors a {i, m, n} and 


MoM {x—xo, y—Yo. 2—20} (Fig. 173). They are called the 
symmetric (standard) form of the equation of a straight line. 

Note /. Since for the point My we can take any point 
on L, and the direction vector a may be replaced by a di- 
rection vector ka (Sec. 143), an arbitrary value can be assig- 
ned separately to each of the quantities x9, Yo, Zo, J, m, n. 


186 HIGHER MATHEMATICS 


Example 1. Write the symmetric equations of a straight 
line passing through the. points A (5, —3, 2) and B (3, 1, —2) 
For My we can take the point A, for the vector @ we can 


take AB ={—2, 4, —4t. The symmetric equations will then be 


ar Haaesery ako ¥ (2) 


But if we take B for M, and the vector —+ AB ={1, —2, 2 


for a, then the symmetric equations 
will be 
x-3  y-1l_ 2+2 
ge ales eae (3) 
Note 2. Of the three cquations 


x-5_y+3 x-5 2-2 yt+3_ 2-2 
-20 4° -2=4"" 4° =4 
Ly (4) 
Contained in (2), only two (no matter 
Fig. 173 which) are independent, while the third 
is a consequence of them; for instance, 
subtracting the second from the first, 
we get the third. Each of the Eqs. (4) represents a plane passing 
through the straight line AB perpendicular to one of the coordina- 
te planes. At the same time, it represents the projection of the straight 
line ABon the respective coordinate plane (Sec. 149). 
Example 2. The symmetric equations of the straight line 
passing through the points M, (5, 0, 1), Mi (5, 6, 5) will be 


ceri mae (6) 
The expression a8 is conventional, signifying (Sec. 102, 
Note) that x—5=0, so that in place of (5) we have to write 


x5, $= Et (6) 


The straight line M,)M, is perpendicular to the x-axis 
(since [=0). 


Example 3. The symmetric equations of the straight line 
passing through the points A (2, 4, 3) and B (2, 4, 5) will be 


This notation means that x=2 and y=4, 
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The quantity z assumes various (any) values for distinct 
points of the straight line AB. AB is parallel to the z-axis 
(since [= m=0). 


151. Reducing the Equations of a Straight Line 
to Symmetric Form 


In order to reduce the straight-line equations 


Ayx+ Byy+C,z+D,=0, (1) 
A.x + Bay + C,z + D,=0 (2) 


to symmetric form (Sec. 150), one has to determine the coor- 
dinates x9, Yo, 29 of some point lying on the straight line 
(Examples 4 and 5, Sec. 142) and the direction numbers , 
m, n (Sec. 143). 

Example 1. Reduce the straight-line equations 


2Qx—3y—2+3=0, S5x—y+z—8=0 


to symmetric form. 

Solution. As in Sec. 142 (Example 4) we find on the given 
straight line the point My (3, 4, —3), x» =3, yo=4, Zo =—3. 
Computing the direction numbers 


—3 —!1 —1 2 
l= 4 i|=—4 m=! 1 5 =—7, 
2 -—3 
n=l\e 4 =13 


Example 2. Reduce to symmetric form the equations 
x+2y—3z—2=0, —3x+4y—6z421=0 


Assign some value to the y-coordinate or 2z-coordinate 
(an arbitrary value cannot be assigned to the x-coordinate; 
cf. Sec. 142, Example 5); for example, put y=0. This gives 
the point My, (5, 0, 1). The direction numbers will be /—0, 


m=15, n=10 or (multiplying by +) 1=0, m=3, n=2. 
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The symmetric equations are 


x-5 y z-1 


0 3 2 
(cf. Sec. 150, Example §). 
Example 3. The same for the straight line 
x+y—6=0, x—y+2=0 (3) 
The values x» and yo are fully determined by equations (3): 
X= 2, yo=4. To the z-coordinate we can assign any value, 
Say 29=3.*We then find the direction numbers /=0, m=0, 


n=2. This yields the symmetric form of the equation (cf. 
Sec. 150, Example 3): 


152. Parametric Equations of a Straight Line 


Each of the ratios <=? , #—#*, 722 (Sec. 150) is equal 
to the quotient (Sec. 90) obtained by dividing the vector 
- 
MoM {x—x9, y—Yo, 2—2o} 


by the (collinear) vector a {l, m, n}. Denote this quotient 
by ¢. Then 


x=Xy+lt, 
y=Yot mt, (1) 
z=2Z9-+ant 


These are the parametric equations of a straight line. 
When the quantity ¢ (parameter) takes on various values, 
the point M(x, y, z) moves along a straight line. When 
t=0 it coincides with Mo; positive and negative values of 
t correspond to points located on the straight line on either 
side of Mo. 

In vector form, the three Eqs. (1) are replaced by one: 


r=ro+at (2) 
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153. The Intersection of a Plane with 
a Stralght Line Represented Parametrically 


A common point (if such exists) of the plane P 


Ax+ By+Cz+D=0 (1) 
and the straight line L 
X=Xo tlt, y=Yot+mt, z2=29+nt (2) 


is found from formulas (2) if into (2) is substituted the value 
of ¢ as defined from the equation )) 


(Al + Bm+Cn) t + Axy+ Byp+Cz.+D=0 (3) 


This is obtained if expressions (2) are substituted into (1). 
Example 1. Find the point of intersection of the plane 


2x + 3y+3z—8=0 
with the straight line 


Solution. In parametric form, the equations of the straight 
line will be 


x=—5431, y=3-—t, z=—3+421 (4) 


Substituting into the equation 2x 4-3y+43z—8=0, we get 
9t—18=0, whence ¢=2. Putting this value into (4) we ob- 
tain x=1, y=1, z=1. The desired point is (1, 1, 1). 

Example 2. Find the point of intersection of the plane 
3x-+y—4z—7=0 with the straight line of Example 1. 

Solution. In the same manner we get 0-t—7=0; this 
equation has no solution. There is no point of intersection 
(the straight line is parallel to the plane). 

Example 3. Find the point of intersection of the plane 
3x-+y—4z=0 with the straight line of Example 1. 

Solution. In the same manner, we get 0-¢+0=0; this 
equation has an infinity of solutions (the straight line lies 
in the plane). 

Note. Taking advantage of the parametric oon (4), 
we introduced a fourth unknown ¢ and obtained four equa- 

') In_exceptional cases, Eq. (3) may not have any solution (see 


Example 2 below) or it may have an infinity of solutions (see Examp- 
le 3 below). 
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tions (in place of the three that are given). This complica- 
tion is compensated for by the greater facility of solving the 
system. 


154. The Two-Point Form of the Equations 
of a Stralght Line 


A straight line passing through the points M, (x;, y1, 21) 
and Mg, (x2, Ya, 22) is given by the equations 
K-Xy  Y-Yy 2-2 
Xa-Xy Ya Wy 22 -2y (1) 


For examples see Sec. 150. 


155. The Equation of a Plane Passing Through 
a Given Point Perpendicular 
to a Given Straight Line 


A plane passing through the point Moy (x9, Yo, Z) perpen- 
dicular to the straight line 
Xr%X1_ Ys _ 2 


ty m, nm 


has a normal vector {4, m,, ny} and, hence, is represented 
by the equation 
by (4 —%9) + my (y— Yo) +13 (2-2) =0 
or, in vector form, 
a, (r—Pro)=0 

Example. A plane passing through the point (—1, —5, 8) 
perpendicular to the straight line 4at=23 is represen- 
ted by the equation 2 (y+5)+5 (z—8)=0,. or 


2y +5z—30=0 


156. The Equations of a Straight Line 
Passing Through a Given Point Perpendicular 
to a Given Plane 


The straight line passing through the point Mg (x9, yo, 20) 
perpendicular to the plane Ax+By+Cz+D=0 has the 
direction vector {A, B, C} and, hence, is given by the sym- 
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metric (Sec. 150) equations 


A BC 
Example. The straight line passing through the origin 
perpendicular to the plane 3x-+5z—5=0 is given by the 
symmetric equations ~ = = or the parametric (Sec. 152) 
5t. 


3 
equations x=3t, y=0, z 


Xa Xy __ YM _ ZZ (1) 


157. The Equation of a Plane Passing Through 
a Given Point and a Given Straight Line 


A plane passing through the point Mo(X%o, Yo. 29) and the 
straight line L 
XX. YW 2-21 (1) 


which does not pass through M, is represented by the equ- 
ation 


X—Xy Y—-Y 2%—2% 
%1—X 1 —- Yo 21-20 
l m n 


=0 (2) 


or, in vector form, 
(r—Fo)(ri—Fo) @=0 = (2a) 
The equation (2), or (2a), exp- 
resses coplanarity of the vectors 
_o __o 
(Fig. 174) MoM MyM, and 
afi,m, a}. 
Example. A plane passing Fig. 174 
through the point M,(5, 2, 3) and the straight line 


is given by the equation 


x—5 y—2 2-3 
—6 —3 2 
2 1 3 


=0 


x—2y—1=0 
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Note. If straight line (1) passes through the point Mo, 
then Eq. (2) becomes an identity and the problem has an 
infinity of solutions (we get a pencil of planes with axis L; 
Sec. 148). 


158. The Equation of a Plane Passing 
Through a Given Point Parallel 
to Two Given Straight Lines 


A plane passing through a point Mg (xo, Yo, 29) parallel 
to given (mutually nonparallel) straight lines L, and L, (or 
to vectors a, and as) is represented by the equation 


X—Xq Y—Yo 2Z—2 
ly my nm |=0 (1) 
I, mM, No 


where 1, my, my, and Ig, mg, ng are the direction numbers 
of the given straight lines (or the coordinates of the given 
vectors). In vector form 


(r—Po) a\a,=0 (la) 


Eq. (1) or (la) expresses the coplanarity of the vectors MM, 
@,, a, (M is an arbitrary point in the desired plane). 

Note. If the straight lines L, and Lg are parallel, i.e. 
if @, and a, are collinear, then Eq. (1) becomes an identity, 
and the problem has an infinity of solutions (we get a pen- 
cil of plenes with axis passing through the point Mg paral- 
lel to the given straight lines). 


159. The Equation of a Plane Passing 
Through a Given Straight Line and Parallel 
to Another Given Straight Line 


Let L, and L, be nonparallel straight lines. Then a plane 
passing through L, and parallel to the straight line L, is_ 
given by the equation 


4 m nm, |=0 (1) 
l, ms ng 
where x, Y;, 2, are coordinates of some point M, of Ly. 


Here we have a particular case of Sec. 158 (M, playing the 
role of Mo). The note in Sec. 158 remains valid. 
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160, The Equation of a Plane Passing 
Through a Given Stralght Line and Perpendicular 
to a Given Plane 


A plane P passing through a given straight line L, 


and perpendicular to a given plane Q 
Ax+ By+Cz+D=0 (2) 
(not perpendicular to L,) is represented by the equation 
X—Xy Y—-Yy 2-2 
ly my ny |=0 (3) 
A B Cc 
In vector form 
(r—r,)a,N=0 (3a) 


Explanation. The plane P passes through the straight line L, and 
is parallel to the normal n{a, B, c} to plane Q (cf. Sec. 159). 


Note. If the plane (2) is perpendicular to the straight 
line (1), Eq. (3) becomes an identity and the problem has 
an infinity of solutions (see Sec. 158, Note). 

The projection of a straight line on any plane. Plane (3) 
projects the straight line L, on the plane Q. Hence the 
straight line L’, which is the projection of L,; on the plane 
Q, is given by the system of equations (2)-(3) (cf. Sec. 149). 


161. The Equations of a Perpendicular Dropped 
from a Given Point onto a Given Stralght Line 


A perpendicular dropped from a point Mo (Xp, Yo, Zo) onto 
a straight line L,, 


ie ome > Fag (1) 
that does not pass through Mg is given by the equations 
Ly (XX) +m (y— Yo) +21 (2 —29) = 0, (2) 
X—X% Y—-Yo 2%—2% 
X— Xp Yi Yn 2 — 2 | =O (3) 


4 m ny 
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or, in vector form, by the equations 


{ a, (r—r,)=9, (2a) 
\ (Fro) (r1— Fo) a, =0 (3a) 


Taken separately, Eq. (2) represents a plane Q (Fig. 175) 

drawn through M, perpendicular to L, (Sec. 155), while 

. Eq. (3) represents plane R drawn 

through the point My and the 
straight line L, (Sec. 157). 

Note. If the straight line L, 
passes through the point Mo, Eq. 
(3) becomes an indentity (Sec. !20) 
(an infinity of perpendiculars to L 
can be drawn through a point taken 
on the straight line L). 

Example. Find the equation of 
the perpendicuiar dropped from the 
point (1, 0, 1) onto the straight line 


x=32+2, y=2z2 (la) 


Fig. 175 Also find the foot of the perpendi- 
cular. 
Solution. Eqs. (la) may be written in symmetric form 
(Sec. 151) as 


plea a (1b) 


The desired perpendicular is then given by the equations 


( 3(#-1)+2y—0) +1 (2—1)=0, (2b) 
x—l y z—1 
| 2—! 0 O—I; =0 (3b) 
3 2 1 
or, after simplifications, 
3x + 2y+z2—4=0, (2c) 
x— 2y+z—2=0 (3c) 


The coordinates of the foot K of the perpendicular may be 
found by solving the system of three equations (Ib), 
(2c). Eq. (3c) shoal be satisfied by itself. We obtain 


K(He Fe 4): 
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Note. The system of three equations (1b)-(3c) has an infinity of 
solutions because the plane R passes through the straight line L, and 
does not intersect it. 


162. The Length of a Perpendicular Dropped 
from a Given Point onto a Given Stralght Line 


Given: point Mo (Xo, Yo, Zo) and straight line L, represen- 
ted by Eq. (1), Sec. 161. It is required to find the distance 
from My, to Ly, i.e. the length of the perpendicular MoK 
(Fig. 175) dropped from Mg onto Ly. 

One can first find the foot K of the perpendicular (Sec. 
161, Example) and then the length of the segment MK. 
A simpler way is to apply the formula (in the notation of 
Sec. 161) 


—Yy %—2|? | [2a —2, Xo —%X,|? , [xn —X —y;|* 
AV ae - yy ae a 14 fa rea 
“B+ m+n} 
(1) 
or, in vector iorm, 
a-ak a 


V 2 
a 

The numerator of expression (la) is (Sec. 111) the area of a paral- 
lelogram M,M,BA (Fig. 176, where M,A=a,) 
and the denominator is the length of the 
base M,A. Hence, the fraction is equal to the 
altitude M,K of the parallelogram. 

Example. Find the length of the 
perpendicular dropped from _ point 
My (1, 0, 1) onto the straight line x= 
= 3z+2, y=2z. 

Solution. In the example in Sec. 161 


we found fi ¢ ; 
K(z, aay a aa} Fig. 176 


Consequently, 


d=| Mok |= 
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Now apply formula (1). According to (1b), Sec. 161, 
X,=2, yy =0, z3=0, 1; =3, m,=2, n,=1, so that 


Yo— 91 20-21 __|0 I —_2 
m, ny 21 . 

Z—2Z, X—%]/_ fl —1 = 
ny h | ql 3)” 

Xo—%1 Yo M1 |_| — 0 —-2 
l m 2 

We obtain 
N go V(~2)* +4? 4(-2)? V (= aye 4Fe(—9)F =2f3 
V3 


163. The Condition for Two Stralght Lines intersecting 
or Lylng In a Single Plane 


If the straight lines 


X-X, U-W 2-2 


Lm a,’ 
X-X_  Y-Y2__ 2-22 
l, m, ne 


lie in a single plane, then 


Xe—%, Ye—Yy 2g 2 
1 my ny =0 
l, m2 ng 
or, in vector form, 
(f2—1,) aa, =0 


we have 


(1) 
2) 


(3) 


(3a) 


Conversely, if Condition (3) is fulfilled, then the straight lines 


lie in a single plane. 


conversely) T 
Sec. 120). 


ins 


Explanation. \i the straight lines (1) and 
(2) lie ina single plane, then the straight line 
M,M, (Fig. 177) also lies in that plane, i. e. 


the vectors Mh M,, @,, @, are coplanar (and 
his*i is what Eq. (3) expresses (see 


Note. li 2 we (here, (3) will de- 
finitely be Stated “then the straight 
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lines are parallel, otherwise the straight lines satisfying 
Condition (3) intersect. 


Example. Determine whether the straight lines 


Toa a y 
gear @) 


intersect, and if they co, at what point. 
Solution. The straight lines (1) and (2) lie in one plane 
—lt—t 


4 


These lines are not parallel (the direction numbers are not 
proportional). In order to find the point of intersection, we 
have to solve a system of four equations (1), (2) in three 
unknowns. As a rule, such a system does not have any solu- 
tions, but in the given case [because Condition (3) is fulfilled] 
there is a solution. Solving a system of any three equations, 
we get x=1, y=2, z=3. The fourth equation is satisfied, 
The point of intersection is (1, 2, 3). 


since the determinant (3) equal to 3 q 3 | vanishes. 


164. The Equations of a Line Perpendicular 
to Two Given Straight Lines 


The straight line UV intersecting two nonparallel straight 
lines (L, and Lg in Fig. 178) 


4, m no 
X~Xs__Y~-Ys_2~2 
ly m; ny 


and perpendicular to them is represented (in vector form) by 
the equations 
(r—r,) a,a=0, (1) 
(r—r;) a4,a=0 (2) 


where a,={l,, my, mi. a,={l, mz, ne} and a=a,X ax. 
Taken separately, Eq. (1) is the plane P, drawn throu 

the straight line L, parallel to the vector a= a, Xaz, (Sec. 159). 

Similarly, (2) is plane P, drawn through Lz parallel to a. 
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Point K,, where UV intersects L,, is found at the inter- 
section of L, with the plane P,. Similarly, we find, the point 
K, and then the length of the common perpendicular K,Ko. 

Note. If Ly and L, are parallel [then a=0 and Eqs. (1), 
(2) become identities], there is an infinity of straight lines 


Fig. 178 Fig. 179 


UV. To obtain the equation of one of them, take on L, 
(Fig. 179) an arbitrary point K, and form the equation of 
the straight line passing through K, in the direction of the 
vector a, X06, where b=a,X(r2—/r}). 

Example 1. Find the equations of the perpendicular to the 
straight lines 


x=2+421, y=1+4t, z=—I1—-4, (3) 
x=—3143t', y=642t', 2=3+61' (4) 
Solution. We have a,—{2, 4, —1!}, a,={3, 2, 63, 
a= a,Xa,={26, — 15, ant } : { } 
The desired perpendicular is given by the equations 


x—2 y—1 2+1 
2 4 —!1 |=0, 
26 —15 —8 
x+31 y—6 2z2—3 
3 2 6 |=0 
26 —15 —8 
or, after simplifying, 
47x+-10y + 134z+30 =0, (5) 
74x + 180y—97z + 1505=0 (6) 
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The point K, of intersection of the common perpendicular 
with the straight line (3) is found from the system (8)-(@). 
We get K,(—2, —7, 1). Similarly, we find Ky (—28, 8, 9). 
The length d of the common perpendicular is 


d=V (—24 28)? + (—7—8)?+ (1—9)?= V 965 
Example 2. Find the equations of the line perpendicular 
to the straight lines 
x=242t, y=3+2t, z=t, (7) 
x=542t, y=4+2t', z=14+0 (8) 
The lines are parallel: a,=a,={2, 2, 1}, re—r,={3, 1, I}, 
b=a,X(r2—r;)={1, 1, —4}. The direction vector of the 
common perpendicular a,x6={—9, 9, 0} or, multiplying 
by +: {-1, 1, O}. For the initial point we take an arbit- 
rary point K,(2+2t; 3-2; ¢) of the line (7). We obtain 
the equation of the common perpendicular 
rs es rn (9) 
where ¢ is an arbitrary number. To find the point Kg, of 
intersection of the common perpendicular (9) with the straight 
line (8), substitute expression (8) into Eq. (9). This yields 
34+2(t-t)  142(H-t) 14 (thd) 
tae ty alte 0 
Any one of these equations yields ¢t’=¢—1; substituting into 
(8), we get Kg(3+2t, 2428, #), so that 


d=|K,K.|= . 
= V(B+24)— @+2+)7 +1042) —8+2)7+ [f— t= V2 


165. The Shortest Distance 
Between Two Straight Lines 


The shortest distance between the straight lines L, and L, 
is the length d of their common perpendicular. It can be found 
by forming the equations of the common perpendicular (Sec. 
164, Examples | and 2). A simpler way, however, is to find 
d directly. 

(1) If Ly and L, are not parallel (Fig. 180), then 


__ Lr2—73) Aya | = | F2—11) 2142 | 
c= |a,Xaz | V (a, Xa,)? (1) 
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(r1, f_ are the radius vectors of the points M,, Mg; ay, a, 
are the direction vectors of the straight lines L;, Lz). 
The numerator of the fraction (1) is (Sec. 121) the volume of a 
_ 
parallelepiped constructed on the vectors MyMg, @;, @:;. The denomi- 


nator is the area of its base (Sec. 111). Consequently, the whole frac- 
tion is the altitude K,K,=d. 


D 
M 
Kk 
K, 
Fig. 181 


For intersecting straight lines (the vectors KiRa. @,, @, are cop- 
lanar), formula (1) yields d=0. For parallel straight lines (the vectors 


a,, a, are collinear) it, fails (vielding +): 


(2) If the straight lines L,, L. are parallel (Fig. 181), 
then 


due lrenri) xan) _ Vrs) Xa)? (2) 


la,! V a 
(in place of a, we can take az). 

The numerator of the fraction (2) is the area of the parallelogram 
M,M,DC, the denominator is the length of the base M,C. The whole 
fraction is the altitude K,K,=d. 

Example 1. Find the shortest distance between the straight 
lines of Example 1, Sec. 164 [r;={2, 1, —1}, re={—31, 
6, 3}, a, = {2, 4, —I}, a, = {3, 2, 6h]. 

Solution. The lines are not parallel. We have 


4 —1] [—1 2] |24 
axa. {| sl. | 6 3|,|3 2 \ (26, es ee 


(f2—P) Q\a,= — 33-264 5-(—15)+4-(—8) = — 965 
Formula (1) yields 


da=———_995_ 985. 965 


V26'4(- 15)*41-8)" VV 965 
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Example 2. Find the shortest distance between the straight 
lines of Example 2, Sec. 164 [a,;=a,={2, 2, 1}, rz—ry= 
= (3, 1, 1}. 

Solution. The lines are parallel, and formula (2) yields 


ACen Cee 
d= ee OV? 


Note. A sign can be prefixed to the shortest distance bet- 
ween straight lines (if they are not perpendicular and not 
parallel) (see Sec. 165a). 


165a. Right-Handed and Left-Handed Palrs 
of Straight Lines 


Definition. A pair of nonperpendicular skew lines L,, Ly 
(Fig. 180) is called right-handed if for an observer standing 
on the extension of some transversal K,K, beyond L, the 
shortest. rotation of L, to a position parallet to L, is perfor- 
med counterclockwise. Otherwise the pair L,, Lg is left- 
handed. 

Note /. A right-handed pair remains right-handed and a 
left-handed pair left-handed irrespective either of the choice 
of points K,, Kz on the lines L,, Lz or of the labelling of 
the straight lines (the first may be labelled L, and the se- 
cond L,). Indeed, although the rotation will be reversed, 
the observer will now be on the continuation of the trans- 
versal beyond the straight line L,, so that for him the di- 
rection of the rotation remains unchanged. 

Note 2. The concepts of a left-handed and right-handed 
pair are meaningless with respect to the straight lines L,, 
L, lying in a single plane and also with respect to perpen- 
dicular lines. 

Example. If in going in or out, the handle of the cork- 
screw turns through 60°, then the initial and terminal positions 
of the axis of the handle form a right-handed pair of straight 
lines (if for the straight line L, we take the axis of the 
handle in the upper position, then the observer mentioned 
in the definition must look upwards; otherwise, downwards). 
In a rotation of the handle through 120° the initial and 
terminal positions of the axis form a left-handed pair. 

Test for right-handedness and left-handedness. Let a,,a, 
be some (nonzero) vectors collinear with the straight lines 
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L,, Le. If the triple scalar product K,K,a,a, is of the same 
sign as the scalar product a,a,, then the pair L,, Lg is 
right-handed; if the signs are opposite, then it is left-handed. 


When K,K,a,a,=0, the lines L,, L, lie in one plane; 
when @,a,=0, the lines L,, Lg are perpendicular. In neither 
case is the pair L,, Lg right-handed or left-handed (see 
Note 2). , 

The sign of the shortest distance between two straight 
lines. To the shortest distance between nonperpendicular 
intersecting lines we can prefix a sign: positive if the pair 
is right-handed, and negative if it is left-handed. 

Using the letter 5 to denote the shortest distance between 
straight lines (with sign taken into consideration) we have 
the following formula in place of (1), Sec. 165: 

@,Q, (f2—;) @,a, 
~ | Qa, | | a, Xa; | (1) 


It also holds true for intersecting (but not perpendicular) 
lines and then yields 6=0. For perpendicular lines, for- 


mula (1) does not hold true because the first factor oe 
poet J 


becomes indeterminate, + (if the straight lines are not per- 
pendicular, then the first factor is equal either to +1 or 
to —1). Neither is (1) valid for parallel lines, since the se- 
cond factor becomes indeterminate. See Note 2. 


166. Transformation of Coordinates 


_ 1. Translation of the origin. When a system of coordinates OX YZ 
is replaced by a new system O’X’Y’Z’ having axes in the same di- 
rections, the old coordinates (x, y, z) of a point are expressed in terms 
of the new coordinates (x’, y’, 2’) by the formulas 


x=at+x’, y=bt+y’, 2z=c+2' (1) 


where a, 6, c are the coordinates of the new origin O’ in the old 
system (cf. Sec. 35). 

In this replacement, the coordinates of any vector remain 
unchanged. 

2. Rotation of axes. When replacing a system OXYZ by a new 
system O’X’Y‘Z’ with the same origin, the old coordinates of a point 
are expressed by new formulas: 


~~ “~~ o“—~ 
x=x’ cos (#’, f)+y’ cos (/’, 1)+2’ cos (R’, i), 
—™ -——~ o——~ 
y=x' cos (t’, J)+y’ cos (J, /)+2’.cos (R’, J), (2) 


——™™~ ~~ “— 
z=x’ cos (d’, k)+y’ cos (y’, &)+2’ cos (k’, R) 
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“—— 
where (d’, é) is the angle between the vectors é’ and /, i.e. between 


-—— 
the new and old axis of abscissas, (y’ ,4) is the angle between the 
new axis of ordinates and the old axis of abscissas and so forth. ') 
In this substitution, the coordinates of any vector are transfor- 
med in accordance with the same formulas. 


a =. 
Note. Of the nine quantities cos (#’, #), cos (/’, f), etc., amy three 
may be specified in arbitrary fashion, the other six satisfy the rela- 
ons 


“~~ “— om 
cos? (#, £’)+cos*? (f, J’)+cos? (é, R’)=1, 
om ~~ o™ 
cos? (f, i’)+cos? (/, /’)+cos? (/, R’)=1, (3) 
a in o™ 
cos? (Rk, t’)+cos* (Rk, j’)+cos? (k, R’)=1 
and 
cos ay cos 1) +c0s wy cos UY’) +cos hy R’) cos Ue) =0, 
“Aa A A “A A, n 
cos (4, 2’) cos (&, t’)+cos (4, J’) cos (R, J’) +ccs (#, B’) cos (&, R’)=0, (4) 
AN A na “A A “A 
cos (J, 1’) cos (&, £’) +08 (/, J’) cos (Rk, J’) +08 (7, R’) cos (Rk, k’)=0 


Relations (3) follow from (4), Sec. 101, and relations (4) follow 
from (2), Sec. 145 


167. The Equation of a Surface 


An equation relating the coordinates x, y, z is called the 
equation of a surface S if the following two conditions hold: 
(1) the coordinates x, y, 2 of any point. of the surface S sa- 
tisfy this equation, (2) the coordinates x, y, z of any point 
not lying on the surface S do not satisfy this equation 
(cf. Sec. 7). 

Note. If we change the system of coordinates, then the 
equation of the surface will change (the new equation will 
follow from the old equation by means of the formulas for 
transforming coordinates, Sec. 166). 

Example 1. The equation x-+y+z—1=0 is an equation 
of a plane surface. Given a properly chosen rectangular coor- 
dinate system, the same surface may be represented by any 
other first-degree equation. 

Example 2. The ‘surface of a sphere of radius R with 
centre at the origin is given by the equation 


Ste taaR al) 
because (1) if the point M (x, y, z) lies on this surface, the 


4) Each of the coefficients of the new coordinates is the cosine of 
the angle between the corresponding new axis and the old axis asso- 
ciated with the coordinate written on the left side. 
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distance OM=Y x? y? +2? is equal to the radius R and, 
hence, Eq. (1) is satisfied; (2) if M does not lie on the sur- 
face, then OM # R, and Eq. (1) is not satisfied. 

Example 3. A sphere of radius R with centre at the 
point C (a, 6, c) is given by the equation 


(x—a)+ (y—b)?-+ (@—c)*= RE @) 


An equation fel ating the coordinates x, y, z is capable of repre- 
senting other geometric images or none at all (cf. Sec. 58). 

Example 4. The equation x*+y*+z*+1=0 does not represent any 
geometric image at all because it has no (real) solutions. 

Example 5.. The equation x*+y?+z*=0 which has a unique real 
solution x=0, y=0, 2=0 represents a point. 

Example 6.~The equation (x— y)*+(z—y)?=0 is satisfied only when 
x-y=0 and z-y=0 simultaneously; it represents the straight line 
x=y=z, 


168. Cylindrical Surfaces Whose Generatrices Are Parallel 
to One of the Coordinate Axes 


A surface generated by the motion of a straight line (ge- 
neratrix) which is parallel to some fixed line is called a cy- 
lindrical surface. Any line intersected by the generatrix in 
any of its positions is called a 
directrix. 


Fig. 182 


Any equation which does not have the z2-coordinate and 
represents some line L in the xy-plane represents in space 
a cylindrical surface whose generatrix is parallel to the 
z-axis and the line L is the directrix. 

Example 1. The equation 

x 2 
ath! (1) 
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is, in the xy-plane, an ellipse ABA’B’ (Fig. 182) with se- 
miaxes a—=OA, b=OB. In space it is a cylindrical surface S 
whose generatrices are parallel to the z-axis and whose di- 
rectrix is the ellipse ABA’B’ (elliptic cylinder). 
Example 2. The equation —~—-fF=! represents a cylind- 
rical surface (Fig. 183) whose generatrices are parallel to the 
z-axis and whose directrix is the 
hyperbola CDC’D’ (hyperbolic 


cylinder ) 
Y 
Eh 
Ses 
us y 
Fig. 184 Fig. 185 


Example 3. The equation y2=2px is a parabolic cylinder 
(Fig. 184). 

An equation not containing the x (or y) coordinate is a 
cylindrical surface whose generatrix is parallel to the x-axis 
(or y-axis). 

Example 4. The equation y2==2pz is a parabolic cylinder 
located as shown in Fig. 185. 

Note. If the directrix is a straight line, then the cylind- 
rical surface is flat. Accordingly, the equation Ax+ By+ D= 
=0 represents a plane in space parallel to the z-axis (cf. 
Sec. 124, Note). 


169. The Equations of a Line 


A line may be regarded as the intersection of two sur- 
faces and, accordingly, may be represented by a system of 
two equations. 

Two equations (taken together) relating the coordinates 
x, y, 2 are called the equations of the line L if the following 
two conditions are fulfilled: (1) the coordinates of any point 
M of the line L satisfy both equations; (2) the coordinates 
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of any point not lying on the line L do not satisfy both 
equations at once (although they may satisfy one of them; 
cf. Sec. 140). 

Example 1. The two equations y—z=0, x—z=0 repre- 
sent a straight line as an intersection of two planes (cf. 
Example 1, Sec. 140). 


Example 2. The two equations 
P+yt+=a, y=z 


represent separately (the first) a sphere of radius a (Fig. 186) 
with centre at the point O and (the second) a plane LOX 
. (the straight line OL bisects the 
angle YOZ). Together, these equa- 
tions represent the circumference of 
a great circle ALK. 

Note 1. One and the same line 
can be represented by different 
(equivalent) systems of equations 
because it may be obtained as the 
intersection of various pairs of sur- 
aces, 


Note 2. Asystem of two equations 
Fig. 186 can cepreren geometric images other 
than a line or no geometric image at all. 


Example 3. The system of equations x?+y*+z*=25, z=5 repre- 
sents a point (0, 0, 5) at which the plane z=5 touches the sphere 
xt+y?+z#=25, 


Example 4. The system of equations x?+y*?+z?=0, x+y+z=1 does 
not represent any geometric image at all because the first equation 
is satished only by the values x=0, y=0, but these fail to satisfy 
the second equation. 


170. The Projection of a Line on a Coordinate Plane 


1, Let a line L be given by two equations, ore of which 
contains z and the other does not.!) Then the second repre- 
sents a “vertical” cylindrical surface and, on the xy-plane, 
the directrix L, of this surface (Sec. 168); the projection of 
the line L on the xy-plane lies on the L, line (covering it enti- 
rely or in part). 


‘) If neither equation contains 2, then L is a vertical straight 
line (or several such lines); it is projected on XOY as a point (cf. 
Sec. 149, Example 3). 
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Example 1. The equations 
z=yt+>. e+y=l 


represent (Fig. 187) the line ABA,B, (ellipse) along which 
the plane z=yt> (plane P in Fig. 187) and the circular 


cylindrical surface x?-+y?==1 intersect. In the xy-plane, the 
equation x*+-y?=1 represents the circle A’B’A‘ pi. The pro- 
jection of the line ABA,B, coin- 
cides with the line A’B’A /B). 

Example 2. The equations 

B+ytetaat, yams 

represent (Fig. 188) a great circle 
(“meridian”) APA’P’ of the sphere 
O as the intersection of this sphere 
with the plane y= mx (the plane R 
in Fig. 188). The equation y=mx 
represents the straight line UV in 
the xy-plane. The projection of 
the meridian APA'P" on the xy- 
plane lies on UV, but covers only 
a part of it, the segment AA’. 

2. Let both equations representing L contain 2; then z 
has to be eliminated from the given equations in order to 
find the projection of the line L on the xy-plane.}) The 
equation obtained by this elimination represents, in the xy- 
plane, a line L’ on which the desired projection lies (cove- 
ring it completely or partially). Similarly, we find the pro- 
jections of the line on the xz-plane and yz-plane. 


Fig. 187 


This follows from Item 1. 
Example 3. Let us consider a circle (ALK in Fig. 189) 
represented (cf. Sec. 169, Example 2) by the equations 
A ytt2t=at, (I) 
y=z (2) 


’) To eliminate z from the two equations means to find a third 
equation not containing z and satisfied for all those values of x andy 
which satisfy the system of the two given equations. 
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To find its projection on the xy-plane, eliminate z from 
(1) and (2). This yields the equation 


x? + 2y?—=a? (3) 
which, in the xy-plane, represents the ellipse AL’K’ with se- 
miaxes OA=a, OL’ = a - The projection of the circle ALK 


covers the ellipse AL’K’ enti- 
rely. 

To find the projection of the 
circle ALK on the xz-plane, 
eliminate y from (1) and (2). 
This yields 


x24222 =a? (4) 


which, in the xz-plane, repre- 
sents an ellipse of the same di- 


Fig. 189 


mensions as AL'K’. The projection of the circle covers this 
ellipse completely. 

There is no need to eliminate x in order to find the pro- 
jection of the circle ALK on the yz-plane because one of the 
equations (y=2z) does not contain x anyway. In the yz-plane, 
the equation y=z represents the entire line UV, but the de- 
WD. projection only covers a portion of it (the segment 
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171. Algebraic Surfaces and Thelr Order 


An algebraic equation of the second degree (in three un- 

knowns x, y, z) is any equation of the form 

Ax? + By? + C2?+- Dxy4+ Eyz+ Fzx+Gx+HAHy+Kz+L=0 
where at least one of the six quantities A, B, C, D, E, F is 
nonzero. Algebraic equations of any degree are defined simi- 
larly (cf. Sec. 37). 

If a surface S is represented in some rectangular coordi- 
nate system by an nth-degree equation, then in any other rec- 
tangular system of coordinates it will be represented by an 
equation of the same degree (cf. Sec. 37). 

A surface represented by an nth-degree equation is called 
an algebraic surface of the nth order. Any surface of the first 
order is a plane. Surfaces of the second order (quadric surfa- 
ces) are considered in the following sections. 


172. The Sphere 
The second-degree equation 
xt y24 2t= R} (1) 
represents (Sec. 167, Example 2) a sphere of radius R with 
centre at the coordinate origin. If the origin does not coincide 


with the centre of the sphere, then the latter is also represen- 
ted by a second-degree equation, namely 


(x—a)*-+ y—b)-+ (2)? = R @) 
where a, b, c are coordinates of the centre of the sphere (cf 
Sec. 38). 

The equation of the second degree 
Ax? + By? + C23-+- Dxy + Eyz + Fzx + Gx+ Hy+Kz+L=0(3) 
represents a sphere only under the following conditions: 


A=B=C, (4) 
D=0, E=0, F=0, (5) 
G?+ H?+ K?—4AL>0 (6) 
(cf. Sec. 39). Under these conditions we have 
_ GG,  H  _ «K __G4+H*+K2—4AL 
oA. heey =~ 9A" a araromeay v | ammo 


Example. The equation 
x2 + y2+ 22 —2x—4y—4=0 
(A=B=C=1, D=E=F=0, G=-—2, H=—4, 
K=0, L=—4) 
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represents a sphere. Completing the squares in the expressions 
x?—2x and y*?—4y and adding the numbers 1?, 2? to the right 
member to compensate, we obtain the equation 


(x—IP+Y—2P+2=9 
or a=1, b=2, c=0, R=3. 
We find the same using formulas (7). 


173. The Ellipsoid 


The surface given by the equation !) 
et xB 2 28 


2+6+5=! (t) 


is called an ellipsoid?) (Fig. 190). The line of intersection 
ABA'B’ of ellipsoid (1) with the xy-plane is given (Sec. 169) 
by the system 


xy? 22 
a a a a 


It is equivalent to the sys- 
tem of equations 


2 2 
S+$=1 z=0 


so that ABA’B’ is an elli- 
Fig. 190 pse with semiaxes OA=a, 
OB=b. 

Sections of ellipsoid (1) by the planes YOZ and XOZ are 
ellipses M’CMB with semiaxes*) OB=b, OC=c and L'CLA 
with semiaxes OA=a, OC=c. 

The section of the ellipsoid by the plane z=hA (LML'M’ 
in Fig. 190) is given by the system of equations 

xt oy? ha 
> Lat dear 2 (2) 


z=h (3) 


1) Here and in the sequel, the letters a, 6, ¢ denote the lengths of 
certain segments so that the numbers a, 6, ¢ are positive. 

*) The word ellipsoid comes from the Greek and means ‘like an 
ellipse’. The ancient Greek geometers called ellipsoids of revolution 
(they did not consider any others) spheroids (i. e. sphere-like). The 
term is still used today. 

3) Earlier (Sec. 41) the letter c was used to denote half the focal 
length [c=Va*—b* so that c <a]. Here c has a different meaning and 
can assume any value. 


SOLID ANALYTIC GEOMETRY 211 


However, if |&| > c, then Eq. (2) does not represent any 
locus (“imaginary elliptical cylinder”; cf. Sec. 58, Example 5). 
In this case the plane does not intersect the ellipsoid. For 
Jhk|=c, Eq. (2) is the axis OZ(x=0, y=0; cf. Sec. 58, 
Example 4). This means that the plane z=c has one common 
point C (0, 0, c) (point of tangency) with the ellipsoid; in the 
same way, the plane z—=—c touches the ellipsoid at the po- 
int C’ (0, 0, —c) (not indicated in the figure). 

But if |4|<c, then the desired section is an ellipse with 


semiaxes 
,_ Aa iB 
KL=a iis: KM==6 jie 4) 


proportional to a and 6. 

The dimensions of the sections diminish (all are similar) 
as one recedes from the xy-plane. 

The same holds true for sections parallel to the yz- and 
z2x-planes. 

The point O is the centre of symmetry of the ellipsoid (1). 
The planes XOY, YOZ, XOZ are planes of symmetry, the 
axes OX, OY, and OZ are axes of symmetry. 

General ellipsoid. If all three quantities a, b,c are different 
(i.e. not one of the ellipses A’CA, B’CB, ABA’ becomes a circle), 
then the ellipsoid (1) is called general (triaxial). The ellipses 
A'CA, B‘CB, A'BA are called principal; their vertices [A (a, 
0, 0), A’(—a, 0, 0), B (0, 6 0), B’(0, —b, 0), C(O, 0, o), 
C’ (0, 0, —c)] are called the vertices of the general ellipsoid. 
The segments AA’, BB’, CC’ (axes of the principal ellipses) 
and also their lengths are termed the axes of the ellipsoid. 
If a>6>c, then 2a is the major axis, 2b the mean axis, and 
2c the minor ‘axis. ; 

Ellipsoid of revolution. If any two of the quantities a, 5, 
c (say a and 6) are equal, then the corresponding principal 
ellipse A’BA and all the sections parallel to it become circles. 
Any section CRS passing through the z-axis may be obtained 
by rotating the ellipse CLA about the z-axis, i. e. the ellip- 
soid is a surface of revolution (ellipses CLA, CRS, CMB, etc. 
are meridians, the circle A’BA is the equator). An ellipsoid 
of this kind is called an ellipsoid of revolution. Its equation 
is of the form 


2 


x y 2° 
Pana ee ee (5) 
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If a>c, the ellipsoid of revolution is called oblate (Fig. 
191a), if a<c, then prolate (Fig. 1915). In an ellipsoid of 
revolution the positions of two of its axes are indeterminate. 

If a=b=c the ellipsoid becomes a sphere, and the posi- 
tions of all three axes become indeterminate. 


Note 1. An ellipsoid of revolution may be defined as a surface ob- 
tained by uniform compression of a sphere towards its equator (cf. 
Sec. 40) An oblate ellipsoid of revolution is obtained when the coef- 
ficient of compression k <1, prolate when k> 1. 

A general ellipsoid may be defined as a surface obtained by the 
uniform pomp ressiee of an ellipsoid of revolution towards its meridian. 

Note 2. The ellipsoid is represented by Eq (1) if its coordinate 
axes coincide with the axes of the ellipsoid. In other cases, the ellip- 
soid is described by other equations 


Example 1. Determine the surface defined by the equation 
16x? +- 3y?A- 1622 48 =0 
Solution. The given equation is reduced to the form 
xe 
3 
It defines a prolate ellipsoid of revolution with semiaxes 
a=c=V 3, b=4, and with axis of rotation Oy. 
Example 2. Find the surface described by the equation x*—6x+ 
+4y?+9z9+36z2—99=0. 
Solution. Bring the equation to the form 
(x—3)?+4y?+9 (z+2)?7=144 
Translate the origin to the point (3, 0, —2); then (Sec. 166) we get 


Ol hats ce 
Mie 
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the equation x44 4y’*+92"*=144 or 
x’? y” zt 
T44*36* 16 
This equation is a general ellipsoid with semiaxes a=12, 6=6, 


c=4,; its centre lies in the point (3, 0, —2) and the axes are parallel 
to the coordinate axes. 


174. Hyperbolold of One Sheet 


A surface described by the equation 


xa y? 23 
ate a! a) 


is called a hyperboloid of one sheet (Fig. 192). 

The term hyperboloid +) stéms from the fact that there are 
hyperbolas among the sections of this surface. Such, for in- 
stance, are sections by the planesx=0 
(MNN‘M’ ‘in Fig. 192) and y=0 
(KLL’K’). In their planes, these sec- 
tions are defined by the equations 


y? 22 (2) 


a a @) 


The words “one sheet” stress the 
fact that the surface (1), in contrast to 
a hyperboloid of two sheets (see Sec. 
175) is not separated into two “sheets”, 
but is a single infinite tube stretching 
along the z-axis. 

The plane 


z=h (4) 
for any value of & (cf. Sec. 173) yields, 
ina section with the surface (1), the ellipse 2) 


a oy? h2 
at pal te @) 


Fig. 192 


1) The term means “hyperbola-like”. 
*) It is assumed here that a 6. If a=6 the ellipses (5) become 
circles; see Eq. (6) below. 
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with semiaxes ayy 1 : bi ee . All ellipses (5) 


are similar, their vertices lie on the hyperbolas (2) and (3); 
the dimensions of the ellipses increase as the section recedes 
from the xy-plane. A section by the xy-plane is an ellipse 


+51 (6) 


(gorge ellipse ABA’B’). 

The hyperbolas (2) and (3), and also the ellipse (5’) are 
called pringipal sections, their vertices A (a, 0,0), A’ (—a, 0, 0), 
B(0, 6, 0), B’ (0, —b, 0) are vertices of the hyperboloid of 
one sheet.The segments AA’—2a, BB’=2b (real axes of 
the principal hyperbolas) and, frequently, the straight lines 
AA’, BB’ are called transverse axes. The segment CC’ = 20C=2c 
laid off on the z-axis (the imaginary axis of each of the 
principal hyperbolas) is called the longitudinal axis of the 
hyperboloid of one sheet. 

The point O is the centre of symmetry of the hyperboloid 
of one sheet (1), the xy-, yz-, zx-planes are planes of symme- 
try, and the x-, y-, and z-axes are axes of symmetry. 

A hyperboloid of revolution of one sheet. If a5, then 
Eq. (1) takes the form 


x y z? fe 
a tara! (6) 
The gc-ge ellipse ABA’B’ becomes a gorge circle of radius a. 
All the sections parallel to XOY are likewise circles. The 
sections KLL'’K’ and MNN‘M’ (and, in general, all sections 
through the longitudinal axis) become equal hyperbolas, and 
surface (6) may be formed by rotation of the hyperbola 
KLL’K’ about the longitudinal axis. Surface (6) is called a 
Ayperboloid of revolution of one sheet. The positions of two 
(transverse) axes become indeterminate, the third (longitudinal) 
axis coincides with the imaginary axis of the rotating hyper- 
bola. In contrast to the hyperboloid of revolution for a=b, 
a hyperboloid of one sheet (1) for a #6 is termed general 
(triaxial). 

Note. A hyperboloid of revolution of one sheet may be defined 
as a surface generated by the revolution of a hyperbola about its ima- 
eae axis, a triaxial hyperboloid of one sheet, as the surface obtained 


y uniform compression of a hyperboloid of revolution of one sheet 
towards the plane of any one of the meridians. 


Example. Determine the type of surface 
x? — 4y2— 422+ 16=0 
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Solution. This equation is brought to the form 
x? y? 22 
a torta=l 


It represents a hyperboloid of revolution of one sheet with 
centre in the point (0, 0, 0) and axis of revolution OX (since 
the coefficient of x? is negative). The radius of the gorge 
circle r=2, the longitudinal semiaxis is equal to 4. 


175. Hyperbolold of Two Sheets 
The surface described by the equation 
Se Ye el (1) 


is called a hyperboloid of two sheets (Fig. 193). 
The sections by the xz- and yz- 
planes are given by the equations 


zt xt 
grok (2) 
a—RH! (3) 


These are hyperbolas (KXK’L’L and 
MM'N'N in Fig. 193). For each of 
them the z-axis is a real axis (cf. 
Sec. 174). 

The planes z=h do not meet hy- 
perboloid (1) for | 4| < c (cf. Sec. 174). 
For h=+c, they touch the hyper- 
boloid at the points C(0, 0, ¢) and 
c’(0, 0, —c). For |A|>c, the 
sections are ellipses ) 

h? 


2 2 
St+H$=4-1 (4) Fig. 193 


which are similar to one another (KMK’M’, LNL'‘N’, and 
others). Their dimensions increase as they recede from the 
xy-plane. 

Thus, the surface (1) consists of two separate sheets, 
whence the name: Ayperboloid of two sheets. 

The hyperbolas (2) and (3) are called principal sections, 
their common vertices C and C’ are the vertices of the hy- 


1) See footnote 2 on p. 213. 
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perboloid of two sheets, their real axis CC’ is the longitu- 
dinal axis of the hyperboloid of two sheets, and the imaginary 
axes AA’=2a and BB’=2b are called the transverse axes 
of symmetry. 
A hyperboloid of two sheets has a centre O, axes of 
symmetry OX, OY, OZ and planes of symmetry XOY, YOZ, 
OX. The two sheets of the hyperboloid are symmetric to 
each other about the xy-plane. 
Hyperboloid of revolution of two sheets. Eq. (1), for 
a=6, takes the form 
x y* z neon 1 
. a! gt ct 
and defines a surface generated by the revolution of a hyper- 
bola about its real axis. It is called a Ayperboloid of 
revolution of two sheets. A hyperboloid of two sheets with 
unequal transverse semiaxes a and 6b is called general 
(triaxial). 
Example 1. Determine the type of surface 


3x2 — 5y? — 222 30=0 
Solution. Transform this equation to 


y? 2? x? ce. 
hie is 2s 


This is a hyperboloid of two sheets (triaxial). The longitu- 
dinal axis is equal to V'10 and coincides with the x-axis; 
one transverse axis is equal to V6 and is directed along 
the y-axis, and the other is Y15 and directed along the 
z-axis. 

Example 2. The equation 


— y2—23= —!1 


is a hyperboloid of one sheet (not two sheets). Although we 
have —1 in the right-hand member, and not +-1, there are 
two negative terms in the left-hand member. Representing 
the equation in the form y?+22—x?=1, we see that the 
hyperboloid is generated by the revolution of an equilateral 
hyperbola about its imaginary axis (which coincides with 
the x-axis). 


SOLID ANALYTIC GEOMETRY 217 
176. Quadric Conical Surface 


A conical surface is any surface generated by the motion 
of a straight line (generatrix) passing through a fixed point 
(vertex of the conical surface). Any line (not passing through 
the vertex) which intersects the generatrix in any of its 
positions is called the directrix. 

The surface 


x? y* 22. 
ato a= (1) 


which, as shown below, is conical, is 
called a quadric conical suriace (Fig. 
194). 

A section by the xz-plane (y=0) 
is given by the equation 


x? 2? 
——=;=0 
a ¢ 


Gree’ 2 


This isa pair of straight lines (KL and 
K‘L’) passing through the origin (Sec. 
58). The section by the yz-plane 
yields a pair of straight lines (MN and M’N’): 


(ete) (oo )=0 @) 


A section by any other plane y=&x passing through the 
z-axis is given (Sec. 169) by the system of equations 


Fig. 194 


2 2y2 % 
y=, StS =0 (4) 
This too is a pair of straight lines: 
1 2 
pak of Gt + eo o 
and 
yer, yf 24 2-0 6) 


passing through the origin. Hence, surface (1) is conical and 
point O is its vertex. 
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The section of cone (1) by any plane z=A (for A # 0) 

is the ellipse 
2 2 h? 
atpoa (7) 

It degenerates into a point O(0, 0, 0) for A=0. All the 
sible (7) are similar, their vertices lie on the sections (2) 
and (3). 

For a=6, the ellipses (7) become circles and the quadric 
conical surface becomes a circular conical surface: 


7 2 2 
ata =O @) 


A quadric conical surface may be defined as a surface 
obtained by the uniform compression of a circular conical 
surface towards the plane of the axial section. 

Sections of cone (1) by planes parallel to the xz-plane 
(or the yz-plane) are hyperbolas. 

Note. Sections of any quadric conical surface by planes not passing 
through the vertex are circles, ') ellipses, hyperbolas. and parabolas. 
Any one of these curves may be taken for the directrix. It is therefore 
advisable to call quadric conical surfaces “elliptical”. 

Example 1. The equation x?-+-y?=—2z? is a circular cone; 
the section by the xz-plane is a pair of straight lines x= + z. 
The generatrices form an angle of 45° with the axis. 

Example 2. The equation —x?-+9y?+-3z?=0 is a (non- 
circular) quadric conical surface. A section by any plane 
z=h(h #0) is the hyperbola x?—9y?==3h?; for h=0 it 
becomes a pair of generatrices. The same applies to sections 
y=l. The sections xd (d x 0) are ellipses. 


177. Elliptic Parabolold 
The surface given by the equation 
2 2 
= a5 +t (1) 
(p > 0, g > 0) is called an elliptic paraboloid (Fig. 195). 


Sections by the xz- and yz-planes (principal sections) 
are parabolas (AOA’ BOB’): 


x? == 2pz, (2) 
4 — 292 (3) 
both concave “up”. 


1) A circular conical surtace has one system of parallel circular 
sections, a noncircular conical surface has two. 
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The plane z :0 touches the paraboloid at the point O, 
the plancs z=:h for h>O intersect the paraboloid along 
similar ellipses 


Op aipros fh (4) 


with semiaxes V 2ph, Y 2gh. For 4 <0 these planes do 
not meet the paraboloid. 

The elliptic paraboloid does not have a centre of sym- 
metry; it is symmetric with respect to the xz- and yz-planes 
and the z-axis. The line OZ 
is called the axis of the el- 
liptic paraboloid, the point 
O is its vertex, and p and q 
are parameters. 

For p=q, parabolas (2) 
and (3) become equal, the 
ellipses (4) turn into circles 
and the paraboloid (1) beco- 
mes a surface generated by 
the revolution A a parabola 
about its axis (paraboloid of 
revolution). » 

The elliptic paraboloid 
may be defined as a_sur- 
face generated by uniform 
compression of a paraboloid 
of revolution towards one 
of its meridians. 

Example. The surface z-=x?- y? is a paraboloid of revo- 
lution generated by the revolution of the parabola z= x? 
about its axis (z-axis). The surface x=y?+ 2? is the same 
paraboloid situated differently (the axis of revolution coin- 
cides with OX). 

Note, A section of an. elliptic paraboloid by the plane 
y=f yields the curve 2=5, £(cDc’); this is a parabola 
equal (Sec. 50) to the parabola AOA’ (2=35)3 its axis is 


also directed “upwards”, and point D(0, f, is the 
vertex. The coordinates of point D satisfy the equations 


__') Parabolic reflectors are in the shape of a paraboloid of revolu- 
tion (they convert a beam of light emanating fou the focus into 
parallel rays). 
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x=0, y?=2qz, i. e. D lies on the parabola BOB’. Hence, 
an elliptic paraboloid is a surface generated by the parallel 
translation of a parabola (AOA’) in which its vertex moves 
along another parabola (BOB’). The planes of the fixed and 
moving parabolas are perpendicular and the axes are in the 
same direction. 


178. Hyperbolic Parabolold 
The surface defined by the equation 


© z 2 
- t= oe (1) 
(p >0, g>0) is called a hyperbolic paraboloid (Fig. 196). 
Sections by the xz- and yz-planes (principal sections) 
are the parabolas (AOA’, 
BOB’) 
x*=2pz, (2) 
y? = —2qz (3) 
Unlike the principal secti- 
ons of the elliptic para- 
boloid (Sec. 177), the para- 
bolas (2) and (3) are concave 
in opposite directions (the 
parabola AOA’ is concave 
up, the parabola BOB’ is con- 
cave down). The surface (1) 
is saddle-shaped. 
A section of the hyperbolic paraboloid (1) by the xy-plane 
(z=0) is defined by the equation 


See sey (4) 


This is a pair of straight lines OD, OC (Sec. 58, Example 1). 
The planes z=h, parallel to the xy-plane, intersect the 
hyperbolic paraboloid along hyperbolas: 


od ye rae 
3p 24 =h, z=h (5) 


For A > 0, the real axis of these hyperbolas (for example, 
the hyperbola UVV’U’) is parallel to the x-axis; for 4<0 


4) The hyperbolic paraboloid has an infinity of straight lines; see 
Sec. 180. 
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(hyperbola LNN’L’), the real axis is parallel to the y-axis. 
All the hyperbolas (5) lying to one side of the xy-plane are 
similar; they are pairwise conjugate (Sec. 47) to the hyperbolas 
(5) lying on the other side of the xy-plane. 

The hyperbolic paraboloid does not have a centre; it is 
symmetric with respect to the xz- and yz-planes and about 
the z-axis. The straight line OZ is called the axis of the 
hyperbolic paraboloid, the point O is its vertex, and p and q 
are parameters. ' 

Note 1. The hyperbolic paraboloid is not a surface of 
revolution for any value of p and gq (unlike the quadric 
surfaces discussed above). 

Note 2. Like the elliptic paraboloid, the hyperbolic 
paraboloid may be formed by a parallel translation of one 
of the principal sections (say BOB") along the other (AOA’). 
But then the fixed and moving parabolas become concave in 
opposite directions. 

Example. The surface z=x?—y? is a hyperbolic paraboloid; 
both principal sections are parabolas equal to one another 
but in opposite directions. The surface may be generated by 
a parallel translation of one of these parabolas along the 
other. The section by the plane z=h (h = 0) is an equilateral 
hyperbola with semiaxes a=V |h|, b=V [A|. For h=0 
it becomes a pair of perpendicular straight lines (x+y=0, 
x—y=0). If these lines are taken for the coordinate axes 
(OX’, OY’), then the hyperbolic paraboloid under consideration 
will be represented (Sec. 36) by the equation z=2x’y’. 

Generally speaking, the equation z= defines the same 
hyperbolic paraboloid as the equation z= 5 ; only in the 


former case, the x- and y-axes coincide with the rectilinear 
generatrices (Sec. 180) passing through the vertex. 


179. Quadric Surfaces Classlifled 


Any second-degree equation 
Ax? + By? + Cz?+- Dxy+ Eyz-+ Fzx+Gx-+Hy+Kz+L=0 
can, with the aid of formulas for transforming coordinates 
(Sec. 166), be converted into one of the 17 equations given 
below called standard (canonical). Then, the equation 


£+4=0 (No. 14) defines a straight line (c=0, y=0) and 
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Drawing 
(Schematic) 


Sec- 


No.| Standard Equation tion 


Type of Surface 


Ellipsoid (in parti- | 173 
cular, ellipsoid 
of revolution 
and sphere) 


D Sf = Hyperboloid of one} 174 
att Bry ct : sheet 
3 | Bez Hyperboloid of two} 175 


sheets 


Quadric contcal| 176 
surface 


\ | A Elliptic paraboloid | !77 


Hyperbolic parabo- | 178 
loid 


2 2 
7) 244%) Elliptic cylinder 168 
az b? 
x? y? Hyperbolic cylin-| 168 
8 ar prt! der 
<q 
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D i Sec- 
Standard Equation iSchematicl Type o! Surtace tion 


Parabolic cylinder | 168 


Pair of intersecting 
planes 


Pair ot  paraltel 
planes 


Pair ot coincident 
planes 


Imaginary quadric 
conical surface 
with real ver- 
tex (0 0. 0) 


Pair ot imaginary 
planes (inter- 
secting along 
real straight 
line) 


Imaginary ellipsoid 


Imaginary elliptic 
cylinder 


Pair ol imaginary 
parallel planes 
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not a surface. However, we say that it defines a pair of 
imaginary surfaces (intersecting along a real straight line) 


(cf. Sec. 58, Example 4). The equation $+$45=0(No. 13) 


defines only one point (0, 0, 0). However, (by similarity 
with Eq. No. 4) we say that Eq. No. 13 defines an imaginary 
quadric conical surface (with real vertex). 

Equations Nos. 15, 16, 17 do not represent any geometric 
image. However, we say that they correspond to an imaginary 
ellipsoid (cf. No. 1), an imaginary elliptic cylinder (cf. No. 7) 
and a pair of imaginary parallel planes (cf. No. 11), res- 
pectively. © 

Taking ‘advantage of this symbolic terminology, we can 
say that any quadric surface is one of the 17 surfaces given 
in the classification. 


180. Stralght-Line Generatrices of Quadric Surfaces 


A surface is called ruled if it can be generated by the mo- 
tion of a straight line (generatrix). Of the quadric surfaces, 
the cylinder and quadric conical 
surface and also the hyperboloid of 
one sheet and the hyperbolic para- 
boloid are ruled surfaces. 


Fig. 197 Fig. 198 


Both in the hyperboloid of one sheet (Fig. 197) and the 
hyperbolic paraboloid (Fig. 198), two straight-line generatrices 
pass through each point. In Fig. 197, through point A pass 
the generatrices UU’ and VV’ through point V, the genera- 
trices VA and VB. 

There are no straight-line (real) generatrices in the case of 
the ellipsoid, hyperboloid of two sheets and elliptic paraboloid. 
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Example. A section of the hyperboloid of one sheet 


x2 y? 22 
at tyr er! (1) 


by the plane x=a (plane P in Fig. 197) is defined by the 
equation S+h-S=1, i.e. 


oe (2) 


This is a pair of straight lines (UU’ and VV’). They pass 
through the vertex A (a, 0, 0) of the gorge ellipse. In exactly 
the same way, through the vertex B(0, 6, 0) pass a pair of 
Straight-line generatrices 

x 2? 

aaa 0, y=b (3) 
A hyperboloid of revolution of one sheet (a=6) may be ge- 
nerated ) by revolution of the straight line UU’ (or VV’) 
about the z-axis. 


Note. The ruled-surface nature of a hyperboloid of one sheet was 
utilized by engineer V. Shukhov in the construction of what is called 
the “Shukhov Tower” of Moscow which for years was used as the 
Moscow radio and television tower. It was 
constructed out of steel strips arranged along 
rectilinear generatrices of a hyperboloid of one 
sheet. The strips were riveted together at the 
points of intersection of the two systems of ge- 
neratrices. Shukhov’s structure possesses high 
strength, though a relatively small amount of 
material was used in the construction. 


(81. Surfaces of Revolution 


Let L be a line lying in the xz-plane. 
The equation of a surface generated by 
rotation of L about the z-axis is obtai- 
ned from the equation of the line L by rep- 
lacingx by V x?+y?. 

Example 1. Let a straight line z=2x 
lying in the plane y=O (straight line 
PP’ in Fig. 199) be rotated about OZ. 
Then the equation of the conical surface generated by rota- 


1) If two matches not lying in the same plane are pierced with a 
pin, and if, taking the end of one of the matches, we rapidly revolve 
the whole model about it, the other match will clearly sweep out a 
hyperboloid of one sheet. 
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tion of the straight line PP’ is of the form z=2 Vty 
or e+y—>=0 (cf. Sec. 176). 


Similar rules hold when: L lies in another coordinate plane 
and the axis of revolution is some other coordinate axis. 

Example 2. Find the equation of a surface generated by 
rotation of the parabola y2=2px(LOL’ in Fig. 200) about 
the x-axis. 

Solution. Replacing y by V y?+23, ie. y? by y?+-z3, we 
get y?-+-z?= 2px (a paraboloid of revolution about the x-axis). 

Example 3. Find the equation of a surface generated by 
rotation of. the parabola 
z*= 2px (KOK’ in Fig. 201) 
about the z-axis. 


Fig. 200 Fig. 201 


Solution. Replacing x by V x?+-y%, we obtain the equa- 
tion 22=2p V x?+-y? or z24= 4p? (x?-++- y?) (a quartic surface). 


182. Determinants of Second and Third Order 


The second-order determinant |@ ; is (Sec. 12) given 
by the expression oie 
Q,bg— ay), 
The third-order determinant 
a, by cy 
A=] aq by Ce (1) 
ag bg Cg 
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is (Sec. 118) given by the expression 

yb 40g — 030g + 640943 — byl gq + €14gb3 — C1030, (2) 
or, what is the same, : 
by Cs 


_p. [9 % 
bs Cs 


| ay Cs 


The letters a;, 53, Cy, @g, 59, Cg, G3, 63, Cg are called 
elements of the determinant. 
by Cy a, Cy a by 


bs Cs a3 C3|° |a3 5 
formula (3) are called minors (from the Latin, less) of the 
elements a,, 6,, ¢. 

A minor of any element is the determinant obtained from 
the given determinant by deleting the row and column in 
which the element stands. 

Examples. The minor of the element 6, of determinant (1) 


2. i) 

a & & 
: 42--b--—& 

2 & & 


a, ¢ . 
1° "11 | the minor of element 
a, Ce 


a rey (3) 


a, 6, 
ay bs 


Minors. The determinants of 


is the determinant |“! “ 


ay Cs 


The minor of element 0, is 


. [ay oy 
Cs is ; 
a, by 
Note. In the second-order determinant Bs rae element 
2 


b, is the minor of element a; it may be considered a “first- 
order determinant”. Element 6, is obtained from a second- 
order determinant by striking out the upper row and the left 
column. Similarly, element 6, is the minor of element ag, etc. 

Cofactor. In formula (3) elements @,, 6,, c, are multiplied 


by + Da Ca I _|% ial as Ya! These expressions are 
bs Cs ag C3 as bs 
called the cofactors of the elements ay, 5,, ¢. 


Generally, the cofactor of an element is its minor with 
its sign or the opposite sign prefixed in accordance with the 
following rule: ‘ 

If the sum of the position numbers of the column and the 
row in which the element stands is an even number, then 
the minor has its own sign, if odd, then the sign is reversed. 
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The cofactors of the elements a;, 6,, c;, a2 and so forth 
will be denoted, respectively, by A,, By, Cy, Ag, etc. 

Example 1. Element b, of determinant (1) lies at the inter 
section of the first row and the second column. Since 14+-2=3 
is an odd number, B,=— ae “3 

Example. Find the cofactor ve the element Cg. 

Solution. Striking out the second row and the third co- 


lumn, we find the minor a oe | 0 the element c,. The num- 
3 
ber of the row of this element is2, the number of the column, 3. 
a, by 


The sum 243 1s an odd number. Therefore C,=— 


a3 bs 
Example 3. In determinant (1) the cofactor B, of element 
by is + 


3 
Theorem 1. Determinant (1) is equal to the sum of the 
products of the elements of some row by their cofactors, i.e. 


a, ¢ ‘ 
i - | (2+-2 is an even number). 
3 


A=aA,+5,B,+e,C), (4) 
A=a,A_+ b,B2.+ ¢2C2, (5) 
A= 3A3 + 63By-+ ¢3C3 (6) 


Formula (4) is identical to (3), formulas (5) and (6) are 
verified by direct computation. 

Theorem 2. Determinant (1) is equal to the sum of the 
products of the elements of some column by their cofactors, i.e. 


A=a,A; + 4,Ag+43As, (7) 
A=6,B, + 5B, + bsBs, (8) 
A=0,Cy + 62C,+C5C3 (9) 


These two theorems facilitate computing a determinant 
that has zeros as some of the elements. 
Example 4. To evaluate the determinant 


25 —2 
=(3 8 0O 
13 5 


it is convenient to use (5) or (9). 
Formula (5) yields 


Kea 3 5it8|; 3|=-3- 3148-12=3 
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Formula (9) yields 
3 8 25 
s=—2/) 51+5]5 g[=—2 1 +5-1=3 
Example 5. In evaluating the determinant 
4 —3 2 
A=j6 Il 1 
0 30 
it is best to use (6): 
4 2 
a=—3|5 }|=-3--8=24 
183. Determinants of Higher Order 
The fourth-order determinant 
a, b; Gy dy 
a, b, Cc, dy 
Aelia ba ed, (1) 
a, by & dy 
is the expression 
A=0,A,+6,B,4+0¢,C,+d,D, (2) 


where A,, By, Cy, D, are cofactors (Sec. 182) of the elements a, by, 


Cy, dy, i.e. 


a, 


Example 1. Evaluate 


Solution. 


421 
A,=|4 4 2 
785 


Cc, d, @, Ce dy 
Cy dy By=-|4s ¢s ds 
Cy dy a, co dy 
by dy ay By. G3 (3) 
6, d, D,y=-|43 53 cy 
a a, a, by Cy 
the determinant 
6 3 0 3 
442 1 
4=l0 442 
778 5 
4 2 1 
=8, B,=-|0 4 2}/=-16, 
7 8 5 
44 2 
D,=-}0 4 4};=-72 
77 8 
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(since c,=0, it follows that C, does not need to be computed): 
A=6-8+3 (-16)+3 (-72)=-216 
anecrems 1 and 2 (Sec. 182) hold true for fourth-order determi- 
nants. These two theorems are united by the following theorem. 
Theorem. A determinant is equal to the sum of the products of the 
elements of any row (or any column) by their cofactors, I.e. 
A=4,A,+6,B,+¢,Cy+d,Dy, 
4=a,A,+ 6,B,+¢3C,+d3Dz, 
A=0,A,+G3Ag+G3Agt+GyAy, (4) 
4=6,B,+6,B,+6,B,+ 5,B,, 


The first of formulas (4) coincides with formula (2) taken as the 
definition. The remaining may be verified by direct computation, 
though this is a cumbersome procedure. There are shorter ways. 

xample 2. Evaluate the determinant of E semble 1 by expanding 
it in terms of the elements of the second column. We have 


A=3B,+4B,+4B,+7B, 


where 
421 6 0 3 
B,=-}|0 4 2/=-16, B,=|0 4 2s, 
78 5 7 8 5 
6 0 3 6 0 3 
By=-|4 2 1}=-66, By=|4 2 1)=48 
78 5 0 4 2 


so that A=3-(-16)+4-(-—60)+4-(-66)+7-48=-216. 
Example 3. Evaluate the same determinant by expanding it in 
terms of the elements of the third row: 


4=0-A,+4B,+4C,+2D,= 


6 0 3 6 3 3 6 3 0 
=-4/4 2 1ll44]4 4 t]-014 4 2le-216 
7 8 5 77 5 7 7 8 


The fifth-order determinant 

a, & cy dy ey! 

a, by cy dz ey 
Az=| 4,65 Cy ds es (5) 

a, Og Cy dy & 

a, by cy dy ey 

is the expression 

A=0,A,+6,B,+¢,C,+d,D,+e,E, (6) 


where Aj, B,,C,, Dy, E, are cofactors of the elements a4, by, 64, dy, ¢;, 
these colactors are themselves fourth-order determinants. 

Similarly, we define a sixth-order determinant in terms of a de- 
terminant of the fifth order, etc. . 

The theorem of this section holds true for determinants of any order. 
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184. Properties of Determinants 


1. The magnitude of a determinant does not change if 
each of the rows is substituted by a column of the same 
position number. 


Example 1. 
a by a, ae 
ag n|= b ob, 
Example 2. 
a, by cy a, a, ag 
a, by Cy |=| by by by 
ag bg Cg} | Cy Co Cg 


2. If any two rows or any two columns are interchanged, 
the absolute value of a determinant remains unaltered, while 
the sign is reversed. 


Example 3. 
a, by a, 6, cy | (second and third rows inter- 
a, by Cy |= —]| a3 63 cg | changed, cf. Sec. 117, Item 1) 
as bg Cy a, by Cy 
Example 4. 
215 5 1 2| (first and third columns 
36 0/—=—| 6 3] interchanged) 
—4 21 12 —4 


3. A determinant, the elements of one row (or column) 
of which are respectively proportional to the elements of the 
other row (column), is zero. In particular, a determinant 
with two identical rows (columns) is equal to zero. 

Example 5. 


2 2 2 (second and third columns 
—5 —3 ~—3]—9 are the same) 
0 —! -1 
Example 6. 
aa a (elements of third row are proportional 


bb Oo” 
3a 3a’ 3a” 


=o to elements of first row; cf. Sec. 117, 
Items 1, 3, 4) 
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4. A common factor of all the elements of one row (or 
of one column) may be taken outside the sign of the deter- 
minant. 

Example 7. 


ma ma’ ma’ aa’ a 
b bf OO” jamb Bb b" | (cf. Sec. 117, Item 3) 
c ce cc’ Cc” 


5. If every element of some column (row) is the sum of 
two terms, then the determinant is equal to the sum of two 
determinants:. one containing only the first term in place of 
each sum, the other only the second term (the remaining 
elements of both determinants are the same as in the given 
determinant). 


Example 8. 
a +e dy a, by dy a cy dy 
dz be+Cy dy |=|a, be de|+}ds ce ds 
ag by+cCg dg ay bs dg a3 Cs ds 


(cf. Sec. 117, Item 2). 

6. If to all the elements of some column we add terms 
proportional to the corresponding elements of another column, 
then the new determinant is equal to the old one. The same 
holds true for rows. 

This follows from Items 5 and 3. 


2-1 3 
Example 9. The determinant | 4 1 —3] is equal to 12. 
5 0 2 
Let us add the elements of the second row to the elements 
6 0 0 
of the first row. We get |4 1 —3]. This determinant is 
5 0 2 


also equal to 12, but is evaluated in simpler fashion (two 
terms are zero in the expansion in terms of elements of the 


first row). 
Example 10. To evaluate the determinant 
42 3 
—1 3 5 
63 —1 


add the elements of the second column multiplied by —2 to 
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02 3 
the elements of the first column. This yields |} —73 5 
03 —1 


This determinant is readily evaluated by expanding the first 
column in terms of its elements [Sec. 182, Formula (7)]. We 
have 


2 3 
713 \|=7-77 
Example 11. To evaluate the determinant 
6 3 0 3 
442 1 
044 2 
77 8 5 


subtract the elements of the third column from the elements of the 
second column. This yields 


6 3.0 3 
4 22 1 
0 04 2 
7 -1 8 5 


Now subtract the elements of the fourth column multiplied by 2 from 
the elements of the third column. This gives 


6 3-6 3 
4 2 01 
0 0 0 2 
7 -1 -2 5 


Expanding in terms of the elements of the third row, we get (as 
in Example 1, Sec. 183): 


6 3 -6 
~2/4 2 0/=-216 
7-1 ~«-2 . 


185. A Practical Technique 
for Computing Determinants 


The device explained below is particularly convenient when 
the elements of the determinant are integers. 

Pick a row (or column) in terms of the elements of which 
we shall carry out the expansion. It is desirable to have 
zero. The device is calculated to create fresh zeros in the 
chosen row. To do this, use Property 6, Sec. 184. 
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Example 1. Evaluate the determinant 


25 3 
A=|0 6 2 
73 -!1 


Expand it in terms of the elements of the second row (it 
has a zero). We then establish another zero (in place of 
Element 6). To do this, subtract tripled elements of the 
tire column from the elements of the second column. This 
yields 


2 —4 3 2 —4 
A=| 0 0 2)=-—2 = — 80 
7 6 —1 7 6 


Now expand in terms of the elements of the first column 
where there is one zero. In place of Element 7 we create 
another zero by subtracting from elements of the third row 


elements of the first row multiplied by za , which gives 


2 5 ) 
3 25 3 
0 6 2 1 
0 = 0 29 23 
1 6 2 
=— F199 93/= —~ 8 


Note. One could foresee that the first way would be more conve- 
nient since in the second row Element 6 is a multiple of Element 2, 
whereas in the first column Element 7 is not a multiple of Element 
2. It is desirable for all elements in a chosen row (or column) to be 
multiples of one element. If one of the elements is equal to 1 or -1, 
then we should take the row or column with that element. 

Example 2. Evaluate the determinant 


-1-2 401 
2 3 0 6 
4=| 9 -2 1 4 
oa ot er 


We choose the third column (it has a zero and a one). To create 
a zero in place of Element 4, subtract quadrupled elements of the 
third row (which has Element ! of the chosen column) from elements 
of the first row. The first row will become 


-9 6 0 —15 
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In order to turn element —2 into a zero in the third column, add 
doubled elements of the third row to elements of the foyrth. This 
fourth row will then take the form 


7 -3 07 
Now, expanding in terms of elements of the third column, we have 
-9 6 0 -15 -9 6 -15 
2 30 6 
d= 2-21 4 =1 2 3 6 
7 -3 7 


7 -3 0 7 


In the third-order determinant all elements of the second column 
are multiples of Element —3. Therefore, we add elements of the third 
row (which contains Element —3) to. the elements of the second, and 
Moen Ady doubling them) add them to the elements of the first row. 

is yields 


6 Ol) ap oy 
a=|9 0 13]=-|5 75 |-(-3=222 
ee 


Example 3. Evaluate the determinant 
3 #7 -2 4 
-3 -2 6 -4 
5 5&5 -3 2 
2 6 -5 3 
There are no zeros, but In the second row it is easy to make two 


zeros by adding the elements of the first row to the elements of the 
second row. This yields 


A= 


37 -2 4 
05 40 
mt foe ee 
26 -5 3 


Another zero can be created in the second row by subtracting the ele- 
ments of the second row ( multiplied by aa from the elements of 
the third column. It is more convenient to produce a one in the se- 


cond row by subtracting the elements of the third column from the 
elements of the second. This gives 


3 9 -2 4; {3 9 -38 4 
ac{? 1 4 0/_/o 1 0 0 
“l5 8 -3 21—|5 8 -35 2 
211 -5 3| |2 41 -49 3 


(we subtracted quadrupled elements of the second column from the 
elements of the third column). We now have 

3-38 4 
5 -35 2 
2 -49 3 


4= =-303 
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186. Using Determinants to Investigate 
and Solve Systems of Equations 


Determinants were first introduced to solve systems of 
equations of the first degree. In 1750, the Swiss mathematician 
G. Cramer gave general formulas expressing the unknowns in 
terms of determinants composed of the coefficients of the 
system. About a hundred years later the theory of deter- 
minants was taken far beyond the limits of algebra into all 
divisions of mathematics. 

In the sections which follow we give basic information 
on investigating and solving systems of first-degree equations. 
Geometrical facts are invoked for greater pictorialness. 


(87. Two Equations In Two Unknowns 


Consider the system of equations 
ayx+byy=hy, (1) 
ax + bay = hy (2) 


(each of which defines a straight line in the xy-plane; cf. Sec. 19). 
Introduce the notation 


A= (determinant of the system) (3) 
a, bs 
_ fay by _ 4} 4 Ha 
ae hy |" yo} ae hy @ 


The determinant A, is obtained from A by replacing the 
elements of the first column by the constant terms of the 
system; A, is obtained in similar fashion. 

Three cases are possible. 

Case 1. The determinant of the system is nonzero: A 0. 

Then the system has a unique solution: 


r=, y=z @) 


{the straight lines (1) and (2) intersect, formulas (5) yield 
the coordinates of the point of intersection]. 

Case 2. The determinant is equal to zero: A=0 (i. e. the 
coefficients of the unknowns are proportional). Let one of the 
determinants A,, Ay be different from zero (i. e. the constant 
terms are not proportional to the coefficients of the unknowns). 
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In this case the system does not have any solutions [the 
straight lines (1) and (2) are parallel but not coincident}. 

Case 3. A=0, A,=0, Ay=O (both the coefficients and 
the constant terms are proportional). 

Then one of the equations (1), (2) is a consequence of the 
other and the system reduces to a single equation in two 
unknowns and has an infinity of solutions [the straight lines 
(1) and (2) coincide}. 


Example 1. 
2x+3y=8, 7x—Sy=—3 
Here 
2 3 8 3 
a=|7 _3 |=) 4e=|_3 _5|=—31 


42 8 
ay=|? _3[-—@ 


The system has a unique solution: 


The coefficients are proportional but the constant terms do 
not obey the same proportion. The system has no solutions. 


Example 3. 
2x+3y=8, 4x+6y=16 
Here 


83-5, a. =|? 8]_6 


16 6 Y 14 16 


One of the equations is a consequence of the other (for 
exampie, the second is obtained from the first by multiplying 
by 2). The system reduces to a single equation and has an 
infinity of solutions contained in the formula 


2 3 
a=; 3|=° oe 


y= —$xty (or x= —$y+4) 
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188. Two Equations In Three Unknowns 


Consider the system of equations 


ayx+by+eyz=hy, (1) 
yx + bey + Coz = hy (2) 
(each of which defines a plane in space; cf. Sec. 141). 
Three cases are possible. 
Case 1. Of the following three determinants 


Qa, b; by Cy 3 
a, be bg Ce 3) 
at least one is nonzero, i. e. the coefficients of the unknowns 
are not proportional. Then the system has an infinity of so- 
lutions, and any value can be assigned to one of the unknowns. 


For instance, if 2 i 


Cy ay 
Cg ag 


’ ’ 


Pa 3 0, then to the unknown z we can 
2 Og 
assign any value; the unknowns x and y are determined in 
unique fashion (Sec. 187, Item 1) from the system 

a,x + by =hy —c2, 

AX + boy = hy — Caz 
[the planes (1) and (2) are not parallel, the system defines 
a straight line, the quantities (3) are direction numbers, 
(Sec. 143)]. 

Case 2. All determinants (3) are equal to zero, but one 
of the determinants 
a hy 
Qo hy 


by hy Gy hy 
" |be hel’ e ‘| (4) 


is nonzero; i.e. the coefficients of the unknowns are propor- 
tional but the constant terms do not obey that proportion. 
In this case the system has no solutions [planes (1) and (2) 
are parallel but not coincident). 

Case 3. All the determinants (3) and (4) are equal to zero, 
i.e. the coefficients and the constant terms are proportional. 
The system then reduces to a single equation and has an 
infinity of solutions; we can assign any values whatsoever 
to two of the unknowns. For example, if c; 40, then the 
unknowns x, y can be given any values [the planes (1) and 
(2) coincide}. 

Example 1. Solve the system of equations 


x—2Qy—z=15, %x—4y+2z2=2 
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Here 
ay, st=|3 S42 by cy = —! ——8 
Qa, by 2 —4 , bg Cg —4 2 ' 
cay] {—l ls 
le atl=le al=—4 


Here, there are determinants which are not equal to zero. 
This means that the system has an infinity of solutions. 
We can assign any value to the unknown x alone or to the 
unknown y alone, since by a #0 and i 1! 2 0. We can- 
by Ce Ce a3 


not assign an arbitrary value to the unknown z (cf. Sec. 142, 
Example 5). 
We solve the system for y and z and get 


—2y—z=15—x, —4y+42z=2—2x 


Whence 
15-x -1 -2 foal 
2-2x 2 1 -4 2-2x 
y= ets amy menan A 


(The system defines a straight line perpendicular to the 
z-axis.) 


Example 2. The system 
7x—4y+2z=5, 2Q1xe—12y+3z=12 
does not have any solutions since all the determinants (3) 
are zero (the coefficients of the unknowns are proportional) 
a hy 
a, hy 
stant terms are not proportional to the coefficients). 


(The planes are parallel but not coincident.) 
Example 3. Solve the system 


7x—4y+2=5, 21x— 12y+3z=15 


Here, both the coefficients and the constant terms are 
proportional. The system reduces to a single equation. To 
any pair of unknowns (x and y, say) can be assigned arbit- 
rary values (then z=5—7x- 4y). 

(The planes are coincident.) 


and the determinant 


7 5{, 
ala 13| is nonzero (the con- 
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189, A Homogeneous System of Two Equations In Three Unknowns 


A system of first-degree equations is called homogeneous 
if the constant term in each equation is zero. 
Consider the homogeneous system 


aX + yy +42 =0, (1) 
a,x + bay + Caz =0 (2) 
This is a particular case of the system of Sec. 188. The 
peculiarity is that Case 2 cannot occur [the determinants (4), 
Sec. 188, are always zero]. The system (1)-(2) will always 
have an infinity of solutions. 
{The planes (1) and (2) pass through the coordinate origin 
and, consequently, either intersect or coincide.] 
Case 1. The coefficients are not proportional, i.e. at least 
one of the three determinants (3), Sec. 188, is nonzero. Then 
the solution may be written in symmetric form: 


a, b 

hor=[B lt) 
la bs 

(the parameter ¢ is an arbitrary number; cf. Sec. 152). [The 

parametric equations (3) define the straight line of intersec- 

tion of the planes (1) and (2).] 

Case 2. The coefficients are proportional, i.e. all the de- 
by cy Cy a a, by 
by Cy Co a,|’ | a, bg 

The system reduces to a single equation (the planes are 
coincident). 

Example 1. Solve the system 


2x—5y+8z=0, x+4y—3z=0 


by Cy 
be Ce 


cy ay 
Cg ag 


x= y= 


terminants are zero. 


’ 


Here 
by GQ} |— a 1 lel silt 
by Ce =| 4 _3|= iy Co a, 3a0 —3 1 = 14, 
ay by ae 2 ee 
ag bg =|; 4 = 18 


According to (3) we have 
x=—I7t, y=l4t, z=13t 


In this example, an arbitrary value may be assigned to any 
one of the unknowns. For example, putting z=39, we find 
t=3, hence, x= —51, y= 42. 
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Example 2. Solve the system 
x—2Qy—z=0, 2x—4y+2z=0 


Here 

by, cy] —2 —1 Lon og Cy ay} a by =0 
be Ca} |—4 2] ° |eg ag] ° fag bg] 
Hence 


x=—8t, y=—4t, z=0 


An arbitrary value may be assigned to one of the unknowns 
x or y, but not to the unknown z, which can only be equal 
to zero (the straight line lies in the xy-plane). 

Example 3. The system 


Tx—4y+z=0, 2lx—12y+3z=0 
reduces to a single equation. Arbitrary values may be assig- 
ned to any pair of unknowns. 


190. Three Equations in Three Unknowns 


We consider the system 


QyX+ byy + C2 = hy, (1) 
gx + bay-+ C92 = hy, (2) 
3X + bay + Cz = hg (3) 
We introduce the notation 
a by cy 
A=|a, bg C,| (determinant of system), (4) 
a3 bs C3 
Ay by cy a, hy Cy a, by Ay 
Ay=|he bg Cg], Ay=|a, Ag Cg}, Az=|aq by hg! (5) 
hs bs Cg as hg Cs az by hg 


The determinant A, is obtained from A by replacing the 
elements of the first column by the constant terms. In simi- 
lar fashion, we obtain A, and A,. 

If it turned out that’ in the determinant A the appro- 
priate elements of any two rows, say the first and the se- 
cond, were proportional, the Eqs. (1) and (2) would either 
be inconsistent (Sec. 188, [tem 2), or would reduce to a 
single equation (Sec. 188, Item 3). In the first case the given 
system does not have any solutions, in the second case, in 
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place of the given system we obtain a system of two equa- 
tions (1) and (3) (which in turn can be reduced to a single 
equation). Since all of this has already been considered in 
Sec. 188, we can confine ourselves to the assumption that 
the determinant A has no pair of rows with proportional 
elements [there is no pair of parallel planes among the three 
planes (1), (2), (3)). 

Three cases are possible in this assumption. 

Case 1. The determinant of the system is not equal to zero: 


A #0 
The system has a unique solution: 
; 4 
rae, y=z z= (6) 


(The three planes intersect in one point.) 

Case 2. The determinant of the system is equal to zero: 
A=0; and one of the determinants A,, Ay, Ag is nonzero, 
then the other two are nonzero: 


A, #0, Ay#0, A, #0 


In this case the system has no solutions. 

(The equality A=0 signifies that the normal vectors to 
the planes (1), (2), (3) are coplanar, hence, all three planes 
are parallel to a single straight line. In the case at hand, 
the three planes form a prismatic surface (Fig. 202).] 


Y/Y 


Fig. 202 Fig. 203 


Case 3. A=0, A,=0, Ay=0, A,=0. In this case, one of 
the three equations (no matter which) is a consequence of 
the other two. The system reduces to two equations in three 
unknowns and has an infinity of solutions (Sec. 188. Case 1; 
Cases 2 and 3 cannot be represented due to the foregoing 
assumption). 


1) If the corresponding elements in two rows of the determinant A 
are proportional (we did not consider this case), then it may happen 
that of the three determinants Az, Ay, 4; only one or only two are 
equal to zero. 
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(As in the preceding case, the three planes are parallel 
to one straight line, but this time they form a pencil; 
Fig. 203. 

Example 1. Solve the system 

3x+4y4+2z=5, 5x—6y—4z=—3, —4x+5y43z=1 


Here 


3 4 2 § 4 2 
A=| 5 —6 —4/=12, A,=|—3 —6 —4|]=12, 
—4 5 3 1 5 3 
3 5 2 3.4 #5 
Ay=| 5 —3 —4|=—24, A,=| 5 —6 —3/=60 
—4 1 3 —4 5 1 
The system has a unique solution: 
_ Ag _ Ay _ Ae 
caF=l, yeas z= G=5 


Example 2. Solve the system of equations 


xtytz=5, x—y+tz=1, x+2=2 
Here 
1 11 
1 —1 1 
1 01 


A= =0 


and 

5 11 
1-1 1 
2 01 


(the determinants A, and A, need not be computed.!)) The 

system has no solutions. This is evident by inspection: com- 

bining the first two equations termwise, we get 2x-++2z=6, 

i.e. x-++2==3, which contradicts the third equation. 
Example 3. Solve the system 


x+yt2z2=5, x—y+tz=1, x4+2z2=3 


=—2 


Ay, = 


1) The rows of the determinant A are not proportional pairwise; 
see footnote on p. 242. 
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Here 

1 1 

A=|1 —1 1/=0 
1 01 

and 

5 1d 

A,=|1 —l 1}=0 
3 #01 


The determinants A, and A, are definitely equal to zero." 

The given system of equations reduces to a system of two 
equations (any two of the three given equations; the third 
is a consequence) and has an infinity of solutions. An arbi- 
trary value can be assigned to the unknown «x alone or to 
the unknown z alone (but not to y; see Sec. 188, Item 1). 

Let us take the first and third equations and solve them 
for x and z. We then get 


x+y=5—z, x= 3—2 
Whence 
x=3—2z, y=2 


Note. \f a system of three equations in three unknowns is homo- 
geneous (h,=h,=h,=0), then the second case is pose Bie In the 
first case, the only solution will be x=0, y=0, z=0 (the planes inter- 
sect at the origin). Taking (in the third case) any two equations of 
the system, say (1) and (2), we find all the solutions of the given 
system from the formulas (3), Sec. 189 (the three planes form a pen- 
cil, the axis of which passes through the origin of coordinates). 

Example 4. Solve the system 


X+ty+z=0, 3x-—y+2z=0, x-3y=0 
Here 


1 1 1 


1 -3 0 


One of the equations is a consequence of the other two. An arbi- 
trary value may be assigned to one of the unknowns (no matter 
which). ie the first and third equations, we find [from formulas 
(3), Sec. 18 


x= 


11 11 | 
a o| #=3# v=| 4 i | t=4 2-| _3ltan4 


1) The rows of determinant A are not proportional pairwise; see 
footnote on p. 242 
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190a. A System of 2 Equations In 2 Unknowns 


An exhaustive list of possible cases is too involved. We therefore 
confine ourselves to the following. 
7 Let there be given the following system of n equations ina un- 
nowns: 


Q,xt+byytezt+... +f uary, 


G,xX +b0gytCe2 + .. +fguahg, (dy 


Anxt+ DnytCazt+...+fau=h, 
1. If the ath-order determinant 


a, 6, cy... Fy 


a, be &... fr (determinant of the system) (2) 


Gn bn Cn... fy 
is not equal to zero, then the system has a unique solution 


_Ag _ Ay _Au 
Ke UE eee HET (3) 


where A, is the determinant obtained from A by replacing the ele- 
ments ay, Gs, ..., dq by the corresponding constant terms hy, hy, ..., A, 
similarly, we get the determinants Ay, Az ..., Ay. 

2. If A=0 and there are nonzero determinants among Az, Ay: -+-+ Aus 
then the system has no solution. 

3. Now let A=Az=Ay=...=Ay=0 and let one of the minors of 
the (2—1)th order of the determinant a ay, the minor obtained by 
striking out the second row and the third column) be nonzero. Then 
the system reduces to n—1 equations; one of the equations (the second 
one in accord with the number of the row) is a consequence of the 
others. To one of the unknowns (the unknown z In accordance with 
the number of the column) we can assign an arbitrary value. The re- 
maining n—1 unknowns are determined in unique fashion from the 
system of n—1 unknowns. 

Note. When all the (n—1)th-order determinants, which are minors 
of the determinant A, are equal to zero, the system may not have 
any solutions and may be reduced to n—2 equations or to a lesser 
number of equations. 

Example 1. Solve the system 


3x+7y—- 22+ 4u=3, 
—-3x-2y+6z-4u=11, 

5x+5y-—3z4+2u=6, 

2x+6y—-52+3u=0 


The determinant A of the system (see Sec. 185, Example 3) Is 
equal to — 303. Using the techniques explained in Sec. 185, we nnd 


4z=-303, Ay=-606, Az=-303, Ay=909 
According to formulas (3) we have 
x=l, y=2, z=1,. u=-3 
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Example 2. Solve the system 
x— yt2z- u=l, 
X+ yt 2+ u=4, 
2x+ 3y -S5u=0, 
§x+2y+5z-6u=0 


Here 
1-12 -1 
1 ori 
Del oy “acto: RIT 
5 25 -6 
Yet 
1-1 2-1) Jl -1 2 -1 
4 11 affo 5 7 5 
4s=!9 3 0 -5\"|0 3 0 -5|~'*4*9 
0 25 -6| jo 2 5 -6 


And so the system has no solutions (if the first equation is term- 
wise multiplied by 2 and the resulting equation is termwise combined 
with the second and third, we get 5x+2y+5z~6u=6, but this contra- 
dicts the fourth equation) 

Example 38. Solve the system 

x- y+2z- u=l, 

x+ y+ 2+ u=4, 

2x+3y -5u=0, 

5x+2y+52z-6u=6 
Here 

A=Az=Ay=A,=Ay=0 

Striking out the fourth row and the fourth column, we get the minor 
1 -1 2 
1 1 1 
2 3 0 


=-30 


The system reduces to three equations 
x- yt2z- u=l, 
X+ y+ 2+ u=4, 
2x+3y -5u=0 


(4) 


The fourth equation is a consequence of these three (cf. Example 2). 
To the unknown u we can assign any value. From (4) we find 


per 24ut2l a llu-14 )_ 16u-19 
rs rl a es: 
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/ 
191. Introductory Remarks 


Mathematical analysis comprises a system of disciplines 
united by the following characteristic features. 

Their subject matter embraces quantitative relationships 
of the surrounding world (in contrast to geometric disciplines 
which treat of spatial properties). These relationships are 
expressed by means of numerical quantities as in arithmetic. 
But whereas in arithmetic (and in algebra) one deals mainly 
with constant quantities (which characterize states), in ana- 
lysis one deals with variable quantities (which describe pro- 
cesses, Sec. 195). The underlying concepts involved in the 
study of relationships between variable quantities are those 
of the function (Sec. 196) and the limit (Secs. 203-206). 

In this book we consider the following divisions of ana- 
lysis: differential calculus, integral calculus, the theory of 
series and the theory of differential equations. The subject 
matter of each is discussed in its proper place. 

In embryo, the methods of mathematical analysis are 
found in the works of the ancient Greek scholars (e. g. Archi- 
medes). The systematic development of these methods began 
in the 17th century. On the borderline of the 17th and 18th 
centuries, Newton! and Leibniz?’ completed, in the main, 
the construction of the differential and integral calculus, and 
also laid the foundation of the theory of series and differen- 
tial equations. In the 18th century, Euler elaborated the latter 
two divisions and laid the foundation for other disciplines of 
mathematical analysis. 

By the end of the 18th century an enormous quantity of 
factual material had been accumulated, but it was still 
lacking in logical development. This drawback was overcome 
through the efforts of such prominent mathematicians, scien- 
tists of the 19th century, as Cauchy in France, Lobachevsky 
in Russia, Abel in Norway, Riemann in Germany, and others. 


1) Isaac Newton (1642-1727), great English mathematician and 
hysicist; discovered the law of universal gravitation, formulated the 
Basic laws of mechanics and applied them to a study of the motion of 
terrestrial and celestial bodies; investigated the laws of optics experi- 
mentally and theoretically. 
2) Gotfried Wilhelm Leibniz (1646-1716), celebrated German 
philosopher and mathematician. 
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192/ Ratlonal Numbers 


The concept of number grew out of the counting of objects. 
Counting resulted in the numbers I, 2, 3, and so on, which 
are now termed natural numbers. Later came the concept of 
a fractional number, which grew out of the measurements 
of continuous quantities (lengths, weights, etc.). The negative 
numbers (and zero) came into mathematics) with the deve- 
lopment of algebra. 

The integers (i.e. natural numbers 1, 2, 3, etc. and the 
negative numbers —1, — 2, —3, etc. and zero) and fractions 
are called rational numbers (in contrast to irrational numbers; 
Sec. 193). Any rational number may be written in the form 


£ (where p and q are integers). 


193. Real Numbers 


In practical affairs, measurements are carried out by 
means of instruments. The result of a measurement is ex pres- 
sed as some rational number (say, the thickness of a metallic 
filament measured by a micrometer may be expressed in 
millimetres as the number 0.023). Every instrument is limited 
in accuracy and so in everyday activities the range of ratio- 
nal numbers is quite sufficient, even redundant. But in mathe- 
matical theory, where measurements are assumed to be abso- 
lutely exact, the rational numbers do not suffice. Thus, no 
rational number is capable of precisely expressing the length 
of the diagonal of a square if its side is taken as the unit of 
measure; neither can a rational number express exactly the 
sine of a 60° angle, the cosine of a 22° angle, the tangent of 
a 17° angle, the ratio of the circumference to the diameter of 
a circle, etc. Speaking generally, it is impossible to express 
the ratio of incommensurable segments exactly by means of a 
rational number. 

In order to express exactly the ratio of incommensurable 
segments, it is necessary to introduce new numbers called 
irrational numbers.2) An irrational number expresses the 


1) In China about 2000 years ago and in India about 1500 years 
ago. In Europe, negative numbers were recognized only in the 17th 
century. 

*) A ratio of commensurable line-segments can be expressed by a 
ratio of integers; this is not possible in the case of incommensurable 
line-segments. Originally, the ancient Greek mathematicians conside- 
red only the ratios of integers, and so when incommensurable quan- 
tities were discovered, they received the name irrational, which means 
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length of a segment that is not commensurable with the unit 
of measure (scale unit). Together, the rational and irrational 
numbers are called real numbers (in contrast to imaginary 
numbers; see Note 2). Real numbers suffice to express with 
exactitude the length of any line-segment. 

An irrational number cannot be exactly equal to any 
rational number, but it is possible to find, for every irratio- 
nal number, a rational number (say, a decimal) which is 
approximately equal to the irrational number (too large or 
too small) and which can be made to approach it to any 
arbitrary degree of accuracy. 

Example. For the number log3 (which is irrational) we 
can find approximate values 0.4771 (with defect) and 0.4772 
(with excess); they differ by only 0.0001 so that the error in 
each does not, in absolute value, exceed 0.0001. If it is 
required that the error not exceed 0.00001, we can find the 
values 0.47712 (with defect) and 0.47713 (with excess). For 
the evaluation of logarithms see Sec. 272 and also Sec. 242. 

Note I. Rational numbers are also often expressed in 
approximate fashion. For example, in place of the fraction 1/3 
one often takes the values 0.33, 0.333, etc. (with defect), 
i on the accuracy required, or 0.34, 0.334, etc. (with 
excess). 

Note 2. An imaginary number has the notation bi, where 
6 is a real number and i is the “imaginary unit” defined by 
the equality ‘= —1 (there is no real number that can satisfy 
this equality). An expression of the form a-+6i is called 
a complex number. Complex numbers were introduced into 
algebra in the middle of the 16th century in connection with 
the solution of cubic equations. They have been used in ana- 
lysis since the end of the 17th century. 

In this book, all numbers are assumed to be real unless 
otherwise stated. 


194/' The Number Line 


On the straight line X’X (Fig. 204) choose an origin O, 
a scale unit OA and a positive direction (say, from X’ to X). 
Then every real number x will be associated with a definite 
point M, the abscissa of which is equal to x. 


shaving no relation” (translated from the Greek ‘alogos’). Later (in 
the 4th century B. C.) the Greek mathematicians (Eudoxus and then 
Euclid) began to consider the ratios of incommensurable quantities as 
well. When new numbers were introduced to describe these relations, 
they too were called irrational. 
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In analysis, numbers. are depicted in this way (for greater 
pictorialness) by points. The straight line X’X on which the 
points are specified is called the number line (number scale, 
or number axis). 


x Oa AX 


Fig. 204 


195,/ Variable and Constant Quantities 


A variabie quantity is a quantity which can take on 
different values within the framework of a given problem. In 
contrast, a constant quantity is one which, within the frame- 
work of the given problem, has one and only one value. One 
and the same quantity can be a constant in one problem afd 
a variable in another. 

Example 1. In most physical problems, the boiling point 
T of water is a constant quantity. But when one has to take 
into account changing atmospheric pressure, T becomes a 
variable quantity. 

Example 2. In the equation of the parabola y*=2px, the 
coordinates x, y are variables. The parameter p is a constant 
if we consider only one parabola. But if we consider a set of 
parabolas with a common x-axis and a common vertex O, then 
the parameter p is a variable quantity. 

ariables are ordinarily denoted by the last letters of the 
alphabet (x, y, 2, u, v, w); constants by the first letters: a, 
6, ¢,. 


196, Function 
i 


Definition 1. A quantity y is called a function of a vari- 
able quantity x if with every value assumed by x we can 
associate one or several definite values of y. Here, the vari- 
able x is called the argument. 

We can put it otherwise: the quantity y depends on the 
quantity x; accordingly, the argument is called the indepen- 
dent variable and the function is termed the dependent vari- 
able. 

Example t. Let T be the boiling point of water and p, 
atmospheric pressure. Observations have shown that to every 
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value that p can assume there always corresponds one and the 
same value of T. Hence, T is a function of the argument p. 

The relationship between T and p enables one to determine 
the pressure (without a barometer) from the boiling poin. of 
water using a table (a portion is given below): 


Table 1 


rc | 70 | 75 | a0 | 05 | 90 | 95 | 100 


Pp, mm | 234 


289 | 355 | «6 | s2s | 634 | 760 


In turn, p is a function of the argument 7; the depen- 
dence of p on T enables one, by observing the pressure, to 
determine the temperature of the boiling point of water (with- 
out a thermometer) using the same table. However, it is 
more convenient to use a table like the following: 


Table 2 


Pp, mm | 300 | 350 | 400 | 450 | 500 | 550 | 600 | 650 | 700 


T, |75.8] 79.5] 09.0] 5.9 | 8.7/91.2/93.5]95.7| 97.7 


Here, the argument p increases in equal jumps (like the 
argument T in Table 1). 

Note 1. Table 1 may be supplemented by other values of 
the argument 7, say, 65°, 73°, 104°. But there are values 
which the boiling-point temperature cannot assume. For 
example, it cannot be less than absolute zero (— 273°C). 
And, of course, there is no value of p that corresponds to the 
impossible value T= —300 °C. That is why Definition 1 reads: 
ee vee value assumed by x ...” (and not “every value 
of x ...”). 

Example 2/A body is thrown upwards; s is the height 
above the earth, ¢ is the time elapsed from the launching. 

The quantity s is a function of the argument ¢ because the 
body reaches a definite height at every instant of the flight. 
In turn, ¢ is a function of the argument s because to every 
height reached by the body there correspond two definite 
iy t (one during the upward flight, the other during 
its fall). 
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Definition 2. If to every value of the argument there cor- 
responds one value of the function, the function is termed 
single-valued; if there correspond two or more values, then it 
is called multiple-valued (double-valued, triple-valued, etc.). 

In the second example, s is a single-valued function of the 
argument ¢, and the quantity ¢ is a double-valued function of 
the argument s. 

A function will be considered single-valued unless it is 
specifically stated to be multiple-valued. 

Example 3. The sum (s) of angles of a polygon is a function 
of the number (n) of the sides. The argument n can only 
take on integral values of 3 or more. The dependence of s 
upon a is expressed by the formula 


s=n (n—2) 


(the radian is taken as the unit of angular measurement). In 
turn, n is a function of the argument s: the dependence of n 
upon s is expressed by the formula’ 


Ss 


The argument s can only take on values which are multiples 
of n(x, 2n, 3n, etc.). 

Example 4. The side x of a square is a function of the 
area of the square, S(x=YS). The argument can assume 
any positive values. 

Note 2. The argument is always a variable. The function 
is too, as a rule. But a function can also be constant. For 
instance, the distance of a moving point from a fixed point 
is a function of the time of motion and, as a rule, varies. 
But in the motion of a point about the circumference of a 
circle the distance from the centre does. not change. 

When a function is a constant quantity, the argument and 
the function cannot be interchanged (in our example, the 
duration of motion about the circumference is not a function 
of the distance from the centre). 


197. Ways of Representing Functions 


A function is considered to be specified (known) if for 
every value of the argument (from among possible values) 
one can find the corresponding value of the function. There 
are three frequently used modes of representing functions: 
(a) tabular, (b) graphical, and (c) analytical. 
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(a) Tabular: this mode includes such familiar tables as 
those of logarithms, square roots, etc.; see also Example 1, 
Sec. 196. It gives the numerical value of the function directly. 
That is its advantage over the other methods. 

However, it has drawbacks: (1) a table is hard to survey 
as a whole; (2) it often lacks certain needed values of the 
argument. 

(b) Graphical: this method consists in displaying the curve 
(graph) in which abscissas depict the values of the argument 
and ordinates give the corres- 
ponding values of the fun- 
ction. To facilitate graphical 
display, the scales on the 
axes are frequently different. 

Example 1. Fig. 205 gi- 
ves a graphical depiction of 
the dependence of the modu- 
lus of elasticity E of forged 
iron (in tons per cm?) upon 
the temperature ¢ of iron. 
The scales on the axis of 
abscissas (¢) and the axis of 
ordinates (£) are labelled 
with numbers. The curve Fig. 205 
permits us, for example, to 
read the modulus of elasticity E = 20.75 tons/cm? at 
t=170°C. 

The advantage of the graphical mode is its surveyability 
as a whole and the continuity of variation of the argument. 
The disadvantages are: restricted degree of accuracy and dif- 
ficulty in reading off values of the function with sufficient 
accuracy. 

(c) Analytical: this mode consists in specifying a function 
by one or several formulas. 

Example 2. The functional relationship between the radius r 
of a circle and the circumference s is given by the formula 


s=2nr (1) 


Example 3. The functional relationship between the vo- 
lume V (m$) and the pressure p (tons/m?) of | kg of air at 0°C 
is given by the formula 


If a relation between x and y is expressed by an equation 
solved for y, the quantity y is called an explicit function of 
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the argument x, otherwise, it is an implicit function. In 
Example 2 the quantity s is an explicit function of the ar- 
gument r, while r-is an mee function of the argument s. 
In Example 3, p is an implicit function of the argument V 
and V is an implicit function of the argument p. If Eq. (2) 
is written in the form 


p= @) 


then p becomes an explicit function of the argument V. 
Example 4. In Fig. 206, the function given graphically by 
the polygonal line ABC may be represented by two formulas. 
i For x <2 (i. e. for the line seg- 
ment BA) take the formula 


1 
y=7% 


and for x >2 (i. e. for BC) take 
the formula 


1 
y=atye 
Fig. 206 For x=2, both formulas yield 
y=1 (point B). 


Example 5. The distance (by road) between points A and B 
is 90 km. A motor car covered the first half of the distance 
from A to B at a speed of 0.6 km/min, the second at a speed 
of 0.9 km/min. Let s (km) be the distance of the car from 
point A. The time ¢ (min) in transit is a function of the ar- 
gument s. Two formulas will suffice to specify it: 


t=s5 for Os << 45 


t=75 + for 45<s<90 


2s. 
0.9 


198,” The Donfaln of Definition of a Function 


1. The collection of all values which (under the conditions 
of the problem at hand) the argument x of a function f (x) 
can assume is called the domain of definition (or simply, do- 
main) of the function. 
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Note. A value of x that does not lie within the collection 
nes above is not associated with any value of the fun- 
ction. 

Example 1. Given the conditions of Example 5, Sec. 197, 
the domain of the function ¢=f (s) isthe set of all the num- 
bers from 0 to 90 (including the end-points 0 and 90): 


0<ms<9 


Indeed, to every distance from 0 to 90 km there corresponds 
a definite time ¢ of transit of the motor car, while there is 
no value of ¢ corresponding to s <0 and s > 90. 

Example 2. The sum of the terms of the arithmetic pro- 


gression 
s=1+3+5+...+4(2n—1) 


is a function of the number of terms n; it is expressed by 
the formula 
s=n? 
In itself, this formula is meaningful for any n. But in the 
given problem, n can assume only the values 1, 2, 3, 4, .... 
The domain is the set of all natural numbers (values such as 


n=y ,n=—5, n=V 3 and the like do not correspond to 


any values of the function). 

2. A function is frequently specified by a formula without 
any indication of the domain of definition; then it is assu- 
med that the domain is the set of all values of the argu- 
ment for which the formula is meaningful. 

Example 3. The function s is given by the formula s=n? 
(without any indication of the domain). It is assumed that 
the domain of definition is the set of all real numbers (cf. 
Example 2). 

Example 4. The function y is given by the formula 


y=VE-B4+VIo8 
which is meaningful only for 2<x<7. The domain is the 
set of all numbers from 2 to 7 (including the boundary po- 
ints). The graph in Fig. 207 lies wholely above the segment 
A'B’. 
Example 5. The function y is given by the formula 
y=. The domain of definition is the set of all numbers 


except zero. For the value x=0, the graph has no point 
(Fig. 208). 
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Example 6. The domain of the function y=Vx is the 
collection of all positive numbers and zero (Fig. 209). 

3. When the domain of a function is the collection of 
natural numbers, the function is called integral; speaking of 


Y 


12345 67%X 


Fig. 207 Fig. 208 


the values of an integral function, we say that they form a 
sequence or are terms of a sequence. 
Example 7. The function ¢,—1-2-3 ... nis integral. The 
values t; = 1, fg=1-2=2,1,=1-2-3= 
y =6,... form a sequence. 
The product 1-2-3 ... nis deno- 
ted by n! (read “n factorial”) so that 
\ this function may be represented by 
‘ the formula 
0 1 x 
t,=nl 
Fig. 209 
Example 8. The function w=, where n takes on the 


2% 1 
values 1, 2, 3, ..., is integral. The values a F 
ug = + , ... (terms of a geometric progression) form a sequence. 


Example 9. The function s=ytptat wake +o (the 


sum of a terms of a geometric progression) is integral. The 


3 7 
values => » =, Ss=Z, +++ form a sequence. 
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199/ Intervals 


The domain of definition of functions considered in ana- 
lysis is usually in the form of one or several “intervals”. 

An interval (a, 6) is a collection of numbers x contained 
between the numbers a and 6; in the notation (a, 6), the 
first letter ordinarily denotes the smaller number, the second 
letter, the larger number, so that ; 


a<x<b 


The numbers a and 6 are termed 
the end-points of the interval It fre- 
quently happens that the end-points 
a and 6, or one of them, are adjoined aie 0 a 
to the set of points of the interval. Fig. 210 
An interval to which both end points . 
have been adjoined is called a closed interval. 

The interval (a, 00) is the collection of all numbers greater 
than a; the interval (—oo,a) is the collection of all numbers 
less than a; the interval (—0oo, o) is the collection of all 
real numbers. 

Example 1. Under the conditions of Example 5, Sec. 197, 
the domain of the function ¢ is the closed interval (0, 90), 
in other words, the argument s 
can assume all values satis- 
fying the inequality 

0<s<90 


f 
1 
I 
i} 
\ 
1 
\ 
! 
1 
v7 X 


fig. 211 Fig. 212 


Example 2. The domain of the function y= VW I—x? is 
the closed interval (—1, 1) The graph (semicircle) lies above 
this interval (Fig. 210). 

Example 3. The domain of the function 


1 


ay ae 
V 2—x 
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is the interval (—V 2, VY 2) (open). The function is not 
defined on the end-points of the interval (it becomes infinite). 
The graph (Fig. 211) lies above the interior points of the 
interval. There are no points above the end-points of the 
interval and exterior to it. 

Example 4. The domain of the function 


y=—V #1 


is the pair of intervals (— oo, —1) and (1, + 0) with adjoined 
end-points —1 and 1. The graph (lower half of the hyperbola 
x8—y?=1, Fig. 212) lies under these intervals. 


200, Classification of Functions 


(a) Functions are divided into single-valued and multiple- 
valued types (Sec. 196, Definition 2). 

_ (b) Functions represented by formulas are divided into 
explicit and implicit types (Sec. 197). 

(c) Functions may be elementary or nonelementary.") 

A list of the so-called basic elementary functions is given 
in Sec. 201. Each of them represents some kind of “operation” 
on the argument (squaring, extracting a cube root, taking a 
logarithm, finding the sine, etc.). New functions (which are 
also elementary) result from repeated performance of these 
operations together with any limited number of the four ope- 
rations of arithmetic. 


Example 1. The _ functions v= y= log 


sin i t=8 sinx, y=log log (8+2 i/ sin x) are elemen- 
tary. Functions which cannot be expressed in this manner are 
termed nonelementary. 

Example 2. The function s=1-+2+43-+ ...-+2 is an ele- 
mentary function because it may be expressed by the formula 


__(l+a)a 
2 


s= , which contains a limited number of elementary 


operations. 

Example 3. The function s=1-2-3...a is nonelementary 
because it cannot be expressed by a limited number of ele- 
mentary operations (the greater n, the greater number ol 


1) The nature of this subdivision is more historical than mathe- 
matical. 
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multiplications have to be performed; it is impossible to trans- 
form the expression 1-2-3 ... a to an elementary form). 
Note. We have intentionally refrained ftom subdividing functions 
into algebraic and transcendental since an exact definition of an alge- 
braic function can only be given on the basis of more sophisticated co- 
neepts (continuity or differentiability). What is more, there is no need, 


within the scope of this book, to differentiate between algebraic 
and transcendental functions. 


201 /Basie Elementary Functions 


(1) Power function y==x” (where n is a constant real num- 
ber). For n=0, the power function is a constant quantity 
(y= 1) (cf. Sec. 196, Note 2). 

(2) Exponential function y==a*, where a is a_ positive 
number!) (the base number). 

(3) Logarithmic function y= log, x, where a is a positive 
number different from unity 2) (logarithmic base). 

(4) Trigonometric functions y=sin x, y=cosx, y=tanx, 
y=cotx, y=secx, y=cosec x. 

(5) Circular (inverse trigonometric) functions: 


y=arcsinx, y=arccosx, y=arctanx 
y=arccotx, y=arcsecx, y=arccsc x(or y=arccosec x) 


202, Functlonal Notation 


The symbol f (x) (read: “f of x”) is an abbreviation of the 
phrase “a function of x”. 

If two or more different functions of x are being conside- 
red, then, in addition to f(x), we can use such notations as 
f(x), fax), Fes). 9 (x), OC) 

The notation 

y=f (x) (1) 


expresses the fact that the quantity y is equal to some func- 
tion of x, or that y is a function of the argument x. 

The symbol f(x) can be used to designate both an un- 
known function and a known function. 

Examples. (1) The notation f(x)=logx expresses the fact 
that the function f (x) is a logarithmic function. 

(2) p(x) =x" states that the function p(x) is a power 
function. 


1) Some writers exclude a=! (here y is a constant). 
2) For base a=1, no number (except unity) has a logarithm. 
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(3) The notation F (x)= (x) +f (x) means that the func- 
tion F(x) is the sum of the functions (x) and f(x). If 
f (x)=logx and @ (x) =x", then F (x) =logx+ x". 

(4) The notation f, (x) =f. (x) signifies that the functions 
fy (x) and f, (x) are equal (either identically or only for cer- 
tain values of x). 

(5) The notation u=@(v) means that the quantity uw is 
some function of the argument v. 

The letter f (or F, @ etc.) used in these notations is called 
the function symbol. : 

If it is necessary to state that y is dependent upon x in 
the same way that u is upon v, then the same function sym- 
bol is used ‘in notation; thus, 


: u=@(0) and y= 9 (x) (2) 
Tr 
u=F (v) and y=F (x) (3); 


and so forth. 
Thus, if the relationship of u and v is expressed by the 
formula u=sv?, then the relationship of y and x is, by vir- 


—_ __loguv 
tue of (2), expressed by the formula y=ax?. If u=——— , then 


Examples. (6) If f (x)= V1-x?, then f (t)=V1I+2. 

(7) If F (a) =1—tan? a, then F (p) = 1—tan? B, F (yy =1 — 
— tan? y, etc. 

(8) If f (x)= 4 (i.e. for all values of the argument the func- 
tion has one and the same value; cf. Sec. 196, Note 2), then 
PW)=4, F@=setc. 

The notations f (1), f(V 3), f(a), etc. state that we take 
the values of the function f(x) for x=1, for x=Y 3, for 
x=a, etc. or the values of the function f(y) for y=1, 
y=YV 3, y=a, etc. 

Examples. (9) If f (x)=Vx?+1, then 


(M=V% HV 3=2 fa=VeFl 
(10) Me =Fraaras then ¢=1, @(F)=5, 


gM=1 o(4)=F. 
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203. The Limit of a Sequence 


The number b is called the limit of the sequence (Sec. 198, 
Item 3) ¥1, Ye, ---, Yn --. if the term y, approaches 6b 
without bound as the number a increases. 

The exact meaning of the expression “approaches without 
bound” is explained below (immediately after Example 1). 

The notation » 


lim Yn =b 
or, expanded, 

limy,=6 

nwo 


The symbol n—~oo stresses the fact that the number 2 in- 
creases without bound (tends to infinity). 
Example 1. Consider the sequence 


y,=0.3, yg=0.33, y3—0.333, ... (1) 


The term y, approaches + without bound (in decimals: 


0.3, 0.33, ... which give increasingly exact values of the 


fraction 3): Hence, + is the limit of the sequence (1): 


; 1 
lim y, =>5 


Note. The difference In—y is successively equal to 


Na ee Sl —~lui_' 
Yi-—Z=— 397 ¥w—-F 300’ 43-3 = — 35000 
ie. 
Wes el 
Yn—z = F108 (3) 


The unbounded nature in the approach of y, to + is expressed 


by the fact that the absolute magnitude of the difference (3) beyond 
some number N remains less than any (preassigned) positive number 
e. Thus, if we specify e=0.01, then MN=2, which means that starting 


with the second number the absolute value Wn- | remains less than 
0.01. If e=0.005 (=200) is specified, then, again, N=2. If e= 


=0.001, then N=3; if e=0.00001, then N=5, etc. 
It is now easy to understand the exact statement of the definition 
given at the beginning of this section. 


1) The abbreviation lim stands for the Latin éimes=limit. 
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Definition. The number 6 is called the limit of the sequence y,, 
Yo. w+ Yn -. if the absolute value of the difference y,-b beyond 
some number N remains less than any preassigned positive number e: 
{[yn-O|<e for n2>N 
(the integer N depends on the magnitude of e). 
(- 1)" 
n 


Example 2. In the sequence y,=2-++ (i.e. y,=1, 


Yo= 2 — 2d =) w=2T the term y, tends to 2 as 
the number n increases. Hence, 2 is the limit of the sequence. 


Indeed, we shave !¥n-2 jet , while — beyond some integer, 
remains less than a preassigned positive number e (if e=2, then from 
the first integer on; if e=0.02, then from the 5lst integer on, etc.) 

"xample 2 shows that the terms of a sequence can oscil- 
late about the limit and (see Example 3) can also be equal 
to the limit. 

Example 3. The sequence 


1 1 
1=0, y=, y9=0, Y= zs ¥s=9, Ye= Zs «- 
specified by the formula goat has the limit b=0. 


1 
a 


_~ry" 
indeed, the absolute value | y,-0 i=| ieee beyond some 


integer, remains less than any preassigned positive number e& (i e= 


=> » then from the seventh integer; if e=0.01, then from the 20Ist_ 


integer, etc). 


Example 4. The sequence y,=(—1)" has no limit: the 
terms y;x=—1, yo=1, ys=—1, yg=I, etc. do not approach 
any constant number. 

f 


204, The Limit of a Function 


The number 6 is called the limit of the function f(x) as 
x —+a (read: “as x approaches a”, or “as x tends to a”), if 
aS x approaches a either from the right or the left, the value 
of f(x) approaches (tends to) 6 without bound. » 


1) The mathematical meaning of the expressian ‘approaches with- 
out bound” is explained in Sec. 205, but the present definition 
(with account taken of Note 1) is quite sufficient for an understanding 
of the sequel. 
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Notation: 
lim f (x) =6 


x-a 


Note /. It is assumed that the function f(x) is defined 
within some interval containing the point x=a (at all points 
on the left and on the right of a); at the point x—=a itself, 
the function f (x) is either defined or is not (the latter case 
is no less important than the former). 


Example 1. Consider the function f (x) = — 


2x-1 


(it is defined 


at all points with the exception of x= 7) . Take x=6, 


2 
Then (= teat a3. As x approaches 6 (from the right 
or from the left) the numerator 4x2—1 tends to 143 and the 
denominator tends to I!. The fraction as a whole tends to 


i = 13. The number 13 (equal to the value of the function 


at x= 6) is at the same time the limit of the function as 
x— 6: 
4x’-1 


lim yx7 = 13 
x76 
Example 2. Consider the same function Fa) = but 


take ray . The function f (x) is not defined here (the formula 
yields the indeterminate form 7) . But the limit of the func- 


tion exists as x—> +: It is equal to 2. 


x is indeterminate only for 
x=y , but as x approaches + it is quite determinate and 


is always equal to 2x+1. This expression tends to the num- 
ber 2. Hence, 


Indeed, the expression ae 


. 4xt—1 
lim Sep 
£ spree 


2 


Note 2. The graph of the function y= ito 


ight line UV (Fig. 213) devoid of the point A : 2) . The 


is the stra- 
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graph of the function y=2x-+1 is the same straight line UV 
taken in its entirety. 


Example 3. The function f (x)=cos = (it is defined at 


all points except x=0) does not have a limit as x —+0. 
This is evident from the graph (Fig. 214): when the abscissa 


‘ 
1 
' 
' 
a 
’ 
' 
‘ 
’ 
1 

tL 

2 


Fig. 213 Fig. 214 


approaches zero, the ordinate does not approach anything 
(the point of the graph performs infinite oscillations with 
a constant amplitude). 


205. The Limit of a Function Defined 


The unbounded nature of the approach of a variable quantity to 
a constant is expressed (cf. Sec. 203) by the fact that, from some 
instant onwards, their difference is less than any preassigned positive 
number. Accordingly, the definition in Sec. 204 can be stated preci- 
sely: ; 

Definition. The number 6 Is called the /imét of the function f (x) 
as x ~+a, if the absolute value of the difference f (x) — 6 remains 
less than any preassigned positive number e every time that the 
absolute value of the difference x — a, for x a, is less than some 
positive number 6 (dependent on e). 

More briefly (but less rigorously): the number 6 is the limit of the 
function f (x) as x + a, if the absolute value | f (x) — 6| is arbitrarily 
small when | x —a| is sufficiently small. : 

Example. The number 2 is the limit of the function f (x) = sixth 


2x-—1 


as x— + (cf. Sec. 204, Example 2). 
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Indeed, let us require that 
4x —1 -! z 2| 
ax— 1 
( for x *7) be less than e. We get the inequality 
[2x—ll<e 
which is equivalent to the inequality 


|«-z|<4- 
a — 2 remains less 


than any preassigned positive number e every time that the absolute 


value of the difference x — zr is less than + . In the given instance, 


Hence, the absolute value of the difference pl 


e@ 
=>. 


206/ The Limit of a Constant 


Definition. The limit of a constant quantity 6 is the 
quantity 6 itself. 

This definition is introduced so that the basic theorems 
on limits Ng 213) should hold true in all cases without 
exception. It agrees with the definitions of Secs. 203 and 205 
(the quantity [’—6|=0 is less than any positive number e). 


207. Infinitesimals 


An infinitesimal is a quantity whose limit is equal to 
zero. 

Example 1. The function x?—4 is an infinitesimal as 
x—+2 and as x-—+—2. As x-—+1, the same function is 
not an infinitesimal. 

Example 2. The function or? is an infinitesimal as 
a—0, because ne (l—cos a) = 


In words: “the “quantity 1—cos@ is infinitely small for 
infinitely small a”. 

Example 3. The quantity = 7 as roy is not an 
infinitesimal because its limit is equal to 2 (Sec.204, Example 2). 

Example 4. The integral function y = ~ (Sec. 198, 
Example 7) is an infinitesimal because the limit of the se- 


i : 
quence +. To Tage cee JS equal to zero. 


-—1 
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Note I. The statements “the number 6 is the limit of the 
variable y” and “the difference y—b is an infinitesimal” 
are equivalent. 


Example 5. We have lim wot =2. The same fact may 
1 


xa 


2 

4x? ee 

2x—1 
Note 2. Of all constant quantities, only zero is an infini- 

tesimal (cf. Séc. 206). 


be expressed as “the quantity ! _9 isan infinitesimal”. 


™ 


208. Infinities 


An infinite quantity is a variable whose absolute value 
increases without bound. 

The exact meaning of the phrase “increases without bound” 
will be-given at the end of this section. - 


Example 1. The integral function y=n! is an_ infinitely 
large quantity because the terms of the sequence 1, 1-2, 
1-2-3, ... increase without bound. 


Example 2. The function + is an infinite quantity for 
infinitesimal x because as x approaches zero the absolute 
value of + increases without bound. 


Example 3. The function tanx is an infinite quantity as 
x2, . 
No constant quantity can be an infinitely large quantity. 


Note. The expression “the absolute value of the quantity y in- 
creases without bound” means that from some instant onwards | y| re- 
miains greater than any preassigned positive number. Accordingly, 
he cee of an infinitely large quantity can be defined rigorously 
as follows: 


Definition 1. An integral function y is an infinitely large quantity 
if the absolute value of y, beyond some number N remains greater 
than any preassigned positive number M (cf. Sec. 203). 


Definition 2. The function f (x) is an infinitely large quantity as 
x +a if the absolute value of f(x) remains greater than any preas- 
signed positive number M every time that the absolute value of the 
tel aoe OES is less than some positive number 6 (dependent on M) 
cf. Sec. i 
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209.- The Relationship Between Infinities 
and Infinitesimals 


If y is an infinitely large quantity, then > is an infini 
tely small quantity (infinitesimal); if y is an infinitesimal, 


then 7 is an infinitely large quantity. 
Example 1. The quantity — is infinitely iarge as x —> 2. 
x-2 


The reciprocal fruction =— (=! =) is infinitesimal as 


x—2. 
Example 2. The quantity tan x is infinitesimal as x — 0, 


the quantity —— =cot x is infinitely large as x —+ 0. 
tan x 


210. Bounded Quantities 


A quantity is called bounded if its absolute value does 
not exceed some (constant) positive number M. 
Example 1. The function sin x is a bouded quantity on 
the entire real number axis be- 
cause | sinx|<1. % 
Example 2. The function —_ 
is bounded in the interval (3, 5) 
but is not bounded in the inter- i 
val (2, 5) because the argument 123456 
x can tend to 2 within the 
interval (2, 5), and then the fun- 
ction is infinitely large (Fig. 215). 
Every constant quantity is 
bounded. Every infinitely lar- Fig. 215 
ge quantity is unbounded. 


Note. An unbounded quantity may not be infinitely large. Thus, 
the integral function n+(—1)® is not infinitely large because for odd 
n it is always zero; but neither is it bounded because for even n, 
from some point onwards, it remains greater than any positive 
number M. 


211. An Extension of the Limit Concept 


If a variable quantity s is infinitely great, then we say 
that s “approaches infinity” or “has an infinite limit”. 
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Notation: 
s—+o or lims=o (1) 
If from some instant onwards » an infinitely large quan- 
tity remains positive, then we say that it “tends to plus 
infinity” and we write 


s—+ +o or lims=-+o (2) 


If from some instant onwards an infinitely large quantity 
remains negative, we say that it “tends to minus infinity” 
and we write , 


s—++o or lims=—o (3) 
*.In place of ( we often find more expressive the notation 
s—>++0 or lims=+ 0 (4) 


Example 1. As x—+0 the function cot x has an_ infinite 
limit: 
lim cot x= 0 
x70 


To stress the fact that the function cotx can assume, 
as x—+0, both positive values (for x >) and negative 
(for x < 0), we write 

lim cot x= +00 


x7 


Example 2. The notation lim i=0 means that when 
x>@ 
the absolute value of x increases without bound, then the 


function + tends to zero. 


Example 3. We can write 


lim 2%=+@ 
X+>+@ 
or 
lim 2%=@ 
x7 +@ 


The latter notation leaves the question of the sign of the function 22 
open. But one cannot write x + o in place of x -+ +o in the left- 
hand members. The former notation would include the case when 


') This expression is made precise in the same way as in Sec. 208 
(definitions 1 and 2). % 
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x+-o, but then the function 2" would tend to zero and not to 
infinity, i. e. 
lim 27=0 
x7 - @ 


Note. An infinite quantity does not have a limit in the 
earlier established meaning (Secs. 203-205) for the simple 
reason that one cannot, for instance, say that “the difference 
between f (x) and o remains less than any preassigned posi- 
tive number”. Thus the introduction of an infinite limit 
extends the limit concept. In contrast to an_ infinite limit, 
the limit defined earlier is called a finite limit. 


-212/ sat Properties of Infinitesimals 


It is assumed here that the quantities under consideration 
are functions of one and the same argument. 

Theorem 1. The sum of two, three and, in general, any 
fixed number of infinitesimals is an infinitesimal. 

Note /. lf the number of terms is not fixed, but varies 
together with the variation of the argument, then Theorem | 
may become invalid. Thus, if we have a terms equal sepa- 


rately to + , then as na —> o each term is infinitely small, but 


the sum tpt ptatun is equal to 1. 


Note 2. The difference between two infinitesimals is an 
infinitesimal (a particular case of Theorem 1). 

Theorem I]. The product of a bounded quantity (Sec. 210) 
by an infinitesimal is an infinitesimal. 

In particular, the product of a constant quantity by an 
infinitesimal and also the product of two infinitesimals is an 
infinitesimal. ; 

Theorem If1. The quotient of an infinitesimal divided by 
a variable quantity tending to a limit not equal to zero is 
an infinitesimal. 

Note 3. If the limit of the divisor is equal to zero, i.e. 
if the dividend and divisor are both infinitely small, then 
the quotient may not be an infinitesimal. Thus, the quanti- 
ties x2 and x3 are infinitely small as x +0. The quotient 


x3:x2=x is also infinitely small, but the quotient xtixgSa tb 


is infinitely great. The quantities 6x?+-x3 and 2x? are infi- 
nitely small as x — 0, but the limit of the quotient (6x? + x3): 2x? 
is equal to 3. 
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213. Basic Limit Theorems 


It is assumed here that all the given quantities (sum- 
mands, factors, dividend, and divisor) depend on one and 
the a argument x and have finite limits (as x +a or as 
X—> ©). 

Theorem 1. The limit of a sum of two, three and, gene- 
rally, any fixed number of terms is equal to the sum of the 
limits of the separate terms (cf. Sec. 212, Note 1). 

More concisely: the limit of a sum is equal to the sum 
of the limits: - 


lim (4; +42+ .oe fay) =lim uy +lim ug+...+limu, (1) 
Here, the symbol x--a (or x-+ 0) is assumed for each 
limit sign. 

Theorem la (particular case of Theorem 1): 

lim (u; —ug) =lim u,—lim uy (2), 

Theorem I]. The limit of a product of two, three and, 

enerally, any fixed number of factors is equal to the pro- 
uct of their limits: 
lim (uyUg ... ug)=lim u,-lim ug... lim uz (3), 

Theorem Ila. A constant factor may be taken outside the 
sign of the limit: 

lim cu=climu (4) 

Theorem III. The limit of a quotient is equal to the 


quotient of the limits if the limit of the divisor is not equal 
to zero: 


lim += (lim v # 0) (6) 
Example 1,~ 
lim 244 = lim (x+-4): lim (@—2)=9:3=3 
x>57” x45 x35 


If the limit of the divisor is zero and the limit of the 
divident is nonzero, then the quotient has an infinite limit. 
Example 2.. 


Here 
lim (x—2)=0 and lim (¥+4)=640 
x~2 x>2 . 
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Note 1. If both the dividend and the divisor tend to 
zero, then the quotient can have either an infinite limit or 
a finite limit (Sec. 212, Note 3). It can also have no limit. 


Thus, lim x? cos =0 and lim x*=0, but the quotient 
x70 x x70 
x? cos A ixt=cos = does not have a limit as x +0 (Sec. 204, 


Example 3). 
Note 2. When timv=0, but limu-=0, then Theorem I11 holds 
true if it is interpreted in a broader sense: namely, that the notation 


lim Fee (c is a number not equal to zero) is to be understood 
x 


a 
in the sense that lim f(x) =. 
x-a 


Example 3. Find lim phat 


gx-2 
The limit of the divisor is zero, the limit of the dividend Is 6. 
Taking the notation + in the indicated meaning, we obtain 


(cf. Example 2). 
Note 3. When lim v=0 and limu=0, Theorem III is inapplicable 


since the expression BS is indeterminate. However, even in this case 


Theorem III cannot yield an incorrect result. For example, let it be 
required to find 


Applying Theorem 111 formally, we obtain +. This indeterminate 


expression serves as a signal that the direct route is closed and a de- 
tour route has to be sought (see Sec. 204, Example 2). 
It is of course impossible to cancel out the zeros and write | in 


place of TT: 


214/ The Number e 


The integral function u,= (1++)" increases as n + 0, 
but remains bounded.) But every increasing, yet bounded, 
1) It might seem that the unbounded increase in the exponent 


would imply an unbounded increase in the function (1+—)". But 
the growth in the exponent is compensated for by the fact that the 
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quantity has a (finite) limit. The limit to which (1-++)" 
tends as n> oo is e: 


lim (1++)"=e (1), 
R>@ 


The number e (which is irrational) is equal (to six signi- 
ficant figures) to 


e = 2.71828 


In many cases it is advantageous to take the number e as 
a logarithmic, base (cf. Sec. 242). 


The function (1+-)" has the number e as its limit 


not only for integral values of n but even when a approa- 
ches infinity ranging over the entire number line in conti- 
nuous fashion. What is more, the argument n can assume 
both positive and negative values provided only that it inc- 
reases without bound in absolute value. To bring this cir- 
cumstance out more vividly, let us replace the letter n by 
the letter x and write 


lim (14+4)*=e (2), 

(eesecoiee. OO 
lim (1++)'=e (3) 
E> @ : 


base 1+ tends to 1. It is useful to verify this computationally 
using five-place tables of logarithms: 


(142)'=2.48, (14;5)'=2.59. (1+35)°°=2.69 


| 100 
(14555) 7" =2.71 


It Is possible to prove the bounded character of (1++)” by means 
of the binomial formula. The frst term is 1, the second is also 1, 


the third is equal to ato). ar for any a less than + the fourth 
is always less than sr , the fifth is less than +. etc. And so any 


value of uy is less than 


f+14+ (S++ dee. ‘ ) 


that is to say, it is less than 3. 
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215, The Limit of “= 


as x +0 


If x is the radian measure of the angle, then 


‘ sin x 
lim — =1 and lim =—*=1 (1) 
rao Wx x20 * 
Explanation. Let us take the radius. 
OA _ Fig. 216) as unit length. Then 
x= AB, sinx=BD. We have x:sin x= AB: 


— ~_— 
: BD=B’AB:B’B. The arc B’AB is greater 
than the chord 8’B. Therefore x:sin x > 1. 


—_— 
On the other hand, the are B'AB is less Fig. .216 


than BC+B’C=2BC, It. e. AB<BC. Hen- 
ce, x:sinx < BC:BD= ac x (from the triangle DBC) 


Hence, the ratio a lies between unity and sec x. But the mag- 


nitude of sec x itself tends to unity as x +0, and hence aoe surely 
does. 


219% Equivalent InfinitesImals 


Definition. Two infinitesimals are called equivalent if the 
limit of their ratio is equal to unity. 
Example 1. The quantities x and sinx, which are infini- 


tesimal as x - 0. are equivalent because (Sec. 215) ale = i. 


The quantities 2x and sin 2x are equivalent. The quantities 
x and sin? x are also equivalent. 

Example 2. The infinitesimals a?-+ 3a and a2—4a8 ( a +0) 
are equivalent because 


lim pases ee 1+3a ay 
ao” tae = On m, t-4e 
The equivalence of infinitesimals is denoted by the same 


symbol ~ as approximate equality. Thus, 
sinx ~ x, sin 2x ~ 2x, sin? x = x4, oF +303 ~ at—4as 


Note. Indeed, equivalent quantities are approximately equal (the 
equality is the more exact, the closer ‘to zero the equivalent quanti- 
tles approach). Thus, for a=0.0} the quantity a*+3a® is equal to 
0.000103, and a?—4a* jis 0.000096. The difference amounts to 
0.000007, which is about 7°/, of one of the equivalent quantities. 
The closer they are to zero, the smaller is the percentage. 
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Theorem. The limit of a quotient (ratio) of two infinite- 
simals remains the same if one of them (or both) is replaced 
by an equivalent quantity. 

Example 3. Find lim “47 . 
x70 


Substituting for sin 2x the equivalent quantity 2x, we get 


x70 x x70 * 
Example ‘4. 
ate ; in 2x 2x 2 
lim 7 =lim —=— 
preg sin 5 x0 5x 5 
Example 5. Find 
lim 1-cos x 
x70 x 


Solution. We have 


1—cos.x =2 sin? + 


sna = ~~ (*\? 
sin = (+) 


and since 


it follows that 


217. Comparison of Infinitesimals 


B 
a 


infinitely small [ie if lim &—0, and, hence (Sec. 209), 


@ 


Definition 1. If the ratio — of two infinitesimals is itself 
lim $= 0 |. then B is termed a quantity of Aigher order 


relative to a; and @ is a quantity of lower order with res- 
pect to B 
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Definition 2. Ii the ratio £ of two infinitesimals tends to 


a finite limit not equal to zero, then a and are called in- 
finitesimals of the same order.) 

Note. Equivalent infinitesimals always have one and the 
same order ?) 

Example 1. As x ->0, the quantity x5 is of higher order 


+ 
than x® because lim = =0. Conversely, x3 is of lower order 
x70 


than x® because lim =o. 
x70 
Example 2. As x 0, the quantities sinx and 2x are of 
the same order because (Sec. 215) 


sin x 
x 


ns 
=a 


to 
» 
| 
i) 


x70 x>0 


Example 3. As x0, the quantity 1—cosx is of higher 
order than sin x since (Sec. 216, Example 5) 


l-—cos x 


lim =0 
ee0 sin x 
As a 0, each of the quantities a, a?, a8, af, a, ... is of 


lower order than any successor. Therefore, the following de- 
finition is the keystone of the further classification of infini- 
tesimals. 

Definition 3. An infinitesimal B is of the mth order with 
respect to an infinitesimal @ if 6 - of the same order as a”, 


i.e. (see Definition 2) if the ratio 5 has a finite limit not 
equal to zero. 

Example 4. As x 0, the infinitesimal 7s is of third 
order with respect to x because lim (zs )=7. the 


x0 


B 


Din place ot the ratio = we can take the reciprocal ratio = . 


B 
since it too will have a finite limit not equal to zero (# lim Bem, 
then tim 2=— \, 

m 


B 


2) The converse does not hold true. Thus, the quantities 2x and 
3x have, as x + 0, the same order lim ono 2: but they are not 
x+03* 3 


equivalent. 


276 HIGHER MATHEMATICS 


infinitesimal +x is of second order, the infinitesimal V x 


is of order + 3 
Example 5. The infinitesimal 1—cos @ (a - 0) is of second 
order with respect to a since (see note on Definition 2) 


1—cos a=2sin?-+ ~2 ($)° 


Example 6. The inlinitesimal + a3 + 1000 at (a - 0) is of 


third order,. that is, the same as the term +a’, the order of 


which is lewer than that of the other term. That always 
occurs in the case of a sum of two or more terms. 

Example 7. The infinitesimal x? sin? x (x 0) is of fifth 
order with respect to x (the number 5 is the sum of the or- 
ders of the factors; this always occurs in the case of a pro- 
duct of two or more factors). 

Theorem 1. The difference a—fB of two equivalent infinitesimals a 
and 6 is of higher order with respect to either @ or B. 

Example 8. We have x = sin x as x + 0. Therefore, x—sin x is of 
higher order with respect to x (and also with respect to sin x). 

Theorem 2 (converse). If the difference of the infinitesimals a and 
6 is of higher order with respect to one of them (then it is of higher 
order with respect to the other as well), then a = B. 

Example 9. The infinitesimals a@?+3a? and a? (a@ + 0) differ by 
3a3: this is a quantity of higher order than a. And so 


a?+3a% = a? 


27a The Increment of a Variable Quantity 


Definition. If a variable z assumes the value z=z, and 
then z=2z.,, then the difference z,—2z, is called the increment 
of z. The increment may be positive, negative, or zero. The 
increment is denoted by the Greek letter A (delta) (the sym- 
bol Az reads “delta z”). It denotes the change in z, “incre- 
ment of the quantity z”; we have 


Az=2,—2, 


The increment of a constant is zero. 
Example. The initial value of the argument x=3, the 


increment of the argument Ax—— 2. Find the corresponding 
increment Ay of the function y= x?. 
Solution. Since x;=3 and x,—x,=— 2, it follows that 


%g=1. The function y=x? first takes on the value y,=3?=99 
and then yg=1?=1. 
The increment of the function is Ay=y,—y,=1—9=—8. 
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218/The Continuity of a Function at a Point 


Definition. A function f (x) is called continuous at a point 
x=a if the following two conditions are fulfilled: 

1. For x=a the function f(x) has a definite value b. 

2. Asx +a, the function has 
a limit which is also equal to 6. 

If even one of these condi- 
tions is violated, the function 
is called discontinuous at the 
point x=a. 

Example 1. The function 
a= is continuous at the 
point x=5 (M in Fig. 217) be- 
cause (1) at x=5 it has a de- 


finite value fO=5 ; (2) as Fig. 217 


x—5 it has a limit which is 
also equa! to ees The function is discontinuous at the point 


x==3 because the first condition is not fulfilled (the function 
does not have a definite value). Neither is the second condi- 
tion fulfilled. 

a 5 : ample 2. Let us specily the 

unction @(x) as follows: 

§ a a : 

' Q (x)= for x 4 3, 

£ x-3 
Cp 

@ (x) =2 for x=3 
1 This function (its graph is 
; fe AP obtained from the graph oF Ex. 
, Sa mple 1 by adjoining the point 
Fig. 218 N; see Fig. 217) is also dis- 
continuous at the point x=3. 
This time the first condition is fulfilled but the second is 

not: the function p(x) has an infinite limit as x > 3. 
Example 3. The quantity Q of heat imparted to a body 
is a function of the temperature T of the body. Fig. 218 
depicts the graph of this function. The line RB corresponds 
to the solid state (7, is the initial temperature, T, the mel- 
ting point), the line CE corresponds to the liquid state 
(T; is the temperature of vapourization), the line FS corres- 


ponds to the gaseous state. The function Q is discontinuous 
at T=T, and T=Tsz; it does not have a definite value at 
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these points. Thus, the melting point T, is associated with 
all possible quantities of heat from Q=AB to Q=AC. 


219. The Properties of Functions Continuous 
at a Point 


Property 1. The sum, difference and product of two func- 
tions continuous at a point x =a are continuous at this point. 
The quotient = of two functions continuous at the point 
x=a is continuous if the divisor v does not vanish for x =a. 

Property 2.) If the function f (x) is continuous for some 
value of x; then the increment in the function is infinitesimal 
for an infinitesimal increment in the argument. 


Example 1. The function Fay is continuous at the 


point x=5, and Fe=+ (Sec. 218, Example 1). For 


x=5-+Ax the function has the value 


1 
[G+4x)=s5, 
The increment in the function is 


F(+4x)—f 0) =—so555 


It is infinitesimal for an infinitesimal Ax. 


219a. One-Sided (Unilateral) Limits. 
The Jump of a Function 


If the value of a function f(x) tends to the number b, as x tends 
to a from the side of small values, then the number }, is termed the 
left-hand limit (or limit on the left) of the function f (x) at the point 
x=a and is written 

lim = f (x)=6b 
x-+a-0 : (1) 

{f (x) tends to 6, as x tends to a from the side of larger values, 
then 6, is called the right-hand limit (or limit on the right) of the 
function f (x) as x + a and is written 


li y=b, 
ion : (2) 


The quantity | 6,—6,| is called a discontinuity (a jump or saltus). 


1) Property 2 may be taken for a definition of continuity of a 
function at a point (equivalent to definition of Sec. 218). 
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The left and right limits are generically termed a “one-sided (uni- 
lateral) limit”. 

Example 1. The function Q depicted in Fig. 218 has at the point 
T, a left-hand limit AB and a right-hand limit AC. The jump is 


shown as BC=AC- AB 1 
7 (Fig. 219) has, at the 
142V/a 


Example 2. The function f (x)= 
point x=0, a right-hand limit 6,=0 and a left-hand limit 6,=1. The 
jump is equal to unity. 


Fig. 219 Fig. 220 


Two one-sided limits of a function f (x) at a point x=a may be 
equal. If the function is defined at the point x=a, it is continuous 
at this point. 

xt 


Example 3. The function f (x)= eat has one-sided limits at the 


point x=2 both equal to 4. But at the point x=2 itself the function 
is not defined and is therefore discontinuous. The graph (Fig. 220) is 
a straight line y=x+2, without the point M (2, 4). If we further 
agree that f(2)=4, then f (x) will 
become continuous. The graph will 
include the point M as well. 

If by means of the supplementary 
condition defining the function f (x) 
at the point a it.is possible to con- 
vert a discontinuous function into a 
continuous function, the discontin- 
uity is called removable. In Example 
3 the discontinuity is removable 
while in Examples | and 2 it is non- -/ 2x 
removable. 


220. The Continuity of a Function 
on a Closed Interval 


Definition. A function is cal- 
led continuous ona closed in- 
terval if it is continuous at every 
point of the interval including the two end-points. 

We similarly define the continuity of a function in open 
intervals. 


Example. Consider the function 


Fig. 221 


1 


continuous on the closed interval ( 1 + ; 2) , but is dis:on- 
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tinuous on the closed interval (0, 1) because both end-points © 
x=0 and x=1 are points of discontinuity. It is also discon- 
tinuous on the closed interval (1, 2) since one end-point 
x=1 is a point of discontinuity. It is also discontinuous on 


the closed interval ( +2) since there is a point of discon- 
tinuity (<=1) inside the interval. 


221. The Properties of Functions Continuous on a Closed Interval 


Let a-function f (x) be continuous on the closed interval 
(a, 6). Then it possesses the following properties: 

1. Among the values which the function assumes at points 
of the given interval there is a greatest and a least. 

Note !. Among the values which the function f (x) assumes 
at points of an open interval 
(a, 6) there may not be a great- 
est or a least value. 


Fig. 222 Fig. 223 


For example, in the open interval (1, 3) the function 
2x has neither a least value nor a greatest value (it could 
assume these values at the end-points x=1 and x=3, but 
the extremities are excluded from the open interval). 

2. If m is a value of the function f (x) for x=a and n is 
a value of f (x) for x=6, then the function f (x) assumes any 
value p, lying between m and n, at least once inside the 
interval (a, 6). 

Geometrically, any straight line drawn parallel to the axis 
of abscissas above the point A but below the point B 
(Fig. 222) will meet the curve AB at least once (three times 
in Fig. 222). 

Note 2. A discontinuous function may not have Property 2 
(see Figs. 218 and 219). 

2a. In particular, if the function has a positive value at 
one end of the interval and a negative value at the other 
end, then it will vanish at least once within the interval. 
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Geometrically, if one of the points A, B (Fig. 223) lies 
above the x-axis and the other below the x-axis, then the 
curve AB will meet the x-axis at least once (twice in Fig. 223). 

3. If the variables x and x’ vary so that the difference 
x—x' is infinitesimal, then the difference f (x)—f (x’) is also 
infinitesimal. 

Note 3. If x’ is a constant c, the difference f (x)—f (c) is 
an infinitesimal, by Property 2 of Sec. 219. By Property 3 
of Sec. 221, the difference f (x)—/(x’) is infinitesimal for 
infinitesimal x—x’ not only when x’ is constant but also 
when x’ is variable. 

Note 4. Property 3 may not hold true in the case of con- 
tinuity of the function in an open interval. Thus, the func- 


tion + is continuous in the interval (0, 1) devoid of the end- 


oint x0. Let x and x’ vary so that x’—2x as x — 0. 
hen the difference x—x’ is infinitesimal, but the difference 


fO—-fe)=t-L=zy is infinitely great. 


DIFFERENTIAL CALCULUS 


222//introductory Remarks 


The source of differential calculus lies in two problems: 

(1) finding the tangent to an arbitrary line (Sec. 225), 

(2) finding the velocity, given an arbitrary law of motion 
(Sec. 223). 

Both problems led to one and the same computational 
problem which lies at the heart of differential calculus. 
The problem is that of finding, on the basis of a given func- 
tion f(¢), a certain function /’(¢) (which later became known 
as the derivative) representing the rate of change of the func- 
tion f(t) with respect to the variation of the argument 
(a precise definition of a derivative is given in Sec. 224). 

It was in this general form that the problem was posed 
by Newton and, in similar form, by Leibniz in the 70s and 
80s of the seventeenth century. But even during the preced- 
ing half century, Fermat, Pascal and other scholars had 
actually given rules for finding the derivatives of many 
functions. 

Newton and Leibniz brought this development to its cul- 
mination. They introduced the general concepts of derivative }) 
and differential 2) and also the symbols which greatly simpli- 
fied computations. They refined the apparatus of differential 
calculus and applied it to the solution of numerous problems 
in geometry and mechanics. It was only in the 19th century 
that the whole system was placed on a rigorously logical 
basis (see Sec. 191). 


223/ Velocity >) 


{n order to determine the velocity of a train, we note 
the point at which it is located at time ‘7, and then at 
time ¢=t,. Let these be the distances s=s, and s=sy. The 
increment (Sec. 217a) in distance As=s,—s, is divided by 


') Newton used the term “fluxion” The term “derivative” was 
introduced at the end of the 18th century by Arbovast. 

2) The term “differential” (from the Latin differentia) was given 
by Leibniz. 

4) This section introduces Sec. 224 
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the increment in the time At=t,—¢,. The quotient 


it (1) 


yields the average velocity of the train for the interval (fj, ¢9). 
In the case of nonuniform motion, the average velocity does 
not describe the rate of motion at time t=¢, with sufficient 
exactitude. But the smaller A¢, the more exact is this speed. 
For this reason, the speed at time t=t, is the limit to which 


the ratio s tends as At —> 0: 
v= lim — 
At+o 4 GY 
Example. Free fall of a body. We have 


I 
s=z gl? Gy 
Since ty=t,+ At, it follows that 


1 1 
As=%—s =F 8 (ty +At?— + ati 


Hence 


1 1 
a (t,t Aty?- > gt? 


Al 4), 


Having computed the limit, we find 


vu=gt, 6) 


The notation ¢, is introduced to bring out the constancy 
of t when computing the limit. Since t, is an arbitrary value 
a ne the subscript 1 can best be dropped; then from the 
ormula 


v=gt a), 


it is evident that the velocity uv (like the distance s) is a 
function of the time. The form of the function v depends 
completely on the form of the function s, so that the function 
s generates (“derives”, as it were) the function v. Hence the 
name, the “derivative function”. 
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224,/Ahe Derivative Defined» 


Let y=f (x) be a continuous function (of the argument x) 
defined in the interval (a, 5) and let x be some point of this 
interval. We give to the argument x an increment Ax (posi- 
tive or negative). The function y= =H (x) will receive the 
increment Ay, equal to 


Ay=f (x+ Ax)—f (x) (1), 
If Ax is infinitesimal, then Ay.is also infinitesimal (Sec. 219). 
The limit to which the ratio #2 tends as Ax —>0, ice. 


» 


lim fx+A2)—f (x) (2 


Ax~>0 “Ax y 


is itself a function of the argument x (cf. Sec. 223). This 
function is called the derivative of the function f (x) and is 
denoted by f’ (x) or y’. 

Briefly, a derivative function is the limit?) to which tends 
the ratio of an infinitesimal increment in the function to.a 
corresponding infinitésimal increment in the argument. 

Note. In the process of finding the limit (2), the quantity 
x is regarded as a constant. 

Example ’ Find the value of the derivative of the fune- 
tion y=x? for x=7. 

Solution. For <=7 we have y=72=49. Give to the ar- 
gument x an increment Ax. The argument becomes equal to 
7+ Ax, and the function becomes (7-+ Ax)?. 

The increment Ay of the furiction is 


Ay = (7+ Ax)?= ‘7? = L4Ax+ Ax? 
The ratio of this increment to the increment. Ax is 


Aye array 
ax fa Ax 


, 


ea ak 
Now find the Titnit to. which > “ tends: ‘as Ax —> 0: 
a slim 4 lim lim (4+ ax=14 


The desired value of the derivative is 14. 


4) It is advisable to read Sec. 223 first. 
*) For cases when the limit does not exist, see Sec. 231. 
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Example 2. Find the derivative of the function y= x? 
(for an arbitrary value of x). Give to the argument an incre- 
ment Ax. The argument becomes x-+ Ax. The increment Ay 
of the function is (x+.Ax)?—x?—2x Ax+Ax?. The ratio 


x is equal to Grae oe et Ax. The derivative function 


is the limit of this ratio as Ax —> 0: 
? 
‘= lim S4= lim Qx+Ax)=2e / 
Ax+0%* Axo ; , 
The sought-for derivative y’==2x. For x=7 we get y’=14 
(cf. Example 1). . 
Example 3/ Find the derivative of the function y—sin x 
(the argument is expressed in radian measure). 
Solution. Give to the argument an increment Ax. The 
increment of the function is 


Ay=sin (x-+ Ax) —sin x=2 cos (x44) -sin 


The ratio oe is 
x 


Ax _ Ax Aa 
2cos| x+ — }-sin — 2 sin — 
: 2 = cos (x44) : 

Ax ~ 2 Ax 


The limit of this ratio as Ax—+0O (Secs. 213, 215) is 
equal to 


2 sin Bx 
=cos x 


: Ay a Ax 
lim — = lim cos (+) lim 
Ax>0 Ax-0 2 


Hence, y’=cos x. 


225/ Tangent Line 


The tangent line to the curve L at the point M (Fig. 224) 
is the straight line T’MT with which the secant line MM’ 
tends to coincidence » when the point M’, always on L, tends 
to M (either from the right or from the left). 

Note. From Fig. 225 it is evident that the tangent can 
have, besides the point of tangency, points common to the 
curve and the tangent. 


1) The expression “tends to coincidence” means that the acute 
angle between the fixed straight line 7’M7 and the rotating line MM’ 
tends to zero. 
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{f the curve L is the graph of a function y=f (x), then 
the slope of the tangent is equal to the value of the deri- 


vative function at the correspo- 
nding point.» 


tT’ MM WNT 


a .Fig. 224 Fig. 225 


This is clear from Fig. 226. The slope & of the secant 


line is ka If M’ tends to M. then & has as a limit 
Q Ax i: 
the slope m of the tangent. Hence, m= lim = i.e. 
Ax+0 
(Sec. 224) m=/’ (x). 
Y 
M 
f] 
0 (} 1 Xx 
Fig. 226 Fig. 227 


Example 1. Find the slope and the equation of the tan- 
gent to the parabola y=x? at the point M (1, !) (Fig. 227) 

Solution. We have y’=2x (Sec. 224, Example 2). For 
x=1 we get y’=2. The desired slope of the tangent m=2. 
The equation of the fangent will be y—il=m(x—1), 
i.e. y=2x—1. 


1) If the graph has no tangent, the function f (x) has no derivative, 
and vice versa. 
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Example 2./Find the equation of the tangent to the curve 
y=sin x (sine curve, Fig. 228) at the point O(0, 0). 
Solution. We have y’=cosx 


(Sec. 224, Example 3). For x0 Y fT 
we get y’==1. The equation of 
the tangent is y=x. 
Note that the sine curve lies 0 x 
on both sides the tangent line 
T'OT. r 
Example 3,/ The slope of the Fig. 228 


straight line y=ax-+b (it is equal 
to a) is the derivative of the function y=ax+6 (the 
tangent to a straight line is the line itself). 


226. The Derivatives of Some Elementary Functions 


l. The derivative of a constant quantity is equal to zero 
(a)’ =0 (1) 


Physical meaning (Sec. 223): the velocity of a fixed 
point is zero. 

Geometrical meaning: the slope of the straight line y=a 
(UV in Fig. 229) is zero (cf. Sec. 225, 


i Example 3). 
Note. For some values of x a fun- 
u ‘a ‘ ction can have a zero derivative with- 
out being a constant. Thus, the de- 
a X  tivative (sin x)’=cos x (Sec. 224, Exam- 
Fig. 229 . 


: : 37 
ple 3) is zero for x= ,x=— >= , etc. 


But if the derivative f’ (x) is identically zero, then the 
function f (x) must definitely be constant (Sec. 265, Theorem 1). 
2. The derivative of an independent variable is unity: 


(x)/=1 (2) 


Geometrical meaning: the slope of the straight line y=x 
is equal to unity. 

Physical meaning: if the distance covered by a body is 
numerically equal to the time spent in motion, then the velo- 
city is numerically equal to unity. 

3. The derivative of the linear function y=ax-+6 is the 
constant quantity a: 


(ax +0)’ =a (3) 
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4. The derivative of a power function is equal to the pro- 
duct of the exponent by the power function with exponent 
decreased by one 


(x7)' = nx") (4) 
Examples. 
(1) (x?)’ = 2k. 
(2) (x8)' = 3x2. 


(3) ware(st) a1, ; ‘ 


(4) (gr) erty =— 28 2. 


227. Properties of a Derivative 


1. A constant factor may be taken outside the sign ot 
the derivative: 


laf (x)]’ =af" (x) 
Examples. 


(1) (3x2)! =3 (x2)’ =3-2x=6x. 


0 ($)'=5(s)=5(-$)=-# 
(3) (VR =V2(Vxy = a. 


2. The derivative of an algebraic sum of some fixed num- 
ber of functions is equal to the algebraic sum of their deri- 
vatives: 


A@+hW—b OW =hO+h —fs%) 
Examples. 
(A) (0.3x2— 2x +-0.8)’ = (0.3x2)’ — (2x)’ + (0.8)’=0.6x —2 
(the derivative of the last term is zero; Sec. 226, Item 1). 


6) (-6 Vi) =(2) -6(Vz=- Paes 
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228. The Differential 


Definition. Let the increment (Sec. 217a) in the function 
y=f (x) be split up into a sum of two terms: 


Ay= AAx+a. (1) 


where A is not dependent on Ax (i. e. is constant for a given 
value of the argument x) and @ is of higher order (Sec. 217) 
than Ax (as Ax — 0). 

Then the first (“principal”) term, which is proportional 
to Ax, is called the differential of the function f (x) and is 
denoted by dy or df (x). 

Example 1. Take the function y=. Then) 


Ay =3x? Ax-+ (3x Ax? + Ax) (2) 


Here, the coefficient A=3x? is not dependent on Ax, so 
that the first term is proportional to Ax; the other term, 
a—=3x Ax?-+ Ax8 however is of higher (second) order with res- 
pect to Ax. Hence, the term 3x? Ax is the differential of the 
function x8 


dy=3x? Ax or d (x8)=3x? Ax (3) 


Theorem 1. The coefficient A is equal to the derivative 
f’ (x); in other words, the differential of a function is equal 
to the product of the derivative by’ the increment in the 
argument: 
dy=y’ Ax (4) 
or 
af (x) =f" (x) Ax (4a) 


Example 2. In Example 1 we found that d (x°)=3x? Ax. 
The coefficient 3x? is the derivative of the function x. 


Example 3. If y=+, then y=—4 (Sec. 226, Item 4). 


Therefore dy=— =. 


1 1 —Ax 
Let us verify this. We have AUS TAN Seed en: lf we 
split up this expression into two terms, the first being -o , then the 


1) The notation Ax? is the same as (Ax)? (parentheses are dropped). 
If it is necessary to indicate the increment of the function x*, then 
we write A (x?). 
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second will be ——A The latter term is of higher (second) order 
x? (x+ Ax) 
with respect to Ax. !) 

Theorem 2. If the derivative is not equal to zero, then 
the differential of the function and its increment are equi- 
valent (as Ax —+0); if the derivative is zero (the differential 
is then also zero), they are not equivalent. 

Example 4. If y=x?, then Ay=2x Ax-+Ax? and dy=2x Ax. 
For x=3 the quantities Ay=6Ax-+Ax? and dy=6Ax are 
equivalent, for x=0 the quantities Ay—=Ax? and dy=O are 
not equivalent. 

The equivalence of the differential and the increment is 
frequently employed in approximate calculations (as a rule, 
it is easier to compute a differential than a derivative). 

Example 5. We have a metal cube with edge x= 10.00 cm. 
When heated, the edge increased by Ax=0.01 cm. How much 
did the volume V of the cube increase? 

Solution. We have V=x3 so that dV=3x? Ax = 
= 3-10?-0.01=3 (cm3). The increase in the volume AV is 
equivalent to the differential dV so that AV ~ 3 cm3. The 
total computation would have yielded AV=10.013—103 = 
= 3.003001. But in this result all the digits, except the first, 
are unreliable and so we have to round off to 3 cm® in any case. 

Other examples of the employment of a differential in 
approximate computations are given in Sec. 243 (Example 4) 
and Sec. 248. 


229. The Mechanical Interpretation 
of a Differential 


Let s=f (t) be the distance of a rectilinearly moving point 
from its initial position (¢ is the time in transit). The incre- 
ment As is the distance covered by the point during the 
time interval At, while the differential ds=f’ (¢) At (Sec. 228, 
Theorem 1) is the distance the point would have covered 
during time At if it had maintained the speed f’ (t) reached 
at time ¢. For an infinitesimal At the imagined distance ds 
differs from the true distance As by an infinitesimal of order 
higher than Af. If the velocity at time ¢ is not equal to zero, 
then ds yields an approximation of the small displacement 
of the point (cf. Sec. 228, Theorem 2). 


1) It is assumed that x0 (for x=0 the function X itself is 
not defined ). 
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230. The Geometrical Interpretation 
of a Differential 


Let curve L (Fig. 230) be the graph of a function y=f (x). 


Then 
Ax=MQ, Ay=QM' 


The tangent line MN divides the segment Ay into two 
parts QN and NM’. The former is proportional to Ax and is 
equal to QN=MQ-tan 7 QMN= 
= Axf’ (x) (see Sec. 225), i.e. QN 
is the differential dy. 

The latter part NM’ yields the 
difference Ay—dy; it is of higher 
order with respect to Ax. In the gi- 
ven case, when f’ (x) = 0 (the tan- 
gent line is not parallel to the 
x-axis), the segments QM’ and QN 
are equivaient (Sec. 228, Theorem 2). 
In other words, NM’ is also of 
higher order with respect to Ay= Fig. 230 
QM’. This is evident from the figure 
(as M’ approaches M, the segment NM’ comprises an ever 
smaller portion of the line segment QM’). 

Thus, the differential of a function is graphically depicted 
as the increment in the ordinate of the tangent line. 


231. Differentiable Functions 


A continuous function which (at a given point) has a diffe- 
rential is called differentiable at that point. 

A discontinuous function cannot have either a derivative 
or a differential at a point of discontinuity (the graph does 
not have a tangent line; see Fig. 214 on page 264 and 
Fig. 219 on page 279). 

A function which is continuous at some point may not 
have a differential at that point. Below we consider three 
characteristic cases. 


Case 1. The function y=/ (x) has an infinite derivative at the given 
point, i. e. A 
; y 
lim —=+o@ 
Ax--0 4 
or 
lim 4¥=-@ 
Ax+0 x 
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(thus, Ay is of lower order than Ax). The graph has a vertical tan- 
gent line. 
Notation (by convention): 
ff (x)= 


Example 1. The function f (x)= i/® (Fig. 231) is not differenti- 
able at the point x=0. The quantity 


wy Yom-Yo 
Axe > Uae 


has an infinite limit +@ as Ax+0. 
At the point x=0 the tangent line 
a coincides with the y-axis. 
Fig. 231 Nole !. A function which at a given 
point has a finite derivative is differen- 
tiable. Conversely, a differentiable function has a finite derivative. 


Case 2. The ratio Ay has no limit as Ax +0 (i. e. the function 
x 


y=/ (x) has no derivative), but it has a right-hand limit (as Ax ++0, 
Sec. 219a) and a jet hand limit (as Ax +0). The former is called a 
right-hand derivative and is denoted by f’ (x+0) and the second is 
called a left-hand derivative and is denoted by f’ (x—0). 


Y Mt,9 
o 61 3 
(a 
Fig. 232 Fig. 233 


At the point of interest (M in Fig. 232) the graph has no tangent 
line, but it has a right-hand tangent line MT, and a left-hand tangent 
line MT,; that is, the secant line MM’ tends to coincidence with M7, 
when M’ tends to M from the right, and with MT, when M’ tends 
to M from the left. 

Example 2. The function f (x)=1-—|1- x| (Fig. 233) is not diffe- 
rentiable at the point x=1. The line K’MK has no tangent line at the 
point M (1, 1). The right-hand derivative /’ (1+0)=—1, the left-hand 
derivative f* (1-0)=1. 

Case 3. The function y=f (x) has no left-hand or right-hand deri- 
vative (or has neither). The graph does not have a corresponding 
one-sided tangent. 4 


Example 3. The function given by the formula f (x)=xsin + (Fig. 234) 


and redefined as f (0)=0 (the expression sin + is meaningless for x=0) 
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is continuous at the point x=0. However, when M’ tends to \ from 
the right (or the left), the secant line OM’ oscillates between the straight 
lines UV (y=x) and U’V’ (y=—x) and does not tend to either straight 


Fig. 234 


line. The graph, at point O, has neither right-hand nor left-hand tangent 
line, and the function f (x) "has neither right-hand nor left-hand deri- 
vative. 

Note 2. One can even think up continuous functions that have no 
derivative at any point at all.1) Hence, the existence of a derivative 
does not follow logically from the continuity of a function. This was 
ube ointed out by the great Russian mathematician N. I. Loba- 
chevsky.*) 


') We can neither construct nor even imagine a curve graphically 
depicting such a function, for our conception of a curve involves an 
abstraction from the properties of real objects and it is intimately 
bound up with the concept of direction. Even in Example 3, the “line” 


y=x sin = is devoid of direction at the point x=0. Here, however 


our imagination is aided by the fact that the graph has a definite 
direction in any neighbourhood of point O. 

2) Nikolai Ivanovich Lobachevsky (1792-1856) created non-Eucli- 
dean geometry and made valuable contributions to algebra and analysis. 
He was also a prominent public figure, and an outstanding teacher 
who did much in the sphere of education. His whole life and work are 
closely bound up with Kazan University from which he graduated and 
at which he was professor and rector. 
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232. The Differentials of Some Elementary Functions 


1. The differential of a constant is zero: 


da=0 (1) 

2. The differential of an independent variable is equal to 
its increment: 

dx = Ax (2) 


3. Generally, the differential of a linear function is equal 

to its increment: - 
d (ax +b) =A (ax-+-b) =a Ax (3) 

With respect to the other functions, the differential and 
increment are not equal. (They differ by a quantity of higher 
order of smallness with respect to Ax; Sec. 228.) 

4. The differential of a power function x” is equal to 
nx"-1 Ax (cf. (4), Sec. 233]: 


dx" =nx"-1 Ax (4) 


233. Properties of a Differential 


1. A constant factor may be taken outside the sign of the 


differential: 
d [a f (x)]=a df (x) (1) 
2. The differential of an algebraic sum of a fixed number 
of functions is equa! to the algebraic sum of their differentials: 
dfs ©) +h) —fs O=4h () + dfe()—dfa (x) (2) 
3. The differential of a function is equal to the product 
of the derivative by the differential of the argument: 


df (x) =f’ (x) dx (3) 
This follows from Sec. 228 (Theorem 1) and Sec. 232, Item 2 
In particular (cf. Sec. 232, Item 4), 

d(x") =nx"-ldx (4) 


234. The Invarlance of the Expression f’ (x) dx 


The expression f’ (x) Ax represents (Sec. 228, Theorem 1) 
the differential df (x) when x is regarded as the argument. 
But if the quantity x itself is regarded as a function of some 
argument ¢, then the expression }’ (x) Ax, as a rule, does not 
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represent the differential (see Example | below); the only 
exception is the case of a linear relation:. x=at-+-b. 

On the contrary, formula (3), Sec. 233, 

df (x) =f" (x) dx (1) 

is true both when x is the argument (then dx Ax) and when 
x is a function of ¢ (see Example 2 below). 

This property of the expression f’ (x) dx is called its inva- 
riance. 

Example 1. The expression 2x Ax is the differential of the 
function y=x? when x is the argument. 


Now put 
x= 13 (2) 
and we will consider ¢ as the argument. Then 
y=x?=t4 (3) 
From (2) we find 
Ax = 2t At-+ Af? (4) 
Hence . 
2x Ax = 2t? (2t At + At?) (5) 


This expression is not proportional to At and therefore 
now 2x Ax is not a differential. The differential of the function 
y is found from (3): 

dy = 4t8 At (6) 


Comparing (5) and (6) we see that 2x Ax and dy differ by the quan- 
titv 2¢#A¢#, which is of second order with respect to At. 


Example 2. The expression 2x dx is the differential of the 
function y=x? for any argument t. For example, let «= ??. 


Then 
dx =2t At 


2x dx = 2t®.2t At = 4t3 At 
Comparing with (6), we see that 
dy = 2x dx 


Hence 


235. Expressing a Derivative In Terms 
of Differentials 


The derivative of a function y with respect to the argument x 
is equal to the ratio of the differential of the variable y to 
the differential of the variable x: 


» dy 
x= 
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The subscript x on the symbol y’ emphasizes the fact that 
when we are seeking the derivative, the argument is x. The 
differentials dy and dx may be taken with respect to any argu- 
ment (see Sec. 234). : 

An extremely convenient notation for a derivative is often 


the expression & and similar expressions: 1 (the deriva- 
tive of the function f (x) with respect to x), ao (the deriva- 
d (3x34 2x+1) 23 


tive of the function @ (f) with respect to 2), 
= 6x-+2 and so forth. 

The following conventional notations are also employed: 
AT), A (3x24 2x+ 1) and so forth, which are particularly 
convenient when taking the derivative of a complicated ex- 
pression. 


dx 


236. The Function of a Function (Composite Function) 


A quantity y is called a function of a function (composite 
function) if it is regarded as the function of some (auxiliary) 
variable u, which in turn depends on an argument x: 


y=f(u), v= (x) (1) 
In this way, y is a function of x, and this may be written as 
y=F 19 @)I (2) 


If f(u) and @(x) are continuous functions, then the fun- 
ction f[@ (x)] is also continuous. 

Example. If y=u® and u=1-+.x?, then y is a composite 
function of x, and we write 


y=(1+4) 


237. The Differential of a Composite Function 


Finding the differential of a composite function does not 
require any special rules (due to the invariance of the expres- 
sion f’ (x).dx, Sec. 234). 

Example 1. Find the differential of the function y= (1 + x2)3. 

Solution. Regarding y as a composite function (y=u3, 
u=1-+-x?), we have 


dy -=3u% du, du=2x dx 
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Whence 
dy =3 (1-+ x2)? -2x dx = (6x + 12x3 + 6x5) dx 
The same result is obtained directly: 
dy =d (1 + 3x?+- 3x4 + x8) = (6x + 12x3-+ 6x5) dx 


Note. In actual practice, no special designation is intro- 
duced for the auxiliary variable u. In Example 1, the pro- 
cedure is: 


d (1 x2)3=3 (14 x2)2-d (1 4x2) = 3 (1 4 x2)? 2x de 
Example 2. Find d V a?—x%, 


Solution. 
a pap 
d Vat—xi=d (@?—xt)*? =L(at— x) 2d (a?@—22) = 
ees x dx 
Vat_xt 


238. The Derivative of a Composite Function 


The derivative of a function of a function is equal to the 
derivative of the function with respect to the auxiliary 
variable multiplied by the derivative of the auxiliary vari- 
able with respect to the argument: 


dx du" dx (1) 
Example 1. Find the derivative of the function 
y= Vato 
(with respect to the argument x). 
Putting 
as 
y=u*, u=ai—x? 
we have 
a 
dy_ 1 2 1 du 
du~ 2% 2Vat—x? ’ dg 2X 
By formula (1) we get 
ee ae 2x) =— x 


el 
wo 
~S 
r) 

4 
* 

% 
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Note. When using the notation (} a?— x)’, beginners frequently 
make the following mistake. Knowing that (V x)’= 


===. they write 
2Vx 


the result as and forget to multiply by (a?—x*)’=—-2vr. The 


2 Vat—xt 
error is due to imperfect notation (it is not seen with respect to what 
variable the derivative is taken). Therefore, it is advisable at the 
beginning to write as follows: 

4 yo 1 d 1 
— Vat—x? =——___—. —_ (qt - x2) = —________ (- 
a 2Vat—xt 4x lta 2Var—xt : 


When sufficient skill has been developed, the intermediate transforma- 
tion is done mentally. 
The best safeguard against mistakes is a preliminary computation 
of the differential d Va?— x?. Obtaining (Sec. 237, Example 2) a 
a*—x8 
we take the coefficient of dx (i. e. we divide by dx) and find for the 
derivative the expression ota 
Vat— x? 
Example 2. Find the derivative of the function y=sin? 2x. 
Solution. Here we have a chain of three relations: 


2x) 


y=u?, u=sinv, vx=2x 


By analogy with (1) we have ou — SY . e. Taking into 
account that iu sin? cos v (Sec. 224, Example 3), we find 
dy 


igo 2u cos uv-2—=4 sin 2x-cos 2x =2 sin 4x 


To avoid mistakes, it is best to proceed as follows: 
dsin® 2x=2 sin 2x-d sin 2x=2 sin 2x cos 2x-d (2x)=4 sin 2x-cos 2x-dx 
Dividing by dx we obtain 
d sin? 2x 


= 4sin 2x cos 2x 
dx 


239. Differentiation of a Product 


Rule. The differential of a product of two functions is 
equal to the sum of the products of each of the functions by 
the differential of the other: 


d (uv) =u du-+u du (1) 
For three factors we have 
d (uvw) = vw -du + uw-du-+ uv-dw (2) 


and similarly for a greater number of factors. 
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The -derivative of a product is computed by the same 
rule (the word “differential” is both times replaced by the 
word “derivative”): 


(uv)’ = uv’ + 0u' (la) 
(uvw)' =vwu' +- uwo' + uvw’ (2a) 
Example 1. Find the differential and the derivative of 
the function (2x? + 3x) (x3—2). 
Solution. 
d[(2x2-+-3x) (x3 — 2)] = (2x? 3x) d (x3 — 2)+(x9 —2)d (2x?+4-3x) = 
= (2x? + 3x) 3x? dx + (x3 — 2) (4x43) dx= 
= (10x4 + 12x3 — 8x —6) dx 
The coefficient 10x4 + 12x3—8x—6 is the derivative. By 
formula (la) we would have found 
[(2x? + 8x) (x3 —2)]’ = (2x? + 3x) (x? —2)' + (x8 —2) (2x? + 3x)’ 
and so forth. 
Example 2. 
d (xsin +) =xd sint + sint-de= 
I 
—x cos — 
=X COS + d (+) +sin + dx=——,— dx+ sin dcx 
= ( —+ cos ++sin-+) dx 
Whence 
I 1 


d vel. ih : 1 ri 
A (xsint)=—+ cos = tsin-= (3) 
Note. it is assumed that x0. For x=0 the function xsin is 


not defined. But even if it is redefined (Sec. 231, Example 3), it is 
not differentiable for x=0 [as x0, the derivative (3) dbes not tend 
to any limit; see Fig. 234]. 


240. Olfferentiation of a Quotient (Fraction) 


Rule. The differential of a fraction is equal to the pro- 
duct of the denominator by the differential of the numerator 
minus the product of the numerator by the differential of 
the denominator, the whole expression divided by the deno- 
minator squared: 


udu—udu (1) 


u 
a= v? 
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The same rule holds for the derivative of a fraction (the 
word “differential” is replaced in each case by the word 


“derivative”) 
(3) <5 z 
Example 1. Find y’ if y= 
We have 
yn (X8+ 1) (Det 1 (2x41) (att (t+) 2-24 1) 2 
g= (x?+1)? eed (x24 1)? 
i.e. 2(-2 1 
' __ 2(-*8-x+1) 
F Y= Grp 


Example 2. Find ay 1s 


[-x° 
First consider the given expression as a composite func- 
. a l+x 
tion (y=Va u=t**). 


l=x/° 


af =+VY ditto 1/1 (l-x) d2+(14+x) dx 
l-x 2 l+x "1-x7 2 l+x (1=x)? 


Simplifying, we get 
ay/ i 
I-x (l-x) VI-x8 


241. Inverse Function 


If from the relation y=f (x) there follows the relation 
x=@(y), then the function @ (y) is called an inverse function 
of f (x). 

Example 1. The inverse of the function y=x? is the 
(doubte-valued) function x= +V y. 

Example 2. The inverse of the function y=sinx is the 
(infinitely multiple-valued) function x= arcsiny (defined for 
all values of y less than unity in absolute value). 

Note. As a rule, an inverse function is mu!tiple-valued.!) The 
multiple-valuedness can be avoided if we mnarrow_ the range of 


variation of the argumerit of the initial function. For instance, in 
Example | we can eliminate the negative values of the argument x 


and then the inverse function xatVy will be single-valued. 


1) The only exceptions are those cases when the value of the 
direct function, as the argument increases, either eonsialy inereases 
or constantly decreases (such functions are termed monotonic). 
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If the earlier notations of the variables are retained, the 
graph of the function y=f(x) also serves as the graph of 
the inverse function x= @ (y). 

Ordinarily, however, the notations of the variables change 
roles and the argument of the inverse function is denoted 
by x, like the argument of the 
direct function. 


Fig. 238 Fig. 236 


Example 3. The inverse (single-valued) function of y= x? 
is y=YV x; the inverse function of y=2* is the function 
y= log, x. 

In this notation, the graphs of the initial and inverse 
functions are symmetric with respect to the straight line 
y=x (Fig. 235). 

The derivative of an inverse function. The derivative of 
an inverse function is equal to unity divided by the deriva- 
tive of the original function: © 


qn! a (1) 


Example 4. Let us consider the function y= x? for positive 


values of x. The inverse function (Fig. 236) is x-=V y. We 
have 


1) If the derivative dy vanishes, then formula’(1) may be under- 
stood in the sense that the inverse function has an infinite derivative 
at the point in question, i.e. lim At Le (see Sec. 231, Case 1; cf, 

Ayo 4¥ 
Sec. 213, Note 2). 
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242. Natural Logarithms 


The formula for differentiating a logarithmic function 
(Sec. 243) is of the most elementary form when the base is 
the number 

: 1\* 
tim (1+ y) © 2.71828 
(Sec. 214). The logarithm is then called natural and is de- 
noted by In.” 

In order to transform a natural logarithm to a logarithm 
to any base a, multiply it by the modulus for changing from 
natural logarithms to the other system of logarithms (equal 
to log, e):*- 

log, x= log, e In x (1) 


Conversely, to change from a logarithm to the base a to 
the natural logarithms, multiply it by Ina (i.e. by log, a): » 


Inx=Ina log, x (2) 


Mnemonic rule: Writing the formula (1) in complete form, we get 
loga x=logye log, x. Discard the log signs and form fractions of the re- 


maining letters =, & ‘i =; then the first is the product of the last 


two. The same holds for formula (2). 


The modulus for changing from natural to common loga- 
rithms is denoted by M: 


M=log e=0.43429 (3) 


(it is easy to remember the first four digits: M=0.4343). 
Formulas (1) and (2) take the form ® 


log x= M In x, (4) 
In x=y log x (5) 


1) The initial letters of the Latin words logarithmus naturalts, 
The number e is irrational; more, it is transcendental, that is to say, 
it cannot be the root of any algebraic equation with rational coeffi- 
cients. Also transcendental are the natural logarithms of all integers, 
and also the common logarithms of all integers (except 1, 10, 100, 
1000, etc.). The transcendence of the number e was proved in 1871 
by the French mathematician Hermite, the transcendence of the loga- 
rithms was proved by the Soviet mathematician A. Gelfond in 1934. 


») The quantities logg e and log, a are reciprocal (logge-log,a=1). 
3) To avoid confusion as to when to multiply by M and when by 


A remember that the common logarithm of any number is /ess than 
the natural logarithm (for example, In 10 ~ 2.3, while log 10=1). 
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where 
qaln 10 = 2.3026 (6) 


For multiplication by M and a there are special tables 
(p. 843). 

Example 1. Find In 100. 

Using formula (5) we get Inx = 2.3026-2 = 4.605. 

Example 2. Compute e? using tables of common logarithms. 

We have log (e3) =3 log e=3M = 1.3029, whence e3 = 20.09. 

One can also use the table of natural logarithms 
(pp. 839-842). We have In (e3)=3; it is necessary to inter- 
polate to find four decimals of the number e°. 


Example 3. The common logarithm of some number is 
0.5041; find its natural logarithm. 
We have 


Inx=7 log x ~ 2.303-0.5041 ~ 1.161 
This product may be found with the aid of the table on 
p. 843; namely, 
470-50 = 1.1513 


1 
yy 0-0041 = 0.0094 


1 
770-5041 = 1.161 


243. Differentiation of a Logarithmic Function 


The differential and derivative of a natural logarithm 
(Sec. 242) are expressed by the formulas 
dx 


dinx=—, (1) 


d 1 
qin LS (2) 


If the base of the logarithm is an arbitrary number, 
then») 


d log, x = log, e a : (3) 
d 1 
Gq 08a ¥ = logg e-— (4) 


1) Formula (3) may be obtained from (1) by taking into account 
(1), Sec. 242. 
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In particular, for the common logarithms 
dlog x= ue. (3a) 


x 
a 1 
qlogx=M -— (4a) 
Here, M ~ 0.4343 is the modulus for changing from natural 
logarithms to common logarithms (Sec. 242). 
Example 1. 
d l d a 
ee) = a eta 
Example 2. 


l+x dx dx 2dx 
Example 3. Find the value of the derivative of logx for 
x= 100. 


Formula (4a) yields (log x= wy 04343 


ASAS = 0.0043 


Example 4. Find log 101 without using tables. 
The increment Alogx is approximately equal to the 


differential dlogx= MAX For x=100 and Ax=1 we obtain 
A logx = aa ~ 0.0043. Hence, 


log 101 =log 100-+- A log 100 = 2-+- 0.0043 = 2.0043 


which coincides with the tabular value. 


244. Logarithmic Differentiation 


When differentiating expressions which are in a form 
convenient for taking logarithms, the latter operation may 
be performed first. 

Example 1. Differentiate the function y=xe~-=* 

(1) Taking logs to the base e, we get 


In y=In x— x? (1) 
(2) Now differentiate both sides of (1): 


d 
oY _& __ oy dx 
yv x 
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(3) Substituting for y the expression xe-**, we get 
dy=xe-** (— — 2x) de=e-** (1-228) de 
Example 2. Differentiate the function y=x*. 
Take the following steps, 
(1) Iny=x Inx, 


(2) fax (In x)’ ++Inx=1-+ In x, 
(3) y’ =y (1+ In x) =x* (1+ In x) 
Example 3. Differentiate the function 


(cf. Sec. 240, Example 2). 
(1) Iny=+ In(1+-x)—+ In (1 —2), 


1 1 
@ 2-5 ttre =i 


Be UNE oe Bae Sl as 
8 ¥=Y a'r (1-x) V1—x * 


Example 4. Differentiate the function 


a (x+ 1)? 
9= Gar2p (x43)! 


(1) In hae In («+ 1)—3 In (x + 2) —4 In (x 4.3), 
2 3 4 
@ £=5-sa- a 
(x+1)® 2 3 4\_ 
3) y’ = (x+2) (x+3)* Cr ea) re 
(x+1) (5x2+ 14x45) 
(x+2)4 (xr4+3)5 


The foregoing method is called logarithmic Ccrentiation, 
and the derivative of the logarithm of the function yf (x), 


(ny =£ =F 


is called the logarithmic derivative of the function f (x). 
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245. Differentiating an Exponential Function 


The differential and derivative of the exponential func- 
tion e* [where e= lim (1+— +) x 2.71828 | are expres- 


x7-@ 
sed by the formulas ) 


dex = e*dx, 4 ex = 0% (1) 


(the derivative of the function e* is equal to the function 
itself). For an arbitrary base a we have 


da* = a* Inadx, fax =a* Ina (2) 
In particular, 
1 d 1 
d 10* = 10* =- dx, = 10*=10* = (2a) 


Here, spain 10 = 2.3026. 


Example 1. 
4 (e%)= =er 4 (3x) = 3e3* 
Example 2. 
d (xe-*”) =x de-*? 4 e—*? dx = xe-*"d (— x2) + e-* dx= 
=e-*? (1 —2x?) dx 


Example 3. 
eben! (et+e—*) d (e6—e-')-(et-e-*') d (ett+e-— Hd. 
et+e-t (et+e-*y? 
— (ettent?—(et-e7 4)? pee 4dt 
(eb+e-ty? ; (ett+e—!? 
Example 4. 


d7t* = 7 \n 7d (t2) =2t 7¢* In 7 dt 


1) Formulas (1) and (2) may be obtained by logarithmic differen- 
tiation (Sec. 244) or by regarding the exponential function as the in- 
verse of the logarithmic function (Sec. 241). 
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246. Differentiating Trigcnometric Functions )) 


Differentials Derivatives 
: ad. 
l. dsin x=cos x dx, gz Sin x= COS x, 
: d : 
Il. dcosx=— sin x dx, q, cos x= — Sin x, 
dx d 
Il. dtanx=aa) ae WO soar 
dx i 
IV. dcotx=— 35, Scot x=— 


These formulas should be memorized. The following two need 
not be: 


d 
V. dsecx=tanx-sec x dx, Gz sec x= tan X-Sec x, 
d 
VI. dcosec x = — cot x-cosec x dx, qq cosec x= — cot x-cosec x 
Example 1. 


d sin 2x=cos 2x d (2x) =2 cos 2x dx 
Example 2. 


In VY sin ayo In sin 2x= sin 2x=cot 2x 


2 sin a" i 


Example 3. 
eee 
are sin 29 


Paul tan g= aa: a6 < tan @= cot p—— 


Example 4. 


< xsin xaoxsin x (cos xinx 4+ a) 


This is obtained by logarithmic differentiation (Sec. 244). 
Putting y=xsinx, we find Iny=sinxInx, whence 


4 fy=cosxine+ 2%, 


\) For the derivation of formula (1) see Sec. 224, Example 33 for- 
mula I} is derived in similar fashion. Formulas III ‘and IV are ‘deri- 
ved by means ox the relations 
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247. Olfferentiating Inverse Trigonometric 


Functions ') 
Differentials Derivatives 
: dx a ‘ 1 
I. d arcsin x=——— . ay aresin x = Ta f 
dx d 1 
II. darccos x= — ———., = arccos x= — ———— 
Vi-x dx Vix’ 
dx d 1 
I. darctanx=——-, qq arctan x= 
IV. d.arccot x= =o; ; < arccot x= sor 


cls fotmulas should be memorized. The following two need 
not be: 


dx d 1 
V. darcsec x=————., = arcsec x =——_—— 
xVxt-1 dx Vee” 
dx d 1 
1. dar LS - = arccsc x= — —_——— 
V ccsc Wasi’ Fr, Wis 
Example 1. 
x 
az) j 
: x x 
ee a rae Vag (1) 
V (a) 
Example 2. 
x 
a(z) a 
a adax 
darctan —-= ——_~,—- = —a, (2) 
“(@) 
a 
Example 3. 
d 3x45 od (3x45) Fy 3x+5\27 
arctan 825 =8 (H48),[1 4 (3828)*] = 
ek ce, eee eee Se 
=F 'Ox8+30x+29 9x? +30x429 
Example 4. 
darccos ~*— =a( io) ):-VWi-(4y eS) = 
—_ 34edx ,  VGx=1-9 6dx 
“~" (4x=1)? * | 4x-1| 


| 4x—1 |Waxt— ox 


1) Formulas 1-V1 are derjved from the corresponding formulas ot 
Sec. 246 (see Sec. 241). 
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Note. The function arccos 


3 3 
irl is only defined for lz| <i. 


e. elther for x > 1 or for x <-+}- It is not defined in the interval 
-+ / 1). If one formally substitutes some unsuitable value (say, 


z=0) in the expression of the differential, it will turn out to be ima- 
cary. 


247a. Some instructive Examples 


The examples given below serve to Illuminate some of the more 
subtle questions that arise in the differentiation of inverse trigono- 
setric functions. 


Example 1. 
1 61 L\_ dx 
d arctan ae i -d (=) =" 
l+—> 
x 


The expression obtained coincides with the differential ef the 
‘enction arccot x. However, the following equality holds only for po- 
sitive x: 


1 
arctan —=arccot x (1) 


For negative x we have ') 


1 
arctan ——arccot x=—7 (2) 


') Formula (2) may be readily verified for the point x=-—1 for 
which we have 


3x 1 na 
arccot cape arctan orem 


On the other hand, for negative values of x the difference arctan des, 
x 


T+x? ]+x? 


x <0 is equal to zero (see Sec. 226, Item 1). Consequently, formula 
(2) holds true for all negative values of x; putting x=+1 and reaso- 
ning in the same way, we are convinced that formula (1) holds true 


for all positive values of x. For x=0, the function arctan— is not 
defined and, hence, does not have a derivative. That is why one can- 
not assert that the function arctan tL arceot x is constant over the 
entire number line (cf. Sec. 265, Theorem 1). 


-arecot x is constant because its derivative ( : ; ) for all 
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For x=0 the function arctan = (Fig. 237) is discontinuous (its 


limit from the left is -+ , from the right + : ef. Sec. 218 and, 


hence, it is not differentiable, whereas the function arccot x (Fig. 238) 
is continuous and its derivative for x=0 is —1. The right branch of 


the graph y=arctan coincides with the right half of the graph 


Fig. 237 Fig. 238 


y=arccot x, while the left branch coincides with the left half of the 
dashed line in Fig. 238 (this yields the nonprincipal value of the 
multiple-valued function y=arccot x). 

Example 2. 


foe cian Ute ad: l+x\_ i+ l+x\2]_ 
quer ioe ies) (ee) 2 


fe 2 (1-—x)? 1 


(l—x)? (1—x)?+(1 4x)? 14x? 


ae expression coincides with the derivative of the function 
arctan x. 

For x <1, this function is connected with the given one by the 
elation ©) 


lt+x a 
arctan 7—~=arctan x+—- (3) 


(Fig. 239). and for «> 1 by the relation 


arctan itis arctan r—~ 2 (4) 
For x=1, the function arctan +** has a discontinuity AB=x, and 
does not have a derivative. 
Example 3. 
i arcsin (sin x)= ed pects. 
dx Vi-sin?x 4 {cos x | 


1) The proof is the same as in the preceding footnote of this 
section. 
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This derivative is equal to +1 when cosx> 0, and to —1 when 
tas x <0. For xa(2n+1)—, when cos x=0, the derivative does not 
exist. 


Note. In the interval -+ <Ex< + we have arcsin (sin x)=x, in 


the interval + EXE = we have arcsin (sin x)=a-x, in the interval 


Fig. 239 Fig. 240 


ers oe we have arcsin (sin x)=x-—2m and so forth (Fig. 240). 
Therefore, inside the first interval the derivative is equal to 1, inside 
the second one, to —1, etc. At the points xa(2k+1) > the deriva- 


tive has a discontinuity; at each of these points we have one-sided 
derivatives (cf. Sec. 231, Example 2). 


248. The Differential 
In Approximate Calculations 


It often happens that a function f(x) and its derivative 
f’ (x) may be readily calculated for x=a, but not for values 
of x close to a (here, direct computation of the function is 
difficult). Then use is made of the approximate formula 
f(a+h) = F(a)+f' (ah (1) 
It states that the increment f(a+h)—f(a) of the function 
f (x) for small values of A is approximately equal!) to the 
differential f’ (a) A (cf. Sec. 228, Theorem 2). 
Below (Sec. 265) a method is indicated for evaluating the 
error ®) of formula (1), but the evaluation often involves cu- 


mbersome computation. For rough calculations, one often 
confines oneself to formula (1). 


1) If f’ (a)=0, then formula (1) states that the increment in the 
function is small compared to h; then, for sufficiently small values of 
h we can take it that f (a+A)=f (a). 

2) See also Sec. 271, Note. 
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Example 1. Extract the square root of 3654. 


Solution. It is necessary to find the value of the function 
f(x)=V x for x=3654. It is easy to compute the values of 
F(x) and f’ @) =~ = for x==3600. Formula (1), for a=3600 

x 


and h=54, yields V 3654 ~ 60 -+ 5:45 -54 = 60.45. Here, all 
the digits are correct. 

Example 2. Find 102-1. 

Solation. Put f(x)=10* so that (Sec. 245) f’ (x)= 


= “(ar ~ 2.3026 ) . For a=2, A=0.1, formula (1) gives 
102.1 ~ 100+ >--100-0.1 = 123.0 


This result is rather rough (to within the fourth significant 
digit, 10?-) = 125.9). 

If we compute 102-9 (now 4=0.01) in the same fashion, 
we get 102.3. All the digits are correct. 

Example 3. Without using tables, find the value of tan 46°. 

Solution. Put f (x)=tan x, a=45°, A= 1°=0.0175 radian; 
then we have f’ @=s05= =2. Hence, tan 46°>t-+2x 
0.0175 = 1.0350. 

Only the last digit is incorrect; from the tables we find 
tan 46° = 1.0355. 

It is worth noting the following approximate formulas )) 
(a is an infinitesimal): 


Tra © |e, Toa I+ (2) 
aap ¥ 1-20, api © 1 +20 (3) 
Vivaritia, Vi-a~ 1—+a; (4) 
we x 1—+a, aan wl+to (5) 
V/itaxl++a, /1—ax 1—+ a; (6) 


‘) Formulas (2)-(6) are special cases of the formula (14+a)"=l+na, 
which is obtained from (1) by putting f (x)=x", a=1, h=a. 


DIFFERENTIAL CALCULUS 313 


In(1+a)~xa, In(l—a) = —a,; (7) 
e~i+a, lot 1+ Fra; (8) 
sina =a, cos a = I—+ a, tanaxza (9) 


249. Using the Differential 
to Estimate Errors In Formulas 


Data obtained in measurements contain errors due to inac- 
curacies in the measuring instruments. The positive number 
which definitely exceeds the error in absolute value (or, at 
worst, is equal to this error) is called the limiting absolute 
error or, simply, the limiting error. The ratio of the limi- 
ting error to the absolute value of the quantity being measu- 
red is called the limiting relative error. 

Example 1. The length of a pencil is measured with a 
ruler having millimetre divisions. The measurement yields 
17.9 cm. The error is not known but it is definitely less than 
0.1 cm. Therefore we can take 0.1 cm for the limiting error. 
The limiting relative error is equal to a: Rounding this 
up we get 0.6%. 

Finding the limiting error. Suppose a function y is com- 
puted from an exact formula y=f (x), but the value of x is 
obtained by measurement and therefore contains an error. 
Then the limiting absolute error | Ay| of the function is found 
from the formula 


| Ay| = |dy| = |f’ (x) || Ax] (1) 
where |Ax| is the limiting error of the argument. The quan- 
tity | Ay| is rounded up (because of the inaccuracy of the 
formula itself). 

Example 2. The side of a square is measured and found 
to be 46 m. The limiting error is equal to 0.1 m. Find the 
limiting error for the area of the square. 

Solution. We have y=.x? (where x is the side of the squ- 
are and y is the area). Whence | Ay|~2|x||Ax|. In our 
example, x==46 and | Ax|=0.1. Hence Ay| = 2-46:0.1=9.2. 
The limiting absolute error is rounded off to 10 m?. The li- 


ae : : 10 
miting relative error is equal to 7 ~ 0.5%. 


The limiting relative error [ir may also be found by 


y 
means of logarithmic differentiation (Sec. 244) by using the 
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formula 
|>2| =1diny| (2) 


In particular, for y=x" (then din y=") we have 
Ay | ~ 
| y | ek @) 


that is, the limiting relative error of the power x” is equal 
to the n-fold limiting relative error of the argument. 
Example 3. Under the hypotheses of Example 2, the | 


limiting relative error of the area is equal to 2c = 0.5%. 


Example 4. Measuring the edge of a cube yields x= 12.4 cm. 
The limiting error is 0.05 cm. What is the limiting relative 
error for the volume of the cube? 


Solution. The limiting relative error for x is equal to 


9-08 ~ 0.004; for x* it is equal to 3-0.004=0.012. 


Rule 1. The limiting relative error of a product of two 
or several factors is equal to the sum of the limiting relative 
errors of the factors. 

Rule 2. The limiting relative error of a fraction is equal 
to the sum of the limiting relative errors of the numerator 
and denominator. 

These rules follow from Secs. 239, 240.) 

Example 5. In seeking the specific weight of a body, we 
have found its weight p=20 g and the weight of the water 
it displaces, v=40 g. The limiting absolute error for p is 
0.5 g, for v it is 1 g. Determine the limiting relative error 
for the specific weight. 


Solution. The specific weight y is equal to 2 . We have 
Ay |__| 4a Av |__0.5 1 
FT L=] FL + | Ha + a= 0-08 


Example 6. The altitude A and radius of the base r of a 
cylinder have been measured to within 1%. Find the limiting 
relative error (1) for the lateral surface S and (2) for the 
volume V of the cylinder. 


Ax 
x 


1) The formula d In 4.4.2 yields the limiting relative error 


|" + du and not | at de | because the quantities 2% and ae can 
u v uu u v 
ave different signs. 
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Solution. We have S=2nrh. The factor 2n is an exact 
sumber; its error is zero. The relative error for S is |‘: = 


= & |+| P| =2% and for V=ar’h it is equal to 2 ar + 
+|B|=0% 


250. Differentiation of Implicit Functions 


Let an equation relating x and y and satisfied by the values 
x=Xy and y=y, define y as an implicit function of x. To 


pupal . 
find the derivative ~ at the point x= x9, yy, there is no 


need to seek the explicit expression of 
the function. It is sufficient to equate 
the differentials of both sides of the 
equation and from the equality “obtai- 
ned to find the ratio dy:dx. 

Note. An equation connecting x 
and y can define y as a multiple-va- 
ued function F (x) of x. But specifying 
a pair of values x=xg and y=¥o 
isolates one of the many values of 
the function. 

Geometrically, « straight line pa- 
tallel to OY (Fig. 241) can intersect 
the curve L at several points My, My, Fig. 241 
Mz, ..., but specification of the point 
M, isolates the arc AM,B (that passes through it) which 
is a single-valued function. 

Example 1. Find the derivative of the implicit function 
given by the equation x?-+ y2=25 at the pointx=—4, y=—3. 

First method. Solving the equation we get y=—YV 25—x? 
(we choose the minus sign because for x4 we must have 
y=—3). Now we get 

dy___ 
dx V25-x? 
Second method. Equating the differentials of the right and 


left sides, we obtain 
2x dx-+2y dy=0 


Y 


aa 
3 


whence 
dy x4 (1) 


We have found the slope of the tangent line M,T to the 
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circle x?-+y?=25 (Fig. 242) at the point My (4, —3). The 
slope of the radius OM, is ~<a. The product of the slo- 
pes is equal to —1, i.e. OM, |M,T. 

Example 2. Find the derivative dy 


ised feo ae of the implicit function 
given by the equation 


et (2) 
Differentiating, we find 
Qxd Qyd 
‘ =; - + a 
whence. ‘ 
dy 
Titer ir (3) 


Equation (2) is an ee By virtue of (3) the slope of the tan- 
x 


gent line MT (Fig. 243) is e's The slope of the diameter MM’ 


Y 


% 


Fig. 242 “Fig. 243 


3 
is 4. The product of the slopes is equal to 3 Hence, (Sec. 55), 


the directions MT and MM’ are conjugzte, that is to say the diame- 
ter MM’ bisects the chords parallel to M7. 

a diameters of hyperbolas and parabolas possess the same pro- 
perty 


251. Parametric Representation of a Curve 


Any variable quantity ¢ defining the position of a point 
on a curve is called a parameter.?). In mechanics, time is 
most often taken as the parameter. 


') Eq. (2) defines y as a double-valued function of x, but insofar 
as the values of both variables will be known, one of the two values 
of the function is taken (ci. Example 1). 

2) The term “parameter” is used in yet another sense to denote a 
quantity which for a given curve is invariable but changes when mo- 
ving from one curve of a given type to another. For example, the 
quantity p in the equation of the parabola y2=2px is constant for 
the given parabola but changes when we pass to another parabola. 
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The coordinates of a point lying on a curve L are fun- 
ctions of the parameter: 


x=f (t), (1) 
y= 9 (t) (2) 


Eqs. (i) and (2) are called the parametric equations of 
the curve L (cf. Sec. 152). 

If it is desired to find an equation relating the coordi- 
nates x, y of curve L, one has to eliminate ¢ from Eqs. (1) 
and (2) (see Examples | and 2). 


{t may happen, however, that the equation obtained after elimi- 
nating ¢ represents a curve which the curve L covers only in part 
(see Example 3) 


Example 1. Let O (Fig. 244) be the highest position of 
a material particle thrown at an angle to the horizon, and 
let ¢ be the time reckoned from the instant of highest eleva- 
tion. The position of the point M on 
the trajectory AOB is determined by 
the quantity ¢ so that ¢ is the parame- 
ter. The parametric equations of the 
trajectory referred to the XOY system 
are 


x=OP =u), (3) 
y=PM=— —gt? (4) 


They state that the point M_ is 
in uniform motion with velocity ty in 
the horizontal direction and in uniform accelerated motion 
(g is the acceleration of gravity) in the vertical direction 

Eliminating ¢ we get the equation 

—— -& x2 
o> Ga” (5) 


which shows that the motion is along a parabola. 


Example 2. The position of a point M on a circle ABA’B’ 
of radius R (Fig. 245) is determined by the magnitude of 
the angle g=7 AOM so that @ is the parameter. Setting 
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up axes as shown in Fig. 245, we have the parametric equa- 
tions of the circle: 


x= R cos Q, (6) 

y=Rsing (7) 
In order to eliminate g, square (6) and (7) and add: 

x+y? = RP ®) 


Fig. 246 Fig. 246 


Example 3. Consider a curve given by the parametric equations 


x =VT, pals t (9) 


2 


Eliminating ¢, we get the equation yet x? which describes a para- 


bola AOB (Fig. 246). The curve (9) is half of this parabola (OB) cor- 
responding to positive values of x. 


252. Parametric Representation of a Function 


Let there be given two functions of the argument ft: 
x=/(t), y=@() (1) 


Then one of them, say y, is a function of the other.) The 
representation of this function with the aid of equalities (1) 
is called parametric, the auxiliary quantity ¢ being called 
the parameter. 

In order to obtain an explicit expression of y as a fun- 
ction of x, one has to solve the equation x=f (t) for ¢ (this 
is not always possible) and substitute the expression found 
into the equation y=q (t). 


1) As a rule, it is multivalued even when f (#) and @ (t) are sing- 
le-valued. 
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On the contrary, it is often more convenient to pass from 
nonparametric representation to parametric. Utilizing the 
arbitrariness of choice of one of the functions f (t), @(é), we 
attempt to ensure single-valuedness and, if possible, simpli- 
city of both functions. 


The derivative “ is expressed in terms of the parameter 


dx 
t by the formula 
dy __dg(t)__ 9’ (t) 


de dF) FO (2) 


In a parametric representation, both variables x and y are 
on equal terms (cf. Sec. 251). 
Example 1. Given two functions: 


x=Rcost, y=Rsint (3) 


They specify y parametrically as a double-valued fun- 
ction of x (and conversely). From the first equation we find 


cost= > so that sint=+ V 1%. Substituting into the 
second equation, we get 
y=t+VR—2 (4) 


This is the equation of a circle (cf. Sec. 251, Example 2). 
The parameter ¢ is the angle XOM (see Fig. 245). The de- 


rivative a expressed in terms of the parameter ¢ is. 


dy __d(Rsint) 


Ge TRes j= ot t (5) 


This is the slope of the tangent line MT. 
Example 2. The equation 


2 2 

St+Re! (6) 
describes an ellipse and specifies a double-valued function 
y= 2 V a?—x?. To represent it parametrically, one can 
arbitrarily express one of the variables, say x, as a function 
of ¢. Putting ~=cos t, we find f=+ sin#. The sign may 


be chosen at will. Let us take the plus sign. We obtain the 
parametric representation 


x%=acost, y=bsint (7) 
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The geometrical meaning of the parameter ¢ is evident 
from Fig. 247 where ANA’ is a circle of radius a and N is 
a point taken on the same vertical line as point M of the 

y ellipse on the same side” of the 
axis AA’, We havef = 7 AON. The 


derivative 4 is expressed in terms 
of ¢ by the formula 


This is the slope of the tangent 
line MT. 
Fig. 247 Note, The ordinary specification of a 
tunction y=f (x) may be regarded as 
a special case of the parametric representation; namely, it thay be 
written in the form 
x=t, y=} (t) 


253. The Cyclold 


The cycloid is a curve described by a point M on the 
circumference of -a circle rolling (without sliding) along a 
straight line (directrix or base line) The rolling circle is 
called the generatrix. 


Fig 248 


In Fig. 248, the directrix is OX; the generating circle is 
given in two positions: in the “initial” (ODB) when M _tou- 
ches the directrix and in an “intermediate” position (VME). 

Note. The expression “rolls without sliding" means that 
the point of tangency N is at a distance from the initial 
position O equal to the arc NM: 


ON-=NM (1) 
') If we take f= -sin t, then N must be taken on the other 
side. 
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Parametric equations of the cycloid. If the-coordinate axes 
are as indicated in Fig. 248 and if we take for the para- 
meter the angle t= Z MCN, we get the following parametric 
equations )) of the cycloid: 

x=a (t—sin ?), (2) 
y=a (l—cos ¢) (3) 
where a is the radius of the generating circle. 


If (3) is solved for ¢ and substituted into (2) we get x as an in- 
finitely multiple-valued function of y: 


x= 2akn + (« arceos “—4 Vy (2a-y) ) (4) 
where k& is any integer. *) 
The ordinate y is a single-valued, but not an elementary, 


function of x (see Fig. 248). 
The slope & of the tangent line is 


_ dy __asint 
Ray ali ctor tT) (5) 
and the slope k’ of the straight line NM is 


1_4¥-9N___a(\-cosf) 
“x-xy ~asint (6) 


Hence, kk’ = —1, i.e. MT_|MN. Consequently, to construct 
a tangent line to the cycloid it is sufficient to join M to 
the highest point of the generating circle (angle NME is a 
right angle: the angle in a semicircle is a right angle). 


254. The Equation of a Tangent Line 
to a Plane Curve 


Let MT (Fig. 249) be a tangent line to the curve L at 
the point M(x, y). Denote the running coordinates of the 
point N lying on the tangent line by X, Y. 


1) The value of the angle ¢ can be positive or negative and can 
have any absolute value: for o<t<t Eqs. (2)-(3) are easily read 
from Fig. 248: 

x=OP=0N -PN=NM-—MQ=at-asint, 
¥=PM=NC- QC=a-acost 


3) In Fig. 248, the points M, M,, etc. are associated with the 
plus sign in front of the parentheses, the points M,, Ms, etc., with 
the minus sign. 


322 HIGHER MATHEMATICS 


For any representation of the curve L (explicit, implicit 
or parametric) the equation of the tangent line may be writ- 
ten in the following symmetric form: 

X-x Y-y 
dx dy (1) 


If the curve L is given by the equation y=f (x), then 
from (1) we obtain }) 


Y—y=f" (x) (X—x) (2) 
If the curve L is given parametrically, we get 
X-x Y-y 
s Som ig (3) 


where x’, y’ are derivatives with respect to the parameter. 

In an implicit representation of the curve L we equate 
the differentials of both sides of the 
equation (cf. Sec. 250) and in the 
equality obtained replace dx, dy by 
the proportionate quantities X—x, 
Y—y. 

Example 1. Find the equation of 
the tangent line to the parabola y= 
ree at the point 0 2 

e have y’=2x—3= —3. 2) 

gies the desired equation is Y—2—= Ye 

i Example 2. Find the equation of the tangent line to the 
ellipse 


x=5V2 cost, y=3V2 sint (4) 
at the point M(—5, 3) (cf. Sec. 252, Example 2). 
Solution. To the given point there corresponds the value 
tak, From (4) we have 


x'=—5 V2 sint=—5, y’=3V2 cost=—3 
According to (3), the equation of the tangent line is 
X+5_Y-3 


-5 ~~ =3 


1) It is assumed that the derivative f’ (x) at the point M is finite. 
However, if f’ (x)=@ (Sec. 231, Case 1), then in place of (2) we have 
the equation 


X-x=0 
(the tangent Iine is parallel to the axis of ordinates). 
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he. 
3X —5Y +30=0 
Example 3. Find the equation of the tangent line to the 
equilateral hyperbola xy=m? at the point (>, 2m ). 


Solution. Equating the differentials of both sides of the 
equation, we obtain 
xdy+ydx=0 


Replacing dx, dy by the quantities X—x, Y—y, we get 
x(¥—y)+y (X—x)=0 (5) 
Since xy=m?, it follows that (5) may be rewritten as 
xY +yX=2m? (6) 
Substituting r=, y=2m into (5) or into (6), we obtain 
Y+4X=4m 


254a. Tangent Lincs to Quadric Curves 


Equation of curve Equation of tangent line 
, x? y? xX yY 
Ellipse atig=l “an Sah 
x? yr xX yY _ 
Hyperbola aopPolh SaaS pe =I, 
Parabola y?=2px, yY =p (X+2) 


255. The Equation of a Normal 


The normal at a point M of a curve L (Fig. 250) is the 
perpendicular MN to the tangent line MT. 

According to Eq. (1), Sec. 254, the equation of the nor- 
mal is of the form 

(X—x)dx+(¥—y)dy=0 = (1) 

In accordance with Eqs. (2) and (3), 
Sec. 254, we obtain the equation of the 
normal in the following formulas: 


Y—y=—zy (X—9), ~—Q) 
(X—x)x’+(Y—y)y’=0 (3) Fig. 250 
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In an implicit representation of the curve L we equate 
the differentials of both sides of the equation and elimi- 
nate dx and dy by means of (1). 

Example 1. Find the equation of the normal to the para- 
bola y=-+ x* at the point (—2, 2) 

We have y’=x=—2; according to (2) the desired 
equation is 

Y—2=+ (X +2) 


Example 2. The equation of the normal to the cycloid 


x=a(t—sin?t), y=a(l—cos tf) (4) 
(Sec. 253)*is, according to (3), of the form 
(X—x) (lL— cos t) ++ (Y —y) sin =0 (5) 
or, utilizing (4), 
X (1—cos #)+-Y sin t—at (1—cos t)=0 (6) 


This equation is satisfied for X —=at, Y=0; hence, the nor- 
mal passes (see Fig. 248) through the point WN (at, 0) of the 
generating circle. 

Example 3. Find the equation of the normal to the ellipse 


2 2 
Stel 
Differentiating, we obtain 
x dx ydy 
at = (7) 
Eliminating the differentials from (7) and (1), we get 


(X-x)y_ (¥ -y)x 
bt ra. a? 


256. Higher-Order Derivatives 


Let f’ (x) be a derivative of the function f (x); then the 
derivative of the function f’ (x) is called the second derivative 
of the function f(x) and is denoted by f’ (x). 

The second derivative is also called a second-order deri- 
vative. In contrast, the function f’ (x) is called a first-order 
derivative, or the first derivative. 

A derivative of the second derivative is called the third 
derivative of the function f(x) (or the third-order derivative). 
It is denoted by f’’’ (x). 
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In similar manner we define the derivatives of the fourth 
erder f!¥ (x), fifth order /Y (x) and so forth (numbers are used 
instead of dashes to save space and Roman numerals are 
used to avoid confusion with exponents). 

A derivative of the nth order is symbolized by f(x). 

If a function is denoted by a single letter, say y, then 
its successive derivatives are denoted by 


yyy", yl, yw 
j Exvole 1. Find the successive derivatives of the function 
(x) = x4. 
Solution. f’ (x)= 4x3, f” (x) =(4x3)’=12x?, f’"" (x) = 24x, 
flv (x)= 24, fY (x) =0. 
Subsequent derivatives are also equal to zero. 
Example 2. If y=sinx, then 


we 


y’=cos x=sin (+7) y” = — sin x=sin (x-+2), 


y= —cosx=sin (e+). woe YM =sin (++9F) 


The values of the derivatives for a given value of the 
argument x=a are denoted by f’ (a), f’ (a), f’’’(a), etc. 
In Example 1 we have f’ (2)=32, f” (2)=48 and so forth. 

Example 3. If f (x)=In(1-+- ), then 


Pr (x)= _ Z 1h ®)=—qoar : pr (x)= i , 
A(x) — wee fm (y= oe ot 
Consequently, 
f (0)=0, Pr (0)=1, P (0) = ee 1, ide (0) =2!, 
fiv(o)=—31, ..., ft 0) =(—1)"*1 (n— DI 


257. Mechanical Meaning of the Second Derivative 


Let a point be in rectilinear motion. Covering a distance 
s in time ¢, it acquires a velocity v. Let this velocity change, 
the increment during the time interval (¢, ¢+ At) being Av. 


Then the ratio a yields the change in velocity per (aver- 


age) unit of time and is called the average acceleration. This 
relation describes the rate of change of the velocity at time 
t the more precisely, the smaller Af is. Therefore, the acce- 
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leration (at time ¢) is the limit of the ratio a as At +0, 
do 


a: But the velocity uv itself is a 


derivative: 5. Therefore, acceleration is the second deriva- 


tive of the distance with respect to the time. 
Example. The motion of an undamped oscillation of a 
membrane is given by the equation 
2Qnt 


s=asin (1) 


that is. the Pana. 


(T is the period of oscillation, a is the amplitude, and s is 
ae deviation of a point of the membrane from the position 
of rest). 

The rate of motion is 


2na 2nt 


o=s' =p cos (2) 
The acceleration is 
-4m’a |. Qnt 
uss" = T? in TT (3) 
Comparing (2) and (3) we see that 
iv 4m? 
sS=-— pr § (4) 


thus, the elastic force of oscillation (it is proportional to the accelera- 
tion by Newton’s second law) is proportional to the deviation and 
has opposite direction. 


258. Higher-Order Differentlals 


Let us consider a number of equidistant values of an 
argument: 


x, x+Ax, x+2Ax, x+3Ax, ... 
and the corresponding values of the function: 


y=l (x), yi=F(x+Ax), yo=f (x +2Ax), 
¥s=f (x +3Ax), 
We introduce the notations 
Ay=] («+ Ax)—f (x), 
Ay, =f (x + 2Ax)—f (x-++ Ax), 
Ay, =f (x-+ 3Ax)—f (x-+ 2Ax) 
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etc. The quantities Ay, Ay,, Ayo, ... are called the first 
differences of the function f (x). The second differences are the 
quantities Ay,—Ay, Ay,—Ay,, etc. They are denoted by 
Aty (read: delta two y), A®y,, etc. 


A’y=Ay,—Ay, 
A’y, = Ay,—Ayy 
The third differences are defined similarly: A8y—A2y, —A%y, 
etc. 
Example 1. Let f(x)=x3 and x=2. The first differences 
will be 
Ay= (2+ Ax)3— 23 = 12Ax-+ 6Ax? +- Ax’, 
Ayy = (2+ 2Ax)3— (2+ Ax) = 12Ax-+ 18Ax?-+7Ax3, 
Ay, = (2+ 3Ax)3— (2+ 2Ax)3 = 12Ax + 30Ax? + 19Ax3, 


The second differences: 
A®y = Ay, — Ay = 12Ax? + 6Ax3, 
A2y, = Ay,— Ay, = 12Ax® + 12Ax3, 


The third differences: 
A’y = A®y, — A?'y=6Ax3, 


) 


For an infinitesimal Ax, the first difference is, as a rule, 
of first order with respect to Ax, the second difference is of 
second order, the third, of third order, etc. 

In Sec. 228 we called the principal term of the first 
difference (12Ax in Example 1) the differential of the func- 
tion. We will now call it the first differential. The second 
differential is then the principal term of the second diffe- 
rence; it is proportional to Ax? (12Ax? in Example 1); the 
third differential is the principal term of the third difference, 
which term is proportional to Ax? (6Ax3 in Example 1), etc. 
Let us formulate this exactly. 

Definition. Let the second difference A?y of the function 
y=f (x) be split up into‘a sum of two terms: 


A?y = BAx? +B 
where B is independent of Ax and the term f is of higher 


order of smallness with respect to Ax?. Then the term B Ax? 
is called the second differential of the function y and is 
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denoted by d?y or d?f (x). The differentials of higher orders 
are defined in similar fashion. 

Theorem 1. The coefficient B of Ax? in the expression 
of the second differential is equal to the second derivative 
f” (x). The coefficient C of Ax? in the expression of the third 
differential C Ax is equal to the third derivative f’’’ (x), etc. 

Example 2. If- f (x)=x3, then f” (x)=6x. Accordingly, 
d? (x5) = 6x Ax?. For x=2 we have d? (x3)= 12Ax? (cf. Exam- 
ple 1). Further, f’’’ (x)=6 (for any value of x); accordingly, 
3 (x8) = 6Ax3. 

Theorem 1 may be formulated differently as follows. 

Theorem la. A differential of the nth order is equal to 
the product of the nth derivative by the nth power of the 
increment of the independent variable: 


d” f (x)= fl") (x) Axn (1) 
Since for the independent variable we have 
Ax = dx 
it follows that 
d" f (x)= f™ (x) dx) (2) 
Example 3. d (x4) = 4x3 dx, d? (x4) = 12x? dx?, a3 (x4) =24x dx3, 
d4 (x4) = 24dx4, d®(x4)=0, d® (x4) —d? (x4)=...=0 (cf. Sec. 


256, Example 1). 

Example 4. d” (sin x)=sin (x+ n 4) dx" (cf. Sec. 256, 
Example 2). 

Theorem 2. If we consider the differential dx of the argument x as 
a quantity independent of x, then the second differential of the fun- 
ction f (x) is equal to the differential of its first differential: 

d (df (x))=d?f (x) (3) 

Under the same condition, the third differential is the differential of 
the second, etc, 


1) If x is not an independent variable, then formula (1) does not, 
as a rule, hold for any value of n, even for n=1 (cf. Sec. 234). But 
in this case, even formula (2), which is always true for n=1, does 


not, as a rule, hold for differentials of higher order (n=2, 3, ...). In 
eine words, the expressions [” (x) dx?, f’” (x) dx3, ... are not inva- 
riant. 


Thus, if f (x)=x?, then the expression 6x dx? represents d? (x*) 
when x is an independent variable. But if we put x=¢? and take ¢ 
instead of x for the independent variable, then f (x)=¢* and we get 
6x dx?=24t* dt?, whereas d?f (x)=30¢4 di?. 
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Example 5. Let f (x)=x*. We have df (x)=4x3 dx. If we consider dx 
1s independent of x, then it must be regarded as a constant when 
idferentiating. Hence, d (4x3 dx)=d (4x5) dx=12x? dx?. But this is the 
second differential of the function x4 (Example 3). Then d (d? (x3)J= 
=d (12x? dx?)=d (12x?) dx?=24x dx; this is the third differential of x¢, 
etc 


The second differential of a linear function of an indepen- 
cent variable is equal to zero: 


d? (ax+ 6) =0 


In particular, the second differential of the independent 
variable is zero: d?x—=0. 
The third differential of a quadratic function is zero: 


d3 (ax? + bx -+c)=0 


Generally, the (n+ 1)th differential of a polynomial of 
degree n is zero. 


259. Expressing Higher Derivatives 
in Terms of Differentials 


The expression of a second derivative in terms of differen- 
tials) is of the form 


dx d?y-dy d*x 
a aa (1) 


It holds for any choice of the argument. 
If we take x for the argument (then d?x=0), it follows 
that 


n_ d? 
y= (2) 


This expression also follows from (2), Sec. 258 (for n= 2). 
The following expressions are a consequence of the same 
formula: 


d¥y d‘ty __dty 
ya ee yivast, yee (3) 


1) We have y=Z. substitute yop: in differentiating apply 
Theorem 2, Sec. 258. 
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provided that x is the independent variable. Their general 
expressions are complicated.!) 
Note. A derivative of the nth order is frequently denoted 


by £4 irrespective of which quantity is taken as the argu- 


ment. But one cannot substitute, into this expression, expres- 
sions of the variables y and x in terms of a parameter. 


260. Higher Derivatives 
of Functions Represented Parametrically 


Let y be a function of x given by the equations 
x= Q(t), y=F(t) (1) 


The derivatives of first and second orders are found from 
the formulas 2) 


1__ F (ty 

Y=TO- (2) 
9 _ 8 (i (H-F er 

y= [or (3) 


The expressions of subsequent derivatives are involved; 3) 
when the functions f(t) and g(t) are given, the computation 
is more simply carried out step by step, as in the following 
example. 

Example. Let 


x=acost, y=bsint 
Then (cf. Sec. 252, Example 2) 


y’ =d (bsin ¢t):d (acos t)h=— + cott 


1) We have yet, substitute expression (1). The result Is 
most conveniently given in the form 
dx d. 
e | ]:## (4) 


dx dy 
"st dx 
v [ d*x dty 


d?x d'y 
Subsequent expressions are still more complicated. 

2) Formula (3) is derived like formula (1), Sec. 259, and may be 
obtained from the latter by replacing the differentials by the corres- 
ponding derivatives with respect to the parameter. 

2) See footnote 1. 


-3d*x 
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Further 
a coo pesca ee Se 
y’=d (—- cot) :d (a cos t) = a? sin? ¢’ 
ne b , — 36 cos t 
y = (— gran )'4 (2008) = — ay 


and so forth. 


261. Higher Derivatives of Implicit Functions 


In order to find the successive derivatives of a function y 
(of an argument x) given implicitly by some equation, one 
has to differentiate this equation successively, i. e. equate the 
differentials (or derivatives) of the right and left sides. We 
obtain a series of equalities; from the first we find the exp- 
ression of y’ in terms of x and y, the second (taking into 
account the expression of y’ that was found) yields the expres- 
sion of y” in terms of x and y, the third (taking into account 
the expressions of y’, y”) yields y’’’, etc. Simplifications are 
possible in special cases. 

Example. Find the derivatives, up to third order, of the 
function y=f (x) given by the equation 


x? + y?=25 (1) 
and determine the values of these derivatives at the point 
3, 4). 

Solution. Equating the differentials, we obtain 
xdx+ydy=0 (2) 
whence 

x+yy’=0 (2a) 
Equating the differentials of both sides of (2a), we get 

dx + y’ dy+ yy” dx=0 (3) 
whence 
1+y"+yy"=0 (3a) 
We differentiate once again 
2y’ dy’ + y" dy+yy'”’ dx=0 (4) 
whence 
3y’y" + yy’ =0 (4a) 


From (2a) we get 


, 


y=— > (5) 
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From (3a) we get y”’=— ST taking into account (5), 
we have 
2 2 
y= — (6) 
From (4a), taking into account (5) and (6), we get 
yf = (7) 
Substituting x=3, y=4 into (5), (6) and (7), we get 
wok, od, yr 228 
4° ¥=—~64' 49 =~ 024 


Note 1. Here the computation may be simplified. By virtue of 
the equation x?+ y*=25, formula (6) takes the form v=-5 From 


me 4 (25\_75 75x 
this y ery Ge Clee ae 


Note 2. There is no need to derive (3a) from (3), (4a) from (4), 
etc. The derivatives may be taken at once. However, a preliminary 
calculation of the differentials is a guarantee against certain mistakes 
common to beginners (for the derivative of y’?, they write 2y’ in place 
of 2y’y” and so on; cf. Sec. 238, Note). 


262. Leibniz Rule 


In order to form the expression of the nth derivative of 
the product uv (with respect to any argument), expand (u--v)” 
by the binomial theorem (Newton's) and in the expansion 
obtained replace all powers by derivatives of the appropriate 
order, zero powers (u9=v9=1) that are assumed in the ex- 
treme terms of the expansion being replaced by the functions 
themselves. 

By this rule we get 


(uv)'=u'v+ wv’, (1) 
(uv)” =u" + 2u'v'’ + wv", (2) 
(uv)!’ =u! "0+ 3u"0’ + 3u’0" + uv’”’, (3) 


(uv) = uly + nuln- Vy’ +2e uno" 


_ tte uln—Ryth) +. + yy (4) 
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This rule, which was perceived by Leibniz, is proved by the 
method of complete mathematical induction. 

Example 1. Find the tenth derivative of the function e*x?. 

Solution. Using formula (4) (for u=e*, v=x?, n=10) we 
get 

(e*x2)* = (e*) Xx + 10 (e%)!* (x2) 4-45 (e)V 111 (xy... 
The subsequent terms need not be written out since the de- 
tivatives of x? of third and higher orders are equal to zero. 
Taking into account that all the derivatives of e* are equal 
to e*, we obtain 


(e*x?) X — ex (x24 20x-+90) 


Example 2. Find the values of all derivatives of 
f (x) =arctan x for x=0. 
Solution. We have 


= a (5) 
so that 
f(0)=0, f’ (0)=1 (6) 


The direct computation of higher derivatives is an invol- 
ved operation. But if we represent (5) in the form 


F(x) (I-44) =1 
and apply the Leibniz rule (u=f’ (x), v=1-+-x?), we get 
fomeD (x) (1x8) + nf (x) 2x0 (n— 1) fA” (x) =0 
For x=0 we have 
fn+0 (0) (n—1) f%—-Y (0) =0 ” 
Since f (0) =f (0)=0, the values of all the derivatives 
of even order are equal to zero: 
i” O=/'¥ =f"! O)=...=0 (8) 
Since f’ (0)=1, from (7) we get, successively, 
Pr" (0) = —1-2f’ (0) = —(2!), 
FY (0) = —3-4f"" (0) = + (4!), 
YT 0) = —5-6/% (0) = —(6!), 


) 


foek+0) (0) = —(2k—1) Qkf2k-19(0) =(— 1)* (2k!) 
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263. Rolle’s Theorem )) 


Theorem. Let a function f(x), differentiable -in a closed 
interval (a, 6), vanish at the end-points of the interval. Then 
the sous f’ (x) will vanish at least once inside the 
interval. 


Fig. 251 Fig. 252 


In Fig 251, between the points xa and x=b, where 
the curve of the function f(x) cuts the x-axis, there are 
three points L, M and N where the tangent is parallel to 
the x-axis [i. e. f’ (x)=0). 


In Fig. 252, between x=a and x=b there is not a single point 
with “horizontal” tangent. The reason is that at the point C the graph 
has no tangent, i. e. the function f (x) is not differentiable at the 
point x=c (there are two one-sided derivatives here, Sec. 231). 

Note J. If a differentiable function f (x) has the same values at 
x=a and x=6, even though not equal to zero, then the derivative 
f’ (x) still vanishes in the interior of the interval (a, 5). 

Note 2. Rolle’s theorem also holds true even in the case when 
f (x) is differentiable only at interior points of the interval (a, 5); at 
the end-points, the function f (x) may not be differentiable but only 
continuous. 

Rolle’s theorem is ordinarily stated for these most general condi- 
tions; this complicates the statement of the theorem and makes it 
difficult to grasp the basic content. Later on (Secs. 264, 266, 283) we 
wil! state the conditions of a number of theorems under less than the 
most general assumptions (which are given as notes). 


1) M. Rolle (1652-1719), a contemporary of Newton and Leib- 
niz, considered differential calculus to be logically inconsistent and, 
naturally, could not have stated “Rolle’s theorem”. Rolle stated an 
algebraic theorem from which follows the consequence: if a@ and 6 are 
roots of the equation x"+p,x®—1!+ p,x"—7+...+py__1x+p_,=0, then bet- 
ween a and b there is a root of the equation nx®—'!+(n-1) pyx®-*4+ 
+...+Ppn—,=0. This proposition is a special case of “Rolle’s theorem” 
(the left side of the second equation is the derivative of the left side 
a a first equation). Hence the name (historically inaccurate) “Rol- 
e’s theorem”. 
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264. Lagrange’s Mean-Value Theorem )) 


Statement of the theorem. If a function f (x) is differenti- 
able in a closed interval (a, 6), then the ratio fO)-f(@) i, 


equal to the value of the derivative f’ (x) at some interior 
point x=£?) of the interval (a, 6): 


MOAT <7 & () 


Geometrical interpretation. The ratio Fey—L (a) = ne 
(Fig. 253) is the slope of the chord AB, and f' (€) is the 


Fig. 253 Fig. 254 


slope of the tangent NJ Lagrange’s theorem asserts that 
there is at least one point NM between A and B on the 


arc AB where the tangent is paraltel to the chord AB, pro- 
vided that there is a tangent at every point of the 


— 
arc AB- 


From Fig. 254 it is clear that if this condition is not fulfilled the 
theorem ay not hold true. There is no tangent at point C (there are 
only one-sided tangents: right and left). The function f (x) depicted 
by the graph ACB is nondifferentiable at x=c, and the Lagrange 
theorem does not hold true: the derivative f’ (x) is not equal to the 
ratio ea! for any intermediate value &. 


1) Lagrange, Joseph Louis (1736-1813), great French scientist, 
founder of analytical mechanics, one of the creators of the calculus of 
variations. 

2) The Greek letter § (xi) is the standard notation for the ‘mean 
al iv an argument (i. e. the value contained within a given 
nterval). 
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Mechanical interpretation. Let /(¢) be the distatice of a 
point at time ¢ from an initial position. Then f (6)—f (a) is 
the distance covered from time f=a to time ¢=6, the ratio 


LO) F(a) is the average velocity during this interval of time. 


The Lagrange theorem’ asserts that at some intermediate 
time the velocity of the point is equal to the average (mean) 
velocity of motion provided that at each instant the point 
has a definite velocity. 


The theorem may not hold if this condition is not fulfilled. For 
example, if a point moves the first hour at 20 metres an hour, and 
the second at 30 m/hr, then the mean velocity of motion is 25 m/hr; 
the point did not have that velocity once during the two hours. The 
, theorem was violated because at the 
end of the first hour the point did not 
have a definite velocity. ') 

An alternative statement of the 


Lagrange theorem. The equation 


' Os 
pt (y= LHe) 


(if the conditions of the theorem 
are fulfilled) has at least one root 
Fig. 255 x= within the interior of the 

interval (a, 6). 

The position of this root (or roots) depends on the type 
of function f (x). If it is a quadratic function (and the graph 
isa parabola; Fig. 255), we obtain a first-degree equation; 
its root lies precisely at the midpoint of (a, 5), or 


b+a 
t= 


For other functions, this property is only approximately fulfilled; 
namely, if a has a constant value and 6 tends to a, then one of the 
roots, as a rule, *) tends to the midpoint of the interval (a, 5), i. e. 
lim brat as b+ a. 

b-a 2 


Example 1. Let f(x)==x?. Then f’ (§)=2§. Formula (1) 
takes the form 


b!-a? 
b—a =% 


1) Actually, the transition from 20 m/hr to 30 m/hr ordinarily 
takes place gradually, not instantan ously and then there is an ins- 
tant when the velocity is equal to 25 m/hr. 

*) The only exceptions are cases when the second derivative {” (a) 
is zero or does not exist. 
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whence 


2 


ie. & lies exactly at the midpoint of the interval (a, 6). 
Example 2. Let f (x)=x, then f’ (x) =3x?. Take a= 10, 
b=12. We then have 


poe 


Liot (2) __ 364 
-a 
According to Lagrange’s theorem, the equation 3x?—=364 
should have a root between 10 and 12. Indeed, its positive 
root ray i2it ~ 11.015 lies in the interval (10, 12) and, 
what is more, very close to the midpoint. 

Note. The Lagrange theorem also holds true when the function 


f(x) is differentiable only at interior points of tie interval (a, 0) 
(being nondifferentiable and only continuous at the end-points). 


265. Formula of Finite Increments 


Formula (1), Sec. 264, may be rewritten as 


f()—f @=F &) (6—a) (1) 
or, in other notation, 

f(ath)—fa@=f' Gh (2) 
This is the formula of finite increments, which is also 
written as 

Fet+th)=fa@+r Oh (3) 


Application to approximate calculations. In Sec. 248 we 
employed the approximate formula 


fa+h~f@+P@a (4) 


to compute f(a+-A). The exact formula (3) enables us (though 
the value of E is unknown) to estimate the error in formula 


(4). Now if we put §=2+2 in formula (3), then as a rule 
2 


(cf. Sec. 264) it yields a much better approximation than (4), 
though it ceases to be exact. 
Example. Find log 101 without using tables. 


Assuming f (x)= log x, we have f’ («=e (M = 0.43429). 
For a= 100 and A=1, formula (4) yields 


log 101 = log 100+ M-775.1 = 2.0043129 (6) 
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To estimate the error, use the exact formula (3). This 
yields 


log 101 = log 1004+ M-—-1 6) 


1 
Tor: The 


error of formula (5) is Mae | and this is definitely 


Here, & lies between 100 and 101, so that + > 


less than M (so0—to1 ): that is to say, it is less than 


0.00004. Such is the limiting error of formula (5) (the true 
error is half that). 


But if in formula (6) we put E=-+ (100+ 101) =100.5, 
then we get 


log 101 ~ log 100-+ M -0.00995025 - 1 = 2.0043213 (7) 


Here only the last digit is incorrect; its true value is greater 
by unity. 

Corollaries to formula (1). From the definition of a deri- 
vative it follows directly that the derivative of a constant is 
zero. A consequence of formula (1) is the following inverse 
theorem. 

Theorem 1. If in an interval (m, n) the derivative f’ (x) 
is everywhere equal to zero, then in this interval the function 
f (x) is a constant [i.e. for any values (a, 6) in this interval » 
the values of the function f (x) are the same]. 


Explanation. By hypothesis, the function f (x) is differentiable in 
the interval (m, m) and all the more so in the interval (a, 6). Hence, 
we can apply to it (Sec. 264) formula (1). In (1) we have to put 
fF’ (&)=0 (by hypothesis). This yields f (6)=f (a). 


From Theorem | there follows directly 

Theorem 2. If the derivatives of two functions f(x) and 
@ (x) are everywhere equal in an interval (m, n), then in 
this interval the values of both functions differ by a constant 
quantity. 


1) By hypothesis, the function f(x) is defined throughout the 
interval (m, n), otherwise it would not have a derivative everywhere. 
If, contrary to hypothesis, f(x) is defined at all points of (m, n) 
except, say, two points x= and x=/ (k < 1), then it may turn out 
that the function is constant only in each of the (open) intervals 
m, k), (R, 1) and (i, n) separately, but changes its value when passing 
rom one to another (see Examples | and 2, Sec. 247a). 
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266. Generalized Mean-Value Theorem (Cauchy) 


Cauchy’s theorem.') Let the derivatives /’ (tf) and sd (t) of two 
‘unctions f (t) and @ (t), differentiable in a closed interval (a, 5), not 
be simultaneously zero anywhere in the interior of the interval. Also 
let one of the functions f (¢), @(f) have distinct values at the end- 
points of the interval [say @ (a) + @ ()]. Then the increments f (b)— 
-f (a) and g (b)—@ (a) of the given functions are to each other as their 
ge lvetiyes at some interior point f=t (Greek letter tau) of the inter- 
val (a, 6): 


f(by-Flay _ f(t) 
@(b)-Q (a) (t) 


Lagrange’s formula [formula (1), Sec. 264] is a special case of 
formula (1) when @ (t)=¢. 

Geometrical interpretation. Same as for Lagrange’s theorem, only 
the curve ACB (Fig. 256) is given by the 
parametric equations 


x= (t), y=f (t) 


qd) 


Y 8 


We have 


OA’=9@ (a), OB’=@ (6); 
AA‘=f (a). BB’=f (b) 


. -F(b)-F(a) , 
The ratio Olb=e ay is the slope of 7 ww x 
the: chord AB) ‘the catio. = 49 Fig. 256 


g’ (t) dx 
is the slope of the tangent NT. 

In Fig. 256, the tangent NT is parallel to the chord AB, the 
point N flies on the arc AB (but its projection N’ on the x-axis does 
not lie on the segment A’B’; the same goes for the projection on the 
y-axis). 

Note /. If, contrary to hypothesis, we had f (a)=f (6) and 9 (a)= 
=@ (6), then the left side of (1) would be indeterminate. 

Note 2. The Cauchy theorem requires that f’ (t) and g’ (t) should 
not be zero simultaneously in the interior of the interval (a, 6), but 
at one of the end-points (or at both) they can simultaneously be zero 
(or even not exist, so long as f (x) and @ (x) are continuous at both 
end-points). 

Example 1. Consider the functions 


F(t)=t® and g (t)=¢* 
in the interval (0, 2). At the end-point t=0, the derivatives 
FP (t)=3t2 and Q’ (t)=2t 
vanish, but both are nonzero in the interior of the interval. Each of 


the functions f (¢), @ (¢) has distinct values at the end-points f=0 and 
t=2. The conditions of the Cauchy theorem are fulfilled. Hence the 


1) Cauchy, Augustin-Louis (1789-1857), celebrated French mathe- 
matician and physicist. Cauchy posed the problem of constructing 
mathematical analysis on a rigorous logical basis. In the main, he 
solved this problem. 
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ratio 
F(by-f (a) _ fF (2)-F (0) 2 eg 
© (b)- Gla) GE (2)-Q(0) 2k 
must be equal to the ratio 
F(t) _30_ 3 
g(t) 2 2 
at some point ¢=§& lying between a=0 and b=2. Indeed, the equation 
3 


has a root tet » which lies in the interior of the interval (0, 2). 
Example 2: Consider the same functions f (¢)=¢? and g (¢)=¢? in 
the interval ( -1 =, 2). For a=-! —.b=2 


2 

we have 
1 (b)—f (a) _b3-a*_b?+ab+a?_ 13 
¢ (b)-@ (a) b?-a? + b+a 2 


The equation 


i 
has a unique root /=4 Bra but it is exterior 


to the interval -15, 2). The Cauchy: 
theorem did not hold because the point ¢=0, 
where both derivatives f’ (t), o’ (t) are equal 
to zero, now lies inside the interval (a, 6). 
Geometrically, the picture is as follows: the 
parametric equations x=¢?, y=t® describe a se- 
micubical parabola AO8B (Fig. 257); to the 


values a=-l > , 6=2 there correspond points 


Fig. 257 


A (2 +: -3 =) and B (4, 8). On the arc AOB of the curve x=/?, 


y= (semicubical parabola) there arc no points where the tangent 
could be parallel to the chord AB (such a point exists outside the 
arc AB above point B). 

Mechanical Interpretation. Let ¢ be the time and 


Spal (t) 
and e 

SQ= (t) 
be the distances of two rectilinearly moving bodies P and Q from their 
initial positions. Then f’ (t) and q’ (¢) are the velocities Up and uy of 
the bodies P and Q. By the hypothesis of the Cauchy theorem, 7 
and %9 are not zero simultaneously. The theorem states that the 


DIFFERENTIAL CALCULUS 341 


distances covered by the bodies in the time interval (a, 6) are to one 
another as the velocities at some intermediate instant ') (the same for 
both bodies). 


267. Evaluating the Indeterminate Form + 


If some function is not defined at a point x=a, but has 
a limit as x —+, then finding this limit is called evaluating 
the indeterminate form. In particular, evaluating the inde- 


terminate form © is the name for finding the limit of the 


0 
tatio rts ; when the functions { (x), p(x) are infinitesimal 
as Xx — a. 
L’Hospital’s rule.2) To find the limit of the ratio Fi) of 


9 (x) 
two functions which are infinitesimal as x—+a (or as 


xX —+ 0), we can consider the ratio of their derivatives ra 3 
f (x) 


If it tends to a limit (finite or infinite), then the rati 


° om 
also tends to that limit.» 


1) Let us explain this pictorially. Suppose during the time inter- 
val (a, 6) body P covers twice the distance tl at Q does (sp=2s ). If 
both motions are uniform, then at any inteimediate time we have 
vp,=20,,. Now let one of the motions (or both of them) be nonuni- 


form. “It cannot be that, always, D> 2v,, (for then the distance 


covered by P would exceed that covered by Q by more than a factor 
of two). Likewise, it is impossible that, always Up < 2G. Therefore, 
if at frst Up exceeds 2u,, then later v, is less than 2uv,, (and vice 
versa). Hence, at some intermediate time we must have that Up=2v 3 
At that time we have v,:uv =S p's because by hypothesis the case 
when op=u =0 is excluded (for then the ratio Upila would be inde- 
terminate). 

2) L’Hospital (1661-1704), author of the first printed manual on 
differential calculus (1696) where the rule is formulated (but less rigo- 
rously than as given here). In compiling this manual, 1*Hospital made 
use of the manuscript of his teacher John Bernoulli. This rule.is men- 
tioned in the manuscript and so the name ‘l’Hospital’s rule” is his- 
torically inaccurate. 

3) In the statement of the rule, the requirement is ordinarily 
included that the derivative q’ (x) be nonzero in some neighbourhood 
of the point x=a. This requirement is superfluous since the rule itself 
States that the ratio re has a limit as x —» a, and by virtue of 
the definition of limit (Sec. 205) this is only possible when 9’ (x) «0 
near x=a. 
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x?-1 
ee 


Example 1. Evaluate lim 
xo 


The functions f (x)=x?—1 and G (x) = x8 — 1 are infinite- 
simal as x —> 1. Consider the ratio oar It approaches 
the limit = as x—>1. According to the I’Hospital rule, 
x? 


es tends to the same limit. Indeed, 


eer -1 i ; 
x —lim (x-1) (x41) =f; x+i 2 


lim BAT ODED ET 


x—>tk 
If not only the functions f (x), @(x), but also their deri- 


vatives f’ (x), 9’ (x) are infinitesimal as x a, then one can 
again apply the I’Hospital rule in order to find the limit of 
Fy 


@' (x) * 
Example 2. Evaluate lim 
xl 


The numerator and denominator are infinitesimal. By the 
Hospital rule 
x8—3x+2 =i} 3x?-3 


‘Lins a aa | aiaee | 3x?=2x=1 


Here the numerator and denominator are again infinitesimals. 
Apply the I’Hospital rule once again: 


lin) i 
nay St? 2x-1 6x2 2 


et—e—~7-2x 


Example 3. Find us Saag 


Using the I’Hospital rule successively, we twice get a 
ratio of infinitesimals: 


The third time we obtain the ratio 


fixe) e® +e7* 
Q’” (x) ~—scos x 
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It has the limit 2 as x +0. Hence, 


Note 1. Theoretically, the possibility is not precluded that all 
derivatives of both functions f (x), @ (x) will be infinitesimals. Such 
cases do not occur in real-world problems. 


It is useful to combine the application of |’Hospital’s 
tule with transformations that facilitate finding the limit. 


tan x-sinx 
Example 4. Find lin ——. 


x-> 
proliowins the I'Hospital rule, we seek the limit of the 
ratio 


1 
F(x) __ cos*§x = 808% 


Q’ vw 3 sin? x cos x 
Here, f’ (x) and g’ (x) are infinitesimals, but it is not advi- 


sable to seek lim fr) . It is better to transform re to 
x+0? (x) (x) 
1 -cos* x 
3 sin? x-cos? x 
1-—cos? x 
3 sin? x 


asx +0 


the form and, noting that in (cos* x)=1, to 
xo 

seek lim 

x70 


. By I’Hospital’s rule, this limit is equal to 


3 cos? x-sin x : 1 1 
lim ————— = lim — cos x=— 
x 20 © Sin x-cos x x02 2 


From the very start we can replace sin? x with the equi- 
valent infinitesimal x8. Then 


: tan x-sin x tan x-—sin x 1—cos* x 
iia sintx pe x === lie 3x3-cos?x 
. 1 —cos® x 
=lim ——— 
x0 3x? 
Using the I’Hospital rule abe we get 
2 
lim 3 cos - sin x => lim sin xt 
x~+0 . x70 * 2 
(x 


Note 2. It may happen that the ratio ) does not tend to any 


f(x) 


Q’ (x) 
limit as x + a (or as x + ow). In such cases, en ratio may like- 
wise have no limit, but on the other hand it may have one. Thus, if 
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f (x)=x+sin x and @ (x)=x, then the ratio FO at +cos x has no li- 
mit as «+o. However, the ratio 

f (x) ztsin xy sia x 

i) (x) x x 


approaches unity as x + @. 


268. Evaluating the Indeterminate Form = 


L’ Hospital's rule (Sec. 267) also holds true for the ratio 
L(*) of two'functions which are infinitely great asx—+a (or 


Example 1. Evaluate lim aH. 
x7 @ 
The functions f (x)=Inx and g (x)=? become infinite as 
at 
Pex) 
Q (x! x 
tends to the same tail 


x + 00. The rati 
ms z 


Note. if f (x) and g(x) have infinite limits as x +a, then the 
limits of [’ (x) and g’ (x) (if they exist) are also infinite, and V’Hospi- 


tal’s rule is useful only when the expression Ee) can be reduced to 


ian convenient form in simpler fashion than the expression 
(x) 
@ (x)° 


tan 3x 
tanx ~ 


Example 2. Evaluate lim 
ery 

The functions tan 3x and tan x and also their derivatives ar 

and =a become infinite as x + 7 Representing the ratio of the 


derivatives in the form 3 (aaa 


cos 3x 


). we seek lim cot = (now the 


> 


numerato: and denominator are infinitely small). Applying the rule 


, COsx , -sinx 1 
of Sec. 267, we get lim cos 3x ar “TSsindx 3 Consequ- 
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tan 3x (a> ice | 
Aine tan x =3(25) ~S 


r7 9 


ently, 


But the original ar abs is more readily transformed to a con- 
tan 3x_ cotx 


venient form. Namely, Tae coray so that 
tan 3x cot x , sin? 3x1 
lim = ii —a= iim Ee 
na tanx RE. cot 3x n 3sin?x 3 
= >_— + 
eg 2 8 


269. Other Indeterminate Expressions 


1. Indeterminate form 0-0, i.e. the product f (x) @ (x) 


where F(x) + 0 and g(x) > o. ‘This expression may be redu- 


ced to the form yrs: 
@ 


P(x) P=): say 


and then the I’Hospital rule can be employed. 


Example 1. Find lim x cot = 
xo 


cr) oe =O Cay wat oy 


We transform xcot + =x: tan ate and find 


limx cot = lim [1:—--—] =2 
x+0 2 | rer F | 
2 
Example 2. Find lim x‘ In x. 
x70 
We have 
lim x4 Inx= lim [ ine: z|= lim zig |e 
x70 x70 x70 


II. Indeterminate form o —o, i.e. the difference of two 
functions each of which has the limit +o (or the limit 


—o). This expression is also reduced to the form Ba or =, 


0 
Example 3. Evaluate in rae 5 


Reduce the fractions to a common denominator; the desi- 


zr | ; : : 
£ , i.e. we have the indeterminate 


ted quantity is te peer 
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form . Since lim (e*-+1)=2, it follows that 
x—> 


lim lim S=!—1+ jim £ 
x+0 
Ill. Indeterminate forms 0°, o°, 1%, i.e. functions of the 

form f(x)®), where limf(x)=0 and lim@(x)=0 or 

lim f (x)= 0, lim g (x)=0 or lim f (x)=1, limg (x) =0. 
Here we first seek the limit of the logarithm of the given 

function. In all three cases, we obtain an indeterminate form 

like 0-0; 

Example 4. Evaluate lim x* (indeterminate form 0°). 


Nee 
x x(et+l) | 2 x0 


x+0 
Assuming y=x*, we have Iny=x In x. Further, 


lim In y= lim ( 
x70 x+0 
Whence 


Example 5. Evaluate lim (1 2x) * (indeterminate form 00°), 
xr~@ 


! 
Assuming y=(1+2x)* , we have Iny=—In (1 + 2x). 


Further, : 
. 2 In (1+ 2x) J 
lim In y= lim ——~ = lim j7az=9 
7D xm @ x7>@ 


Hence, lim y=1. 


x7@ 
Example 6. Evaluate lim (tanx)'#"2* (indeterminate 
Pas 
aa 
form 1%). 
We have 
‘ : . int 
lim Iny= lim tan 2x Intanx= lim 228% — 
ist n cot 2x 
x wa Pt 7 x- TT 
li ph Neo se ee 
mz. im (am xcosx* sin? 2x ) = 
x 


4 
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Hence 


ytan 2x 


lim (tan x, e~! 


aaa 


270. Taylor’s Formula (Historical Background) ») 


1. Newton and infinite series. In order to find the deri- 
vative of a given function and, mainly, to solve the inverse 
problem, Newton replaced the given function by an infinite 
power series, i.e. the expression 


Ay + yx + ax? + agx8 +.... a,x"... (1) 


with the number of terms increasing without bound. The 
coefficients aj, a;, ag, ... were taken so that expression (1) 
yielded more exact values of the function as the number of 


terms was increased. Thus, Newton replaced the function 


mus by the expression 1—x+x?—x84+-...+(—l)"x"+... 


l+x 
and wrote:? 


et lax peti... (2) 


If |x| <1, then the terms 1, —x, x?, ... form an_ infi- 
nite decreasing geometric progression, and the sum is equal 


to a But if |x]2=1, then the sum 1—x-+x?—x5+... 
1 


..e+(—1)"x", as n—> 0, does not tend to rs Taking 
into account this circumstance, Newton always confined him- 
self to sufficiently small values of x. 


1) The present section serves as an introduction to Secs. 271 
and 272; the latter may be read independently. 

2) The expansion (2) is obtained if to the quotient 1:(1+x) we 
apply the rule for dividing polynomials arranged in increasing po- 
wers. Prior to Newton, formula (2) was used by N. Mercator (in 1665) 


in the computation of logarithms [ the derivative of In (1+) is equal 


to red Mercator confined the infinite series expansion to this 


single case. In the hands of Newton it became a general method. 
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In expanding functions in infinite series, Newton made 
use of a variety of devices. Thus, Newton took the formula 
m (m—1) (m-—2) 


(1 -+- x)” =1+mx + ——— 4+ sy  B.. 8) 


which had earlier been established by Pascal" for positive 
integral m, and applied it to fractional and negative values 
of m. Then the number of terms increases without bound. 
For m=—1 we get formula (2), for m=—2 we have” 


pales Sy 
(+a 


min) 


a ace (4) 


In order to find the derivative of reer , Newton diffe- 


rentiated the expression (2) termwise. 9 A conipatisof with 


(4) shows that 
[rz] = -a (5) 


2. Taylor’s series. In 1715 Taylor, ® using a complicated 
and extremely nonrigorous method, found a general form of 
expression (1) for the given function f (x). In present-day 
notation, the result is of the form 


1=10)+ FOr, 4+FO wy POs 6 
Thus, if f=. then /') y= ici, Hence, 


f(0)=1 and a) = (—1)" so that formula (6) yields the 


asa we get the expansion (4). 


expansion (2). If f (x) = 


') Biaise Pascal (1623-1662), celebrated French philosopher. 
mathematician and physicist. 

4) Realizing tha me derivations were not rigorous, Newton veri- 
fied them by means of examples. Thus, Laatarsy termwise multip- 
lication of (l-x+x*-—x*+...)X(l-x+x?—x'+...), he found 1—2x+3x*- 
—4x3+... and in this way checked formula (4). 

*) Newton did not know that the theorem on the derivative of a 
sum might prove invalid for a boundlessly increasing number of terms. 
Incidentally, for a series like () this theorem (given sufficiently 
small! values of x) holds true, so there were no mistakes. 

Pe 4) Brook Taylor (1685-1731), English mathematician, pupil of 
ewton. 
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3. Maclaurin’s derivation. Thirty years later, Maclaurin” 


gave the following simple derivation of Taylor's formula. 
He considered the equality 


F (x) = Gg + GX 4 Gyx? + agx3 + ayx4 +... (7) 


and, desiring to determine the coefficients ao, a,, ag, ..., 
he found by successive differentiation 


f’ (x) = ay 4+ 2agx + 3agx? + 4ayxit...., 
Ph (d= 2az + 2-3a3x-+3-4a,x?+..., (8) 
hr’ (d= 2-3a342-3-4agx-+..., 


Putting x=0O into (7) and (8), he obtained successively?) 


, “(0 i (0 

a= (0), =f’ 0), a, =H a= 1, ete. 9) 

4. Taylor’s series in the general form. The following 
formula is derived in the same manner: 

F=f (@)+ 2 (e—a) + FO K—ay+... (10) 

It gives the expansion of the function in powers of (x—a). 
This formula was also known to Taylor; actually, it adds 
nothing new to (6). 

Thus, for the function f (x)=In x, for a=1, formula (10) yields 


_xal (x-—1)? 9 (x-1)8 (x-1)4 
Inx = —— aoe roms + ri 7 BPs secs (diy 


But if we take the function f (x)=In (14x). then by formula (6) we 
find 


x? x* x 
INn(ltxax- +p pt soe (12) 
Putting 1+x=z, we obtain the formula 
2-1  (z—1)?  (z-1)8 = (z—1)4 
T 7 + 3 qe 


which differs from (11) solely in notation. 


see (13) 


') Maclaurin, Colin (1698-1746), English mathematician; the 
power series (6) is now (without sufficient grounds) known as Macla 
urin’s series. 4 

2) If one proves the validity of the termwise differentiation ot 
series (7), then Maclaurin’s derivation flawlessly proves the following 
theorem: if f (x) is expanded in the series (7), then the coefficients 
do, 44, Gz, ... are expressed by formulas (9). However, there are fun- 
ctions which cannot be expanded in the series (7) [although their 
derivatives /’ (0), /” (0), ... exist]. An instance of such a function is 
given in the last footnote of this section. 
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5. Remainder of Taylor’s series. The functions which were 
known in the 18th century permit expansion in the Taylor 
series (10) (for any values of a, except those for which the 
function or one of its derivatives becomes infinite). Proceeding 
from their restricted experience, the mathematicians of the 
18th century did not doubt that any continuous function 
could be expanded in a Taylor series. However, the need 
was felt for a precise estimate of the error which formula (10) 


yields if it is terminated at the term LON) (x — ayn, , 
In 1799, Lagrange derived for the “remainder of the Tay- 
lor series”, i.e. for the difference R,, 


pu) (a) 


R= )— | F(a)... ai (—ay"| (14) 


the following expression: 


(n+1) 
R= (x—a)in+0) (15) 
Here, & is some number between a and x. 

The proof of Lagrange presumed the expansibility of the 
function f(x) in a Taylor series.1) A quarter of a century 
later Cauchy proved formula (15) without that assumption; 
he also gave an alternative expression for the remainder. It 
became possible, from the expression of the remainder, to 
judge the expansibility of ‘the function in a Taylor series: 
if lim R,,=0, then the function f (x) can be expanded in a Taylor 

awe 
series, otherwise it cannot. Cauchy gave the first example 
of a function® which, though it possesses all derivatives 
at a point x==a, cannot be expanded in the series (10) in 
powers of x—a (these functions are of no practical value). 


1) Lagrange even proved that such an expansion is possible for any 
continuous function, but the proof was unsatisfactory. 


2 
3) This function is given by the formula f (x)=e *" under the 
additional condition {(0)=0 (for x=0 the formula becomes meaning- 
less). The function f(x) has derivatives of any order at x=0. They 
are all zero at this point so the right side of (10) is identically zero 
However, f (x) does not vanish anywhere except at x=0. 
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Theorem. If a function f(x) has derivatives up to the 
(2+1)th order inclusive ® in a closed interval (a, 5) then 


f= Matar Eta) (p_— a 7 (6—a)?+.. 
f+ pe omc (o— —a)n+ [— ae (6—a)"+1 (1) 


where & is some shee between a and b. 
Formula (1) is called Taylor’s formula. 


plat 1) (8) ; 
The last term ey EST ee is called Lagrange’s 


form of the remainder?) and yields a precise expression for 
the difference R,, between f (6) and ere 
Fa) +E @—a) +2 O—ayr+... +2 ayn 


(“Taylor’s palynonaiai”)s 


Re=fO—[f@+...+ 2 o—a]= 
plat Dig) “el 
8 go (2) 


Taylor's formula establishes that Eq. (1), in which & is 
taken as the unknown, has at least one solution *) between 
a and 6 (cf. Sec. 264). 

When a is regarded as a constant and 6 as a variable, 
then x is written in place of 6: 


Fy=F a t+ ay... 4 
ee Fe (3) 


ae (x—a)" + 


For a=0 we obtain the so-called » “Maclaurin formula” 
0 (n) 0 (n 
Fe) = FOF EC et... 4 LEO yey LE ® yur (4) 


1) It is advisable to read Sec. 270 first. 

%) The (n+1)th derivative may not exist at the end-points of the 
interval; the main thing is that the ath derivative be continuous not 
only at interior points but at the end-points of the interval as well. 

*) Unlike other forms of the remainder. 

4) For fixed values of a and 06, the quantity § varies, as a rule, 
with an. 

5) Cf. Sec. 270, Item 3. 
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Example. Apply formula (4), for n=2, to the function 
f= hy- We have 


, -1 ” 2 we -6 
PO=acm PO=mm: 1" O= ate 
Hence 
fF (0) fF (0) freer (BY 1 
Pee ee eg ee gre oes 
Formula (4) takes the form 
[).f x 
Tae) FG (5) 


Here, lies between zero and x. It is important te note that 
the formula holds true only when x > —1. In this case, the 


condition of the theorem is fulfilled: the function — has 


T+ 
all derivatives in the closed interval (0, x). - 
Solving (5) for &, we find 


B=/lt+x—-l, &=— f/1+x—l (6) 


lt is easy to verify that for x >—1 the first root & 
indeed lies between zero and x. 

Now if x<<—1, then the condition 
of the theorem is not fulfilled, because 


the function i does not have deri- 


vatives at the point —l, and this point 

either lies inside the interval (0, x) 

(if x <—1) or coincides with its end- 
point (if x=—1). 

Formula (5) becomes incorrect: for 

Fig. 258 x=—1, the left side is meaningless, 

for x < —1, Eq. (5) has imaginary roots. 

Note. For n=0, Tayler’s formula (2) [in which we have 

to write f(a) in ple of f (a)] yields the formula of finite 

increments (Sec. 265) 


f()—F(a=1' @ (a) es 
For n=1 we get 


or, in other notations, 
Ue + Ax — ()—1 (x) x= act (8a) 
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This formula yields an expression for the difference between 
the increment in the function and its differential (segment 
CB in Fig. 258). 

If the second derivative /”(x) is continuous for the value of x 
under consideration, the difference between the increment in the fun- 


ction and its differential is of second order with respect to Ax [when 
i" (x) #0] or of higher order [when f” (x)=0]. Cf. Sec. 230. 


272. Taylor’s Formula for Computing the Values 
of a Function 


Taylor’s formula frequently permits computing the values 
of a function to any degree of accuracy. 
Let the following values 


f(a), F(a), f'(@), F(a), ... 
of the function f(x) and its successive derivatives at the 
“initial” point x-=a be known. It is required to find the 
value of the function f(x) for a different value of x. 
In many cases it is sufficient for this purpose to compute 
the value of Taylor’s polynomial 
7") (ay 


Fath? «—a +52 (x—a)?+...+——— (x—a)" (1) 


al 


taking two, three, or more terms, depending on the required 
degree of accuracy. Of course, in doing so, we allow for a 
certain error R,, which is equal to 


Ra=@—[F@+ Gr @—a)+ 


” (n) 
+52 ae... + ua] @ 
But it frequently happens that the error R, diminishes without 
bound (in absolute value) with increasing number of terms 
(i.e. lim R,=0). Then Taylor’s polynomial can yield the 
nae 
desired value of f (x) to any degree of accuracy. 

The number of terms that ensure the requisite degree of 
accuracy is essentially dependent on the distance | x—a| bet- 
ween the initial point a and the point x. The greater | x—a|, 
the more terms one has to take (see Example 1). Also, we 
often find that the approach of R,, to zero not only slows 
down with increasing distance |x—a], but even ceases alto- 
gether as the increase continues (see Example 2). Then the 
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polynomial (1) can be used to compute / (x) only over limited 
distances from the initial point. 

Thus, we have to be able to answer the following ques- 
tions: is the polynomial (1) suitable for computing f (x) at a 
given distance |x—a| from the initial point a, and if it is. 
then how many terms have to be taken to attain the required 
accuracy? It is also important to know whether for all dis- 
tances the error R,, tends to zero with increasing number of 
terms, and if not so for every distance, then where its boun- 
dary lies. 

Answers to these questions are obtained by applying a 
number of artifices. One of them?!) is based on the theorem 
a Sec. 274, which permits representing the error R, in the 
orm ?) 


ae pint 1) (E) 


Ra=—Gaap ea (3) 


Here, the number & is unknown; the only thing we know is 
that — lies between a and x. But even this suffices to eva- 
luate the error R,, and answer the foregoing questions. 
Example 1. Let f (x)=e*. All the derivatives of this fun- 
ction are equal to e*. We know the value of e* at the point 
x==0 (namely e°=1). We will take this point as the initial 
one. The conditions of the theorem of Sec. 271 are fulfilled 
for al] values of x. In Taylor’s polynomial (1) we must put 


a=0, f(@=f'@=... =f" W=1 (4) 
and then it assumes the form 
ee ee ee (5) 


Substituting for the value e* the value of the polynomial 
(5), we allow for a certain error R,, which is 
n 


ee 6) 


Since f+) (x) =e*, the error R,. according to formula 
(3), may be given as 


Sas POLS wea! 
Ra=iein (7) 


1) This device is not the best, and at times is totally useless. Other 
devices are given below (Sec. 401). 

2) It is assumed that the function f (x) satishes the conditions ol 
the theorem of Sec. 271, which is the case in numerous instances oi 
practical importance. 
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The number & lies somewhere between zero and x (it depends 


2oth on x and on n). Hence, é& lies between e®%=1 and e%. 
This is sufficient for evaluating the error. 
For example, let it be required to compute the value of 
e* for xy , i.e. to extract the square root of the number e. 
a 


Since e lies between 2 and 3, it follows that e? is less than 
2 and so e> is most definiteiy less than 2. From (7) it fol- 


1\"71 , 
lows that | R,| < wm (+ ) , Le. 


IRal< 


With increasing n, the quantity wor (limiting error) 


tends to zero, and the error R, all the more so tends to 
zero. Hence, the polynomial (5), which now takes on the 
value 


1 
(n+1)1 2" (8) 


1 2 1 1 
lara toe t gat: tae (9) 


is suitable for computing Ve to any degree: of accuracy. 

Now let us find out how many terms the sum (9) must 
have in order to ensure four-decimal-place accuracy (up to 
+0.5-10-4). To do this we compute the limiting error 


1 = ) 
aenprae for n=1, 2, 3, and so on: 
gat ai 
212 —~4? 
1 1k ad 
312? OT 2 6 =a 
1 ee eee 
Ta =a ar'8 =iF 
1 I 1 
Brae =a ae 10= 1995 » 
1 1 1 
rae = Brae !2= g5009 
4 
We can stop here because =—— ss0i0 < 0.5-10- 


') Beginning with the second row of the computation hah follows 
we resort to a consecutive division by the even numbers 6, 10, 
proceeding from the identity 


1 1 1 
(n41)t 2" 2 (n41)° at2ut 


eee 
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Thus, to ensure an accuracy of 0.5-10~-¢ it is sufficient 
for the sum (9) to have six terms. We obtain») 


! = 1.00000, 
1 
Tey = 0.50000, 
| ee 
1 
So re ye! :6 = 0.02083, 
1 
a Sear ara ae :8= 0.00260, 
1 
a= = age | 10= 0.00026 
1.64869 
We finally obtain 
Ve =1.6487 


We thus find that to ensure an accuracy up to + 0.5-10-8, 
the sum (9) must oe 10 terms because 


|Rol< is w 0.55-10-9 < 0.5-10-8 
The computation yields 


Ve Hlth pty tap ts tgp = 164872127 
1 


Taking 15 terms, it is possible to compute e? to within 
0.5-10-18, etc. The accuracy of the result increases rapidly 
with increasing number of terms. 

The accuracy increases more slowly if we compute e* for 
larger values of |x|, say for x=1, or for x=—1. 

Suppose we take x=1. Then the polynomial (5) takes 
the form 


: lft. to (10) 


and yields an approximate value of the number e. The error 
Rn, by (7), is 


= 


= ia 
(n+1)! (1) 


1) Each term is computed to the fifth decimal in order to avoid 
an accumulation of errors. 
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The number e* now lies between e® and e}, i.e. between 1 
and e, and since e < 3, it follows that 
3 
[Ral <a (12) 
As before, the error approaches zero with increasing nx. 
But now one has to take 9 terms in place of 6 in order to 
ensure an accuracy up to 0.5-10~-4 because the limiting error 


aa becomes less than 0.5-10-4 only for n=8. The com- 
putation yields 


1 I 1 1 
If we want to obtain an accuracy up to 0.5-10-8, we 
a to take 13 terms (in place of 10); and the computation 
yields 


1 I ! 1 
mw Lf pep ae to + gp = 2.71828183 


Taking 15 terms, we can compute e to within only 0.5-10~' 
(instead of 0.5-10-16 as in the computation of Ve ). 
Now take x=—1. The polynomial (5) takes the form 


ot cad 2 i 
\—s- tap art: tC = 


and yields an approximate value of the number e-? (or +) . 
By (7), the error R,, is ‘ 
w= (I er 
The number § lies between minus unity and zero; hence, 
& < e, i.e. e} < 1. Consequently 
1 
IRal<aam 

Here the limiting error is less than in the preceding case by 
a factor of three For this reason, the number of terms needed 
to ensure the required accuracy may be reduced, but riot by 
more than unity. Thus, an accuracy of up to 0.5-10-1° is 
now ensured by 14, not 15 terms, which is not essential as 
far as the actual computations are concerned. 

If instead of x=+1 we take values of x still greater in 
absolute value, then the error of the approximate equality 


ew lp pe. pe (13) 
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will tend to zero more slowly still However, using for- 
mula (7) and reasoning as above, we are convinced that the 
error R,, will tend to zero for any value of x. 

Fig. 259 depicts the graph ACB of the function y=e* 
and the curves of _ its 
Taylor polynomials 


y=1, y=1+4x, 
y=ltx4+,y=lte+ 
+544 
Example 2. Let 
f (x) =1n (1 +x) 


As in Example 1, take 
the point x=0 as the 
initial point. The condi- 
tions of the theorem of Sec. 


MT whi 971 are fulfilled only for 
Pyahtr e+e x>—l [for x<—TI, the 
Fig. 259 function In (1 +x) becomes 


meaningless]. The conse- 
cutive derivatives are expressed as follows: 


U 1 a 1 we 1-2 
PO=n: POM=—-astp P'O=aF 
AV) =P ee = ae 


so that (Sec. 256, Example 3) we will have 
a3 fr (0) f" (0) 1 
NOS Oe th ah 


(0) fn) (0) 
nr ie ee LT) 


=(—1)"-1 


The Taylor polynomial (1) yields the approximate equality 


1 \ -1)"-1 
In(l+2) ex—petpoe—... pCR en (14) 
Since f'#7+) {In (+n the error R,, of (14) may, 
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by formula (3), be represented in the form 
R= Sr ( x a (15) 


n+l 1+ 


where & lies somewhere between zero and x. 
Let us, for example, compute the value of In (1-+x) for 
X=— 0.1. We obtain the approximate equality 


1 1 1 
In0.9 x —0.1—+--0.127—4.0.13—...—+.0.17 (16) 
Its error is 
tf 0.1.\n41 
Ru=— ai (758) 


Since & lies between zero and —0.1, it follows that 1+& > 0.9. 


1 O.1\n4+1 
Hence | R,| < ait (a3) or 


(Relea coy (17) 


The limiting error obviously approaches zero with increa- 
sing n, i.e. formula (16) is capable of yielding In 0.9 to any 
degree of accuracy. Thus, to ensure an accuracy up to0.5-10-¢ 
we have to take n=4, and we get 


in 0.9 ~—[0.1-+-3-0.01 +3 -0.001 +—7-0.0001 | ~— 0.1054 


In the same way we can convince ourselves that formula 
(14) always holds if —$<rcl. 1) But as [|x| increases, 
the error R, tends to zero more slowly. This approach is 
weakest of all when x=1. Then formula (14). yields 

1,1 1 
In2z21 gry eee +(—1)47) id 


For example, to ensure an accuracy up to 0.5-10-4, we 
have to take 19999 terms. 

And if x is just the slightest bit more than unity, the 
error does not tend to zero at all; on the contrary, | R,| 
increases without bound with increasing n. 


‘y(t also holds for all x between —1 and — > , but expression (15) 
does not convince us of this fact 
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Fig. 260 depicts the graphs of the function y=In (1 +x) 
(the curve ACB) and of the first three Taylor polynomials. 


Fig. 260 


273. Increase and Decrease of a Function 


Definition 1. A function f (x) is called an increasing func- 
tion at a point x=a if, in a sufficiently small neighbour- 
hood, values of x greater than a are associated with values 


Fig. 261 


of f (x) greater than f (a), and smal- 
ler values correspond to smaller va- 
lues. 

A function f (x) is called a dec- 
reasing function at a point x=a if, 
in a sufficiently small neighbour- 
hood of this point, values of x 
greater than a are associated with 
values of f(x) smaller than f (a), 
and smaller values are associated 
with greater values. 


Example !. The function depicted in Fig. 261 increases 
at the point x=a because to the right of A the points of 
the curve lie above A and to the left, below A. Here we 
consider only those points of the curve whose ordinates are 
sufficiently close to the ordinate aA; in the given instance, 
these are the points which do not go beyond the limits of 
the arc KL. Outside this arc the relation no longer holds: 
point C lies to the right of A but below it, U lies to the 


left, but above it. 
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The same function is decreasing at the point x=d because 
in a sufficiently close neighbourhood of D the points of the 
curve to the right lie below D, those to the left lie above D. 

The function is also decreasing at the point x=c. 

At the points x=b, x=e, x-=m the function is neither 
increasing nor decreasing (at x=6b it has a maximum, at 
x==e and x=m a minimum; Sec. 275). 


Definition 2. A function is called increasing in an inter- 
val (a, 6) if it is increasing at every point within the inter- 
val (but not necessarily at the end-points). 

A function decreasing in an interval (a, 6) is similarly 
defined. 


Example 2. The function shown in Fig. 261 is decreasing 
in the interval (/, d) because it is decreasing at every point 
within the interval (and at its end-points as well). The same 
function is also decreasing in the interval (6, e) because it 
is decreasing at all interior points of the interval (but at 
the end-points 6 and e the function is not decreasing). In the 
interval (m, 6) the function is increasing; in the interval 
(a, d) it is neither an increasing nor a decreasing function. 
Now if we split up the interval into two parts: (a, 6) and 
(6, d), then in the former the function is increasing and in 
the latter it is decreasing. 

If the function is increasing in the interval (a, 6), then 
in that interval a greater value of the argument is always 
associated .with a greater value of the function; conversely, 
if in the interval (a, 6) a greater value of the argument is 
always associated with a greater value of the function, then 
the function is increasing in (a, 6). 

If the function is decreasing in the interval (a, 5), then 
a greater value of the argument is always associated with 
a smaller value of the function, and vice versa. 

Geometrically, in those intervals in which the function 
is increasing its curve (rightward motion) rises; in intervals 
where the function is decreasing, the curve drops (cf. 
Example 2). 


Definition 3. A function which in a given interval is increasing 
or decreasing is called monotonic (in that interval). 


1) This property is often taken as a definition of a function increas- 
a a an interval. A function decreasing in an interval is similarly 
lefined. 
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274. Tests for the Increase and Decrease of a Function at a Point 


Sufficiency test. If the derivative f’ (x) is positive at a 
point xa, then the function f (x) at this point is increasing, 
if it is negative, then the function is decreasing. 

Geometrically, if the slope of the tangent MT (Fig. 262) 
is positive, then near M the curve lies above the point M 


Fig. 262 Fig. 263 


to the right and below it to the left; if the slope is negative 
(Fig. 263), then near M the curve lies below M to the right 
and above M to the left. 

Note. If f’ (a)=0, then for xa the function may be 
increasing (point N in Fig. 262); it may be decreasing too 


Ps 
Es * 
C 
0 
7 Xx 


Fig. 264 Fig. 265 


(point L in Fig. 263). But as a rule, the function will not 
(for xa) be either decreasing or increasing (points B and C 
in Fig. 264). Ways of distinguishing these cases are indicated 
in Secs. 278 and 279. 


Example 1. The function y=xr—t0 (Fig. 265) is incre- 


asing at the point x=0, because y’,=1—x—=1 > 0. The same 
function is decreasing at the point x=2 where y’=—1 < 0. 
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At x=1, where y’=0, the function is neither decreasing 
nor increasing. 

Necessity test. If the function f(x) is increasing at the 
point x=a, then its derivative!) at this point is positive 
(as at point M in Fig. 262) or is equal to 
zero (as at point N in Fig. 262): 


f(@)20 


Similarly for a decreasing function; 
its derivative is negative or zero at the ; 
point x=a: 1 


f’ (a) <0 (7 1X 


Example 2. The function y=x° (Fig. 
266) is increasing at every point. Its 
derivative y’=3x? is positive everywhere 
except at the point x=0, where y’=0. Fig. 266 


274a. Tests for the Increase and Decrease 
of a Function In an Interval 


Sufficiency test. If the derivative function /’ (x) in an interval 
(a, b) is everywhere positive, then the function f(x) in this interval 
is increasing; if [/’ (x) is everywhere negative, then f(x) is decrea- 
sing (cf. Sec. 274). 

Note. The test (criterion) also holds true when the derivative 
takes on Zero values in the interval (a, 6) so long as f (x) does not 
identically become zero throughout the interval (a, 6) or in some 
interval (a’, 6’) comprising a part of (a, 6) [the function f (x) would 
be a constant on such an interval]. 


1 
Example. The function y=x-> (Fig. 265) is increasing in the 


interval (0, 1) because the derivative y’=1-—x takes on a zero value 
only at the point x=1, whereas at the remaining points of the inter- 
val (0, 1) it is positive. The same function is decreasing in the 
interval (1, 2) because here the derivative y’ is everywhere negative 
except at the point x=1, where y’=0. 

Necessity test. If the function f (x) is increasing in the interval 
(a, 6), then the derivative *) /’ (x) is positive or zero in that interval 


f(x) 20 fora<gx<b 
The same holds true for a decreasing function: 
P(x) <0 foracx<d . 
1) It is assumed that f (x) is differentiable at this point 


int. 
*) It is assumed that the function is differentiable in the inter- 
val (a, 6). 
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275, Maxima and Minima 


Definition. We say that a function f(x) has a maximum 
at a point x=a if, in a sufficiently close neighbourhood of 
the point, all values of x (both greater and smaller than a) 
are associated with values of f(x) smaller than f (a). 

A function f(x) has a minimum at a point x=a if, 
within a sufficiently close neighbourhood of the point, all 
values of x are associated with values of f(x) which are 
greater than f (a). 

This can be stated more succinctly: a function f (x) has 
a maximum (minimum) at a point x=a if the value of f(a) 
is greater (less) than all neighbouring values. 

The generic term for maximum and minimum is extremum 
(extreme value). 

Example. The function f=pet eo (Fig. 267) has 

1 


a maximum at the point x=0 [ the point A (0 z) is 


higher than all neighbouring points | 


and a minimum at the point «=2 
[the point B (2, —1) is lower 
than all neighbouring points]. 
Note. In ordinary language, 
the expressions “maximum” and 
“greatest quantity” are synonymous. 
In analysis, the term “maximum” has 
a narrower meaning: the maximum 
of a function need not be its greatest value. Thus, the function 


f(x)=ai—e ps (see Fig. 267), if considered, say, in the 
interval (—1, 4) has a maximum at x=0 because near this 


point [namely, in the interval (—1, 3)] all the values of x 
are associated with values of [(x) which are smaller than 


f (0), i.e. than + (in that interval the graph is located 


below the point A). Still, the maximum f (0) is not the 
greatest value of the function in the interval (—1, 4) because 
for x > 3 we have 


Fig. 267 


fa) >> 


(the graph to the right of C is located above the point 4A). 
However in the given interval, finding the greatest value of 
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the function is closely associated with finding its maxima 
(see Sec. 280). 
The same remark applies to minima as well. 


276. Necessary Condition for a Maximum and a Minimum 
Theorem. If a function f (x) has an extremum (a maximum 


or a minimum) at a point x=a, then the derivative at this 
point is either zero, infinite or does not exist. 


Y oa 


4 
1 
| 
t 
a 


Fig. 268 Fig. 269 Fig. 270 


Geometrically, if a graph has a maximum ordinate at a 
point A, then the tangent at this point is either horizontal 
(Fig. 267), vertical (Fig. 268) or does not exist (Fig. 269). 
The same applies to the minimum ordinate (point B in 
Fig. 267, point A in Fig. 270, points B and C in Fig. 269). 


Y 
ees 
H 

@ x 
Fig. 271 Fig. 272 Fig. 273 


A 
' 
{ 
a 


x 


Note. The condition for an extremum as given in the 
theorem is necessary but not sufficient, that is, the derivative 
at the point x=a can vanish (Fig. 271), become infinite 
(Fig. 272) or not exist (Fig. 273) without the function having 
an extremum .at that point. 
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277. The First Sufficlent Condition for a Maximum and a Minimum 


Theorem. If, sufficiently close to a point x=a, the deri- 
vative f’ (x) is positive on the left of a and negative on the 
right of a (Fig. 274), then at the point itself, xa, the 
function f(x) has a maximum provided that f(x) is conti- 
nuous here. 


(¢) a 
Fig. 274 Fig. 275 


If, on the contrary, the derivative f’ (x) is negative on 
the left of a and positive on the right (Fig. 275), then f (x) 
i a minimum at the point a provided that it is continuous 

ere. 2 

The theorem states that when f (x) passes from increasing 
values to decreasing values, it has a maximum; when it 
passes from decreasing to increasing values, it has a minimum. 

Note. According to the theorem, the test for an extremum 
of a function f(x) is the change of sign of the derivative 
f’ («) when the argument passes through the value x=a under 
consideration. 

Now, if in passing through x=a the derivative retains 
its sign, then f (x) is increasing at the point xa when the 
derivative is positive both on the right and on the left of 
x=a (Figs. 271, 272, 273) and is decreasing when the deri- 
vative is negative (Fig. 276). [It is again assumed that f (x) 
is continuous at x=a.] 


278. Rule for Finding Maxima and Minima 


Let a function f(x) be differentiable in an interval (a, 5). 
In order to find all its maxima and minima in the interval, 
it is necessary to: 

(1) Solve the equation f’ (x)=0 (the roots of this equation 
are called the critical ‘values of the argument; among them 


1) However, f (x) need not be differentiable at x=a (see Fig. 268). 
8) However, f (x) need not be differentiable at x=a (see Fig. 270). 
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we have to seek the values of x which yield an extremum 
of the function f(x); see Sec. 276). 

(2) Investigate, for every critical value x=a, to see wheth- 
er the derivative f’ (x) changes sign when the argument passes 
through this value. If f’ (x) passes 
‘rom positive values to negative val- 
ues (when going from x<a to 
x >a), then we have a maximum 
(Sec. 277), if it goes from negative 
values to positive values, then we have 
a minimum. 

But if f’ (x) preserves its sign, then 0 a x 
there is neither maximum nor mini- 
mum: for f’(x)>0, the function Fig. 276 
f(x) is increasing at the point a, 
for f’ (x) <0, it is decreasing (Sec. 277, Note). 


Y 


Sign of Derivative 
Shape of Graph 
Near Point a 


forx<a]|forx>a 


4A 
e - TN maximum 
= a Ww minimum 
A 
+ + A increase 
= - “4 decrease 


Note 1. If a function f(x) is continuous in an interval 
(a, 6), but not differentiable at certain points, then these 
points must be classed with the critical points and a similar 
investigation must be carried out. 

Note 2. The maxima and minima of a continuous function 
follow one another in alternation. 

Example 1. Find all the maxima and minima of the 
function f()=x—p x. 

Solution. This function is everywhere differentiable (i. e. 
it has a finite derivative everywhere) f’ (x) =1—x. 
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(1) Solve the equation |—x=0. It has a unique root x=1. 

(2) The derivative f’(x)=1—x changes sign as the argument 
passes through the value x1. Namely, for x < 1 the deri- 
vative is positive, for x > 1, it is negative. Hence, the critical 
value x=1 yields a maximum. The function has no other 
extreme values (see Fig. 265). 

Example 2. Find all the maxima and minima of the function 


f (x)= (*— 1)? (+18 (1) 
‘ Solution. This function is everywhere differentiable. We 
ave 


FP (&)=2 (x—1) & +1343 («—1)? («+ 1)? = 
ys = (x—1) (x + 1)? (6x—1) 


(1) Solve the equation f’ (x)=0. Its roots (in increasing 
order) are 


y= yay, yal (2) 


(2) Representing the derivative in the form 


(x) =5 (e+ 1) (x—-Z) @—D (3) 


we investigate each of the critical values. 
(a) For x <—1, all three binomials of formula (3) are 


negative, so that to the left of x=—1 we have 

FP (x)=5(—)?(—)(-) = + (4) 
Let the argument pass through the value x,——1, but sup- 
pose it has not yet reached the next critical value, x= . 


Then the binomial x-+ 1 is positive, the two other binomials 
of (3) remain negative, and we have 
P(x)=5(+)?(—) (= + (5) 


Comparing (4) and (5) we see that the derivative does not 
change sign (remains positive) when passing through the 
critical value x,;=—J1. Hence there is no extremum at the 
point x= —1; here the function f (x) is increasing (Fig. 277). 


(b) Investigate the nearest larger critical value y=Z- 


Sufficiently close on the left (ie. between x,—=—1 and 


tg= =) the derivative is positive by virtue of (5). Suffici- 
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ently close on the right ( between x,= + and x,= +1) 


the second facter is positive and we have 


F(x) =5(+)®(+)(—)=— 6) 
Comparing (5) and (6) we see that the sign of the deriva- 
tive changes from plus to minus when passing through yo 


5 
{the function / (x) passes from inc- 
reasing values to decreasing values]. 
Hence the function has a maxi- 


mum at the point xa, it is eq- 
ual to 


1 1 ast 3 
1(>)=(s-!) (s+!) x11 

(c) Investigate the last critical 
value, x,=1. Sufficiently close on 


the left, the derivative is negative by virtue of (6). To the 
right of x=1 we have 


P®=f(+)(4)(H)=+ (7) 


When passing through x=1, the derivative changes from mi- 
nus to plus [the function f(x) passes from decreasing to in- 
creasing values]. Hence at x=1 the function has a minimum, 
which is equal to 


f(y =(1—1)2 (14 1)8=0 


Example 3. Find all the extrema of the function 


f()=(—1) ft 


Solution. The given function is differentiable for all posi- 
tive and negative values of x and we have 


2 
rape Boat 


At the point x=0 the function f(x) is not differentiable 
(its derivative is infinite). Therefore (see Note 1) we have two 


Fig. 277 
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critical values: x,==0 and x, a For x <0, we have 
ip gy ee bP = CSV 
Pa=z 37 = =-b 
For 0<x<Z we have 
5 = 
i(y=t ; eeeeere 
= 
For x > = we have 
oy : 5 
7 Pa=zZ oe 


Hence at the point x=0 the function f (x) =(x-— 1) ie 
has the maximum 
f (0) =0 


and at the point x=, the minimum 


279. The Second Sufficlent Condition 
for a Maximum and a Minimum 


When it is difficult to distinguish the sign of the deriva- 
tive near critical points (Sec. 278), one can use the following 
sufficient condition for an extremum. 

Theorem 1. Let the first derivative f’ (x) vanish at the 
point x= a; if the second derivative f” (a) is then negative, 
the function f(x) has a maximum at x=a, if it is positive, 
then the function has a minimum. For the case /[” (a)=0, 
see Theorem 2. 


The second condition is related to the first in the following man- 
ner. We consider f” (x) as a derivative of f’ (x). The relation [” (a) <0 
means (Sec. 274) that /’ (x) is decreasing at the point x=a. And since 
fF (a)=0, it follows that f’ (x) is positive for x <a and negative for 
x >a. Hence (Sec. 277), f (x) has a maximum at x=a. The situation 
is similar for the case f” (a) > 0. 


Example 1. Find the maxima and minima of the function 


Fe) =p xtoxt yl 
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Solution. Solving the equation 
f’ (x) = 2x8 —2x=0 
we obtain the critical values 
xy=—l, X%,=0, Xg=1 


Substituting them into the expression of the second derivative 


f" (x) =6x2—2—2 (3x2—1) y 


we find that 
P(-I)>0o FO<o P(I)>o 
Hence at x=—1l and x=1 we have a, 


minimum, and at x=0 a maximum 
(Fig. 278). 


It may happen that the second derivative 
vanishes together with the first; this can also 
happen with regard to a number of subsequent 
derivatives. In such cases one can make use of Fig. 278 
the following generalization of Theorem 1. 

Theorem 2. If at the point x=a, where the first derivative is zero, 
the closest nonzero derivative is of even order, 2k, then the function 
* (x) has, at x=a, a maximum when pla) (a) <0, and a minimum 
when pak) (a) > 0. 

Now if the closest nonzero derivative is of odd order, 2k+1, then 
the function f (x) does not have an extremum at the point a; It is 


increasing when peak+y (a) > 0 and is decreasing when party (a)< 0. 
Note. Theoretically, it is not precluded that at a point x=a all 
the derivatives of the function f (x) (which is not a constant) are equal 
to zero. ') However, this case is of no practical ea as 
Example 2. Find the maxima and minima of the function 
f (x)=sin 3x-3 sin x 
Solution. We have 


F’ (x)=3 cos 3x—3 cos x 
Solving the equation 
3 cos 3x—3 cos x=0 
we find 


nm 
x=k zr 


where & is any integer. 
Since this function has a period 2x, it is sufficient to investigate 
four roots: 
td 3n 


x,=0, => Xs=X, 7 han 


') Such, for instance, is the function considered in the last foot- 
note of Sec. 270 (p. 350). 
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Take the second derivative 
Ff" (x)=-9 sin 3x43 sin x 
Substituting the critical values x,, x3, Xs, %4, we find 


i" (0)=0, (4) =12, 


P(m=0, (#) =-12 


At the point ney . the nearest nonzero derivative is of second 


(even) order. and f” (3) > 0. Hence, it has a minimum at x= + ‘ 


Similarly, we conclude that at xo3k it has a maximum [ because 


r=] 


The extremal values will be 


n n n ‘ 
f (+)=s 3 773 sin els =-4 (minimum) 


i (F)= 5-3 sin e1-(-3)=4 (maximum) 


To investigate the critical values x,=0 and x,=x, let us find the 
third derivative 


i" (x)=-27 cos 3x43 cos x 
We have 
: PY (0)=-24, f'" (m= +24 
At the point x=0 the nearest nonzero derivative is of third (odd) 
order, and f’’’ (0) < 0. Hence, at x=0 there is no extremum. Here, the 
function f (x) is decreasing. Similarly, we conclude that at x=21 as well 


there is no extremum; but here the function f(x) is increasing [be- 
cause f’” (m) > 0). 


280. Finding Greatest and Least Values of a Function 


1. Suppose that by the conditions of the problem the 
argument of a continuous function f(x) varies in an infinite 
interval, say in the interval (a, +00). Then it may happen that 
there is no greatest value of the function f{ (x); see Fig. 279a 
where f (x) increases without bound as x +-+o. But if f (x) 
has a greatest value, then this value is definitely one of the 
extrema of the function; see Fig. 279b, where the greatest 
value of the function is f (c). 

Now let it be given that the argument x varies in a closed 
interval (a, 6). Then f (x) definitely assumes a greatest value 
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iSec. 221). However, this value may not belong to the extrema, 
for it may be attained at one of the end-points of the inter- 
val (at point x=6 in Fig. 279c). 

The same goes for the least value. 

2. Let it be required to find the greatest (or least) value 
of a geometric or physical quantity which obeys definite 
conditions (see examples below). Then it is necessary to re- 
present the quantity as a function of some argument. From 


Y Y 


S 

i>} 

> 

S 

Q 
&i----—> 
x 


Fig. 279 


the conditions of the problem we determine the range of the 
argument. Then we find all the critical values of the argument 
lying within this interval and compute the appropriate va- 
lues of the function, and also the values of the function at 
the end-points of the interval. From the values thus found 
we choose the greatest (least). 

Note 1. It often happens that the argument may be cho- 
sen in a variety of ways; a lucky choice can simplify the 
solution. Allowance for the peculiarities 
of the problem can also simplify the so- e 
lution. a 

For instance, if within a given interval 
there is only one critical value of the yp. ogo 
argument and, on the basis of some test 
(see Secs. 277, 279), it should yield a maximum (minimum), 
then even without a comparison with the boundary values of 
the function we are justified in concluding that this maximum 
(minimum) is the desired greatest (least) value. 

Example 1. In Fig. 280, the segment AB-=a is divided 
into two parts by C; on AC and CB construct the rectangle 
ACBD. Find the greatest value of its area S. 


1) If the end-point x=06 is not considered, then over the remaining 
open interval the function f (x) will not have a greatest value. 
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Solution. For the argument x we take the length AC; then 
CB=a—x and S=x(a—x) 


The argument x of the continuous function S varies in the 
interval (0, a). 
From the equation 


B—a—2x=0 
we find the (unique) critical value cat. It belongs to the 
given interval (0, a). We compute the value of S + == 


and the boundary values of f (0)=0, i (a)=0. Comparing 
these three “values, we conclude that [ is the desired great- 


est value. 
This comparison will not be needed if we note that in the 


unique critical point cat the second derivative of the func- 


tion S(x) is negative, i.e. (Sec. 279) the function S (x) has a 
maximum there. 

The variable rectangle ACBD always has one and the same 
perimeter (2a). Hence, of all rectangles of a given perimeter 
the square has the greatest area. 


Note 2. Most convenient of all is to take for the argument the 
distance z from the point C to the midpoint O of the segment AB 
(see Fig. 280). Then 


AC=A0+0C=—+2, CB=0B-0C=-5-2 


s ($9) (F-#)e(4)"* 


2 
Now there is no need to seek an extremum because (+) -2? quite 


and 


2 
obviously does not exceed (+) . 


Example 2. Under the conditions of Example | find the least value 
of the area S. 
Solution. Taking x=AC for the argument, we compare the unique 


2 
extremum + of the function S=x (a—x) with its value (S=0) at 


the end-points of the interval x=0 and x=a. We find that zero is the 
least value of S [in the closed interval (0, a)]. 

However, for x=0 and x=a we do not have a rectangle in the pro- 
per sense of the word (it degenerates into the line segment AB). If we 
consider only “real” rectangles, then the end-points of the interval 
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(0, a) ought to be excluded and then S does not have a least value 
{in the open interval (0, a)]. 


Example 3. Find the least and the greatest values of the 
semiperimeter p of a rectangle having a given area S. 

Solution. Denote the sides of the rectangle by x, y. It is 
given that 


xy=S (1) 


(x and y are positive quantities). It is required to find the 
least and greatest values of the quantity 


p=x+y (2) 
Take x for the argument; then 
Ss 
p=x+— (3) 


The argument x varies in the infinite interval (0, + 0) (the 
end-point x=0 is excluded). In this interval the function 
p(x) is continuous and has the derivative 


dp Ss 

e=1—% () 
From the equation 

P50 () 


we find the unique (in this interval) critical value 
x=VS 


From (4) it is seen that for 0 <x< WS the derivative 
2 is negative and for x > V S it is positive. Hence (Sec. 277) 
it has a minimum. Since this minimum is the only one (see 


Note 1) it is the least value of the semiperimeter: )) 


Pain=V S+—==2 VS (6) 


') The problem may be solved without finding the extremum. 
Equalities (2) and (1) yield p?=(x+y)?=(x-y)?+4xy=(x-y)?+4S. 
Since 4S is a constant and the least value of (x—y)? is zero (when x=y), 
it follows that the least value of p? is 4S; hence, the least value of p is 
2VS. 

This method is simpler (in that it does not require higher mathe- 
matics) and is shorter. But it is based on guesswork, and in that 
sense it is more difficult than the general method given above. 
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i. e., of all rectangles of a given area S the square 
(x= V S, y=V S) has the smallest semiperimeter. 

The quantity p does not have a greatest value since the 
given interval (0, -+-0) is open. 

Example 4. Find the least amount of tin to be used in 
making a cylindrical tin can with a volume of two litres 
(V =2l, the extra material for seams is not taken into account). 

Solution. Let the surface of the can be S, the radius of 
the base 7, the height 4. It is required to find the least value 
of the quantity 

S=2nrh+ 2nr? (7) 
provided that 

; mrth=V (8) 
For the argument it is convenient to take r. From (7) and (8) 
we find 


S=2(7+ nr?) (9) 


where the argument varies in the interval (0, o). From the 
meaning of the problem it is clear that the quantity S reaches 
a least value somewhere inside this interval. It is therefore 
sulin to consider the values of the function at the critical 
points. 

Solve the equation 


i= 2 (—7r+2ar)=0 (10) 


ree 

r= V A (11) 
corresponds to the least value of S. From (8) and (11) we get 
ha = 7/ © =2r, that is, the height of the can must be 
equal to the diameter of the base. The least amount of tin 
required to make the can is then 


S min = 20 (rh+ 7?) =6n7?=3 3/ Inv = 879 cm? 


Its sole root 


Example 5. (Descartes’ paradox). In 1638 Descartes received 
(through M. Mersenne) a letter of Fermat, where Fermat gave without 
proof a rule which he had discovered for finding extrema. Translated 
into modern language, the Fermat rule reduces to finding the values 
bia mate the derivative f’ (x) of the function f (x) under considera- 

ion vanish. 
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In a return letter Descartes described the following example which 
ze believed proved the Fermat rule to be erroneous. 
Let there be given a circle 


xt+yt=r? (12) 


‘Fig. 281) and a point A(-a, 0) distinct from the centre (that is, 
= #0). It is required to find on the circle (12) a point that is closest 
to A. The square of the distance of an arbitrary point M (x, y) from 
the point A is given as 


AM #=(x+a)?+y? (13) 
Now if M lies on the circle (12), then 
yt=r?—x? 


so that 
AM?#=(x+a)*+r?—x? 
In order to find the value of x which minimizes the quantity AM?, 


Descartes followed Fermat's rule and obtained the absurd equality 
2a=0. 


Fig. 281 Fig. 282 


Yet, geometrically, it is clear that the desired point exists and 
coincides with the point P(-r, 0). From this Descartes concluded 
that the test for the minimum was incorrect. Actually, the point 
P (x=-—r) is not revealed for a different reason: the least value of AM?* 
corresponding to it is not a minimum. Indeed, x varies only in the 
interval (—r, +r). The function at hand assumes its least value at the 
end-point of the interval. 

Example 6. A group of swimmers strike out from boat A (Fig. 282) 
to a point B on the shore. The conditions of the competition allow 
part of the distance to be covered by land. The boat stands opposite 
pier O at a distance OA=a=360 metres; the point of destination B is 
at a distance of OB=b=420 metres from the pier. What is the best 
result that can be obtained by a participant if he covers 90 metres 
per minute swimming and 150 metres per minute running? 

Solution. Let the swimmer land at point M, a distance OM=x 
from the pier. It will suffice to consider the variation of x in the 
interval (0, 6).1) 

The time ¢ (in minutes) spent in covering the distance AMB is 


(=———_—_ + ——= (14) 


1) It is senseless for a swimmer to get to the shore outside OB 
because it takes longer to swim to B’ than to B and he would have to 
run the distance between B’ and B. 
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Here, a=360, 6=420. It is required to find the least value of the 
function ¢ in the interval (0, 5). 


We have 
dt x 1 
de 99 Vata x 150 er 
Solving the equation 
Sey (16) 


90Vat+at 150 


we find the sole critical value gee. a=270 metres. This value lies in 
the interval (0, 5) under consideration. Since the second derivative 
atid (_x_)___a@ 
dx? 90 dx (as )- 90 Viatextys 
at the point rot a (as at all other points) is positive, it follows 


(Sec. 279, Theorem 1) that we have a minimum at this point. Since 
this is the only minimum (see Note 1), it yields the desired least value 


of the function ?: 
3. \’ 3 
2 = secs 
V< + ( 4 a) ae q a 
90 150 


The path of the swimmer is shown in Fig. 282 by the dashed line. 

Example 6a. Solve the same problem as in Example 6 but with 
6=420 metres changed to 6=225 metres 
(Fig. 283). 

Solution. It suffices to consider the va- 
ciation of x in the interval (0, 225). Since 
the root x=270 of Eq. (16) lies beyond 
this interval, the function ¢ now has no 
minimum inside the interval. The least 
value is assumed at the end-point x=b= 
=225. Here, 

Vata 
== 43 s 
Fig. 283 t 50 4 min 43 sec 


tmin= =6 (minutes) 


The swimmer has to swim directly to the finishing point. 
Note 3. When solving this problems we considered, as common 
sense suggests. the variation of the argument x of the function 


_Vatex? b-x on 
=—90 + 156 


(where a=360, b=225) only in the interval (0, 225). 

But we could have extended the range of the argument and consi- 
dered, say, the interval (0, 325). Then, reasoning as in Example 6, 
we would have found that the function (14) has a minimum at x=270 
[because this point lies in the interval of interest, is the sole critical 
value of the function (14), and minimizes the function]. 
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From this it would seem possible to conclude that the swimmer 
sught to swim to point D, which is at a greater distance than the 
nnishing point B, but this is manifestly absurd. 

The mistake stems from the fact that the function (14) expresses 
the dependence .of ¢ on x only over the interval OB, whereas on the 
segment BC the dependence is expressed by 
tne formula tt 


Vat+x? ~ 
ate x? 6 a4) 
90 150 10 
isee schematic graph in Fig. 284). 
When x=6 both formulas (14) and (14’) 
yield the same value, so that the function 
t(x) is continuous only at x=6, bul the 


100 200 300 400 509 Xm 
t 
derivative c does not exist at x=6. For Fig. 284 


this reason, the point x=6 is now a critical 
point of the function f¢ (x) (cf. Sec. 278, Note 1). There are no 
other critical points in the interval (0, 325). 


281. The Convexity of Plane Curves. 
Point of Inflection 


A plane curve L is called convex at a point M (Fig. 285) 
if in a sufficiently small neighbourhood of M the curve L 
lies on one side of the tangent MT (the direction of concavity 
of L). The opposite side is called the direction of convexity. 


Fig. 285 Fig. 286 Fig. 287 


If the curve L near the point M lies on both sides of the 
tangent MT (Fig. 286), then M is called a point of inflection 
of the curve L. 

When passing through a point of inflection, convexity 
turns to concavity and vice versa. 

Let L be given by the equation y=f (x). If the derivative 
f' (x) increases at the point x=a, then L is concave up 
(Fig. 287), if it decreases, then it is concave down (Fig. 288). 
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Now if the derivative f’ (x) has an extremum at x=a (Figs 
289, 290), then the curve L has a point of inflection there. 


| 
{ 
( 
0 a 


Fig 288 Fig. 289 Fig. 290 


282. Cirection of Concavity 


1. If the second derivative ,” (x) at a point x=a is posi- 
tive, then the curve y=f (x) is concave up, if the derivative 
is negative, then it is concave down (schematic figure 291). 

Explanation. \f [”(a)>0, then /’ (x) is increasing at x=a (Sec. 274); 


hence (Sec. 281) the concavity is up. The reasoning is similar for the 
case /”(a) < 0. 


2. Let the second derivative /”(x) be zero, infinite or 
nonexistent altogether at the point x=a. 


Fig. 291. Fig. 292 


Then, if in passing through x=a the second derivative ») 
changes sign, the curve y=f (x) has a point of inflection 
there (Fig. 292). But if f’(x) does not change sign, then the 
curve y=f (x) is concave in the appropriate direction (see 
Item 1) (cf. Secs. 277 and 281) 

Example 1. The curve 


y= 3x4 — 4x3 
(Fig. 293) at point A (+3 : 7) is concave up, but at point 
B (a == it is concave down because the second deri- 
y" = 36x? — 24x = 12x (8x — 2) 


‘) It is assumed that It exists near point a. 
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‘s positive for x= — + [both factors 12x and (3x —2) are ne- 


gative] and negative for r=y 


At point O(0, 0), where y”=0, we have an inflection be- 
cause when passing through x=0 the second derivative chan- 


Fig. 293 Fig 294 


ges sign from plus (for x < 0) to minus (for x > 0). To the 
left of O the curve is concave up and to the right it is con- 
cave down. 

Example 2. The curve y=x* (Fig. 294) at the point O (0, 0), 
where y”=0, is concave up because when passing through 
x=0 the function y’ = 12x? preser- 
ves the plus sign. 

L 


Example 3. The curve y=— x* 
(Fig. 295) has an inflection at the 
point O(0, 0) where the second 
derivative is infinite, because in pas- 
‘sing through x=0 the second deri- 

5 


Fig. 295 


vative y*= + axe changes sign 
from minus to plus. To the left of O the curve is con- 
cave down and to the right it is concave up. 


283. Rule for Finding Points of Inflection 


In order to find all the points of inflection of a curve 
y=f (x), it is necessary to test all those values of x for which 
the second derivative /” (x) is zero, infinite or nonexistent 
(inflections are possible only at such points; Sec. 282). 
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If in passing through one of these values, the second de- 
rivative changes sign, then the curve has a point of inflection 
at that point. If there is no change, there is no inflection 
(Sec. 282, Item 2). 

Example 1. Find the points of inflection of the curve 
y= 3x4 — 4x3, 

Solution. We have 


y" = 36x? — 24x = 12x (3x —2) 
The second derivative is everywhere existent and finite; it 


vanishes at, two points: x= and x=0. Consider the point 


k=. If x is somewhat less than 
(namely, if O<x<5), then 

yf =12(+)(—)=— 
if x is somewhat greater than 2 


3 
(in the given case, any number may 


be taken which is greater than 3): 
then 


Fig. 296 yf =12(4+)(4)=+ 


The second derivative changes sign when passing through 
x=; hence at that point of the graph (point C in Fig. 293) 
we have an inflection. At x=0O there is also an inflection 
(Sec. 282, Example 1). 


Example 2. Find the points of inflection of the curve 


y=x+24 


Solution. We have y”=24x? 

The second derivative is everywhere finite and vanishes 
only at x=0. When passing through x=0, the second deri- 
vative preserves the plus sign, as it does everywhere. Hence 
there is no inflection either here or at any other points. The 
curve is concave up (Fig. 296). 
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284. Asymptotes 


Let point M (Fig. 297) be in motion in some direction 
along the curve L from a position Mg. If in such motion the 
distance MyM (reckoned along a straight line) increases 
without bound, than we say that the point M recedes to in- 
finity. 

Definition. The straight line AB is called the asymptote 
of curve L if the distance MK (Fig. 297) from M (on L) to 
the straight line AB tends to zero as M recedes to infinity. 


Fig. 297 Fig. 298 


Note 1. The distance from M to AB may be measured 
over any constant direction MK’ and not only along the per- 
pendicular because if MK —-0, then MK’ —+0 as well, and 
vice versa. 

Note 2. The definition, given in Sec. 46, of the asympto- 
tes of a hyperbola (U’U and V’V in Fig. 298) fits the general 
definition given here. 

Note 3. Not every line along which a point recedes to 
infinity possesses an asymptote. For instance, neither the 
parabola nor the spiral of Archimedes has asymptotes. 


285. Finding Asymptotes Parallel 
to the Coordinate Axes 


1. Asymptotes parallel to the axis of abscissas. To find the 
horizontal asymptotes of a curve y=f (x), seek the limits of 
f(x) as x —+>+ 0 and as x —+—o. 

li lim f(x)=6, then the straight line yb is an asymp- 

x7@ 


tote (in the case of infinite recession to the right; Fig. 299). 
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if lim f (x)= 6’, then the straight line y=b’ is an 
x7—@ 
esyrapiole (in the case of recession to infinity on the left; 
ig. . 
If f (x) does not have a finite limit either as x ++ 
or as x-—+>— oo, then the curve y=/ (x) has no asymptotes 
parallel to the x-axis. 


Y Y 


6 
oO x 0 x 


Fig. 299 Fig. 300 


Example 1. Find the asymptotes of the curve y=1-+e* 
which are parallel to the x-axis. 
Solution The function 1+e*, as x —+-++ 0, does not have 
a finite limit [ lim (1+e*)=-+ 0] and tends to unity as 
X++@O 


X—+— 0 Therefore, the 
straight line y=1 is an asy- 
mptote in the case of reces- 
sion leftwards (Fig. 301). 


Fig. 301 Fig. 302 


Example 2. Find the horizontal asymptotes of the curve 
y=arctan x. 
Solution. We have 


lim arctanx==, lim arctanx=—Z 
x7>~t+o x7 - @® 
The straight lines y=5, y= —F are asymptotes (Fig. 302). 


2. Asymptotes parallel to the axis of ordinates. To find the 
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vertical asymptotes of a curve y=/ (x), it is necessary to 


find those values x,, x2, X3, ... of the argument x, where 
(x) has an infinite limit (one-sided or two-sided). The straight 
lines x=x,, X=Xq, X= Xs, ... Will be the asymptotes. If 


f (x) does not have an infinite limit for any value of x, then 
there are no vertical asymptotes. 

Example 3. Let us consider the curve y=Inx (Fig. 303). 
The function In x has an infinite limit on the right as x —+0 


-2 
-3 
Fig. 308 Fig. 304 
lim Inx=— 0). The straight line x=0 (axis of ordi- 
x++0 


nates) serves as asymptote in the case of recession to infinity 
downwards. 
Example 4. Find the vertical asymptotes of the curve 


_ 2x 
Y= a4 
Solution. The function — has an infinite limit as x —> 2 
and x —+-—2. 
Hence the straight lines 
x=2 and x=-—2 


(AB and A’B’ in Fig. 304) are asymptotes. The straight line 

AB serves as asymptote to two branches, UV and KL. Along 

the first, the recession to infinity is upwards, along the second, 

downwards (because lim 2% =+400 and lim 2% — 
x+24+0 eA 


x+2-07'-4 
=—o). Similarly for the straight line A’B’. 
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Note that the straight line x=-0 serves as horizontal 
asymptote (for the branches UV and U'V’) (cf. Item 1). 


286. Finding Asymptotes Not Parallel 
to the Axis of Ordinates )) 


To find the asymptotes of a curve y=/f (x) which are not 
parallel to the y-axis, it is necessary first to seek the 


lim — fe) as x —+-+0 and as x —+>— oo. If there is no finite 
limit” in both cases, then there are no asymptotes. 


Fig. 305 


But if tim 1) <6, then one must seek lim [f (x) —ex]. 


If this limit is “equal to d, then the straight” line y=cx+d 
is an asymptote in the case of recession to infinity on the 


right. Similarly, if ins iO). =c’ and lim aM) —ex|=d', 
x 


then the straight hae y=e pkg is an asymptote in the case 
of recession leftwards. 

If the quantity f (x)—cx [or f (x)—c’x] has no finite limit 
as x —+-+ © [as x —+— oo], then there is no corresponding 
asymptote. 


The expression f(x)-—(cx+d) gives the vertical deviation LM 
(Fig. 305) of the given curve from its asymptote AB, the equation of 
which is y=ex+d. 

If, as x++0, this expression does not change the plus sign from 
some ‘instant onwards, then the point M approaches the asymptote AB 
from above (Fig. 305a), if the minus sign, then from below (Fig. 305d). 


1) The method described here reveals, for example, horizontal 
asymptotes (if ey exist). But if we are interested only in horizontal 
asymptotes, then it is simpler to use the method of Sec. 285, Item 1. 
The method given here does not reveal vertical asymptotes. 
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'f the sign changes, then the point M oscillates about the asymptote 
(Fig. 305c). 
The same goes for the asymptote y=c’x+d’. 


Example 1. Find the asymptotes of the hyperbola 


x? y? 
5-H =1 () 


Solution. Eq. (1) is associated with two single-valued 
functions: 
y=>V8—9 (2) 
and 


y=—5 VP—9 (3) 


Consider the first (to it correspond the infinite branches AN 
and A’K’, Fig. 306). We have 


P . Vx?-9 2 

lim 4=2 lim =<=(=c) K 
x++0* 3 X++O 3 ( ) 
Further, 

lim (y—cx)= 
X+>+ QO 
— lim (2Vxt—9—2 )=0 =d 
= lim |G 3% a Fig. 306 


Consequently, the straight line y=ix is an asymptote to 
the branch AN. 


Dr pls 
The expression y—(cx+ daz Vxt=9 -< x preserves the minus sign 


heard Therefore the branch AN approaches the asymptote from 
elow. 


Then we find ; 
j a = At 
oe em iad 
lim (y—c’x)= lim G VP—9+5 x) =0 (=d" 
x17 - @ Xx7-@ 3 3 
Thus, the straight line y= —ix is an asymptote of the 


branch A’K’. 
The expression 2 Vet942 x preserves the minus sign as x+—o. 
Therefore, branch A’K’ also approaches the asymptote from below. 
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Investigating the function y=—F V x2—9 in this fashion 
(to it correspond the branches AK and A’N’), we find that 
the straight line y= is an asymptote to the branch AK, 


and the straight line y=px is an asymptote to the 
branch A’N’. 


Each of the branches AK, A’N’ 
approaches its asymptote from 
above. 


Example 2. Find all the asy- 
mptotes of the curve 


x __et—e7? 
y=x et+e-2 


Fig. 307 


The function f(x)=x Qo does not have an infinite 
limit for any value of x. Consequently, there are no asymp- 
totes parallel to OY. To find asymptotes not parallel to OY, 
we first seek 


: 7 ete 5 
tim £)— jim =z = lim —3>== 1 (=o) 
x7+@ * rote ete - X7>+O I+e"% 
and then 
< ‘ —2xe7? : 2x 
lim [f (x) —exJ= lim [—==— lim =, =0 (=d) 
gl ( ropa ete * roto ert 


Consequently, the straight line y=x is the asymptote of the 
right infinite branch. Computing the same limits as x +>— 0, 
we find c’—=— 1, d’=0, i.e. the left infinite branch has the 
asymptote y=— x (Fig. 307). 


287. Construction of Graphs (Examples) 


The graph of a function given by the formula y=f (x) 
is constructed by plotting points which are then connected 
by a smooth curve. However, if the points are taken hapha- 
zardly, one can easily make mistakes. ! 


1) Thus, if we construct the graph of the junction yapte+2)" x 


X(x—1)® (see Fig. 308 below) by plotting the points F, B, L, K 
foatieh correspond to the values of the argument —2.5, —0.8, 0, 1.5), 
he graph will be completely wrong on the segment FB. 
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In order to draw the graph with extreme accuracy when 
only a few points are employed, it is useful first to deter- 
mine its characteristic features. To do this, one has to: 

1. Establish in what region the function f(x) is defined 
and whether it has any discontinuities. Take into account 
the sign of f(x) on the right and on the left for every infi- 
nite discontinuity; we obtain the vertical asymptotes of the 
graph (Sec. 285). 

2. Find the first and second derivatives f’ (x), f’ (x), and 
also determine whether there are any points where /’ (x) or 
f” (x) is nonexistent. 

3. Find all extrema of the function f (x) (Secs. 278 and 
279); we obtain the highest points of crests and the lowest 
points of troughs. 

4. Find all points of inflection (Sec. 283) and the incli- 
nation of the tangent line at these points. 

5. Establish the existence of horizontal and_ inclined 
asymptotes (Sec. 286) if the range of the argument is infinite. 

It is useful to tabulate these findings as they are obtai- 
ned (see examples). Transferring them to a coordinate grid 
yields a general picture of the graph. A few intermediate 
points will suffice to yield a curve of sufficient accuracy. 

Example 1. Construct the graph of the function ») 


f (x)= (e+2)? (e—1)8 


1. The function is defined and continuous everywhere, 
there are no vertical asymptotes. 
2. We find 


I (2) => +2) &—1)? 6x44), 
I” (x) = (x — 1) (10x24 16x-++ 1) 


Both derivatives are finite and exist at all points. 
3. To find extrema, solve the equation f’ (x)=0. We find 
the critical values 


4=— 2, xy=— 0.8, x3=1 


Enter these values in the table and also enter the cor- 
responding values of the function 


“P(x,)=0, f(x) & — 4.20, fF (xs) =0 


") An advisable procedure is to compile a table while reading the 
examples. 
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Put zeros in the y’ column. 

It is convenient here to use the second derivative to exa- 
mine for extrema, and so we postpone the investigation till 
Item 4. 

4. To find the points of inflection, solve the equation 
f” (x)=0, which yields the earlier found value X3==1 and, 
besides, 

Xg=—1.5, x,=—0.07 


Enter these values and also the corresponding values of the 
function and its first derivative: 


f(x)=— 2.0, fF (%))=— 2.3, 
f’ (x) =— 5.5, fF’ (x3) =4.0 


Put zeros in the y” column. 


Pen 
fae) 
HAT of | 


Ceres 
HIN AL | 


Fig. 308 Fig. 309 


Determine the sign of f” (x) prior to and after transition 
through each of the values 


X=Xy, X=Xy, X—Xy 


and enter them in the appropriate places of the table. For 
example, in the third row of the y” column the entry —0+ 
signifies that f” (x) changes sign from minus to plus as it 
passes through += x, from left to right. Since the second 
derivative changes sign at each of the points xy, x4, x,, we 
have an inflection at each of the three points. 
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Now determine the signs of f”(x) at the critical points 
x;=—2 and x,=— 0.8: 


f’(—2) <0, f"(— 0.8) > 0 


In the first row of the y” column put a minus sign, and in 
the second a plus sign. We have a maximum for x=x, and 
a minimum for x= xg. 

5. There are no horizontal or inclined asymptotes because 
lim + =o. 

In Fig. 308 we plot the points we have found (A, B, C, 
D, E) and indicate the directions of the tangents. Adding 
another three points, x,=— 2.5, x,=0, xs=1.5 (F, L, K), 
we obtain a rather exact graph of the function. 


Number Extremum, Point 
of Point Inflection Labels 


maximum 
minimum 
inflection 
inflection 
inflection 


w i! 
ALDANSDOO 
on 


nan non oo 
a) 
it 
CNANNOLO 
ATAMOOBDDs 


1 2 
2 0 
3 1 
4 -1 
5 -0 
6 2 
A 0 
8 1 


Example 2. Construct the graph of the function y= + a - 
1. The function is defined and is continuous everywhere 
except at x==— 1 where it has an infinite discontinuity. The 
function has a minus sign both on the right and on the left 
of the point of discontinuity (in the column y we write — o). 
We obtain the asymptote x =— 1. Both infinite branches are 
directed downwards (Fig. 309). 
2. We find 
7 1 (x— 1)? (x+5) o_ x- 
Y= 7 arp? Y =12 (x+1)* 


Both derivatives exist at all points except at the point of 
discontinuity. 
3. The equation f’ (x)=0 has two roots: 
4y=— 5, x= 1 
The corresponding values of y are 
yi=— 6.75, y2=0 
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From the sign of f’ (x) near the critical points (see table be- 
low) we see that there is a maximum at the point x=—5 
and there is no extremum at x=1. 

4. The equation y”(x)=0 has a unique root x,=1; the 
sign of the second derivative (see table) indicates an inflec- 
tion there. 

5. We seek inclined asymptotes; we have, as x ++ oo and 
as x +>— 0, 


imi! A ee et a 8 
lim =, lim (y 7t)= 3 


Hence, the straight line yaar serves as asymptote 
for two infinite branches. 


The right branch lies above the asymptote, the left below, since 


the expression y— (+ xe preserves the plus sign as x ++ and 
the minus sign as x +-—o. Incidentally, this is evident from the draw- 
ing too when the points C, D, E, F, K. L are labelled. 


Number Exiremum, Point 


- Inflection, 
of Point sf Discontinuities | Labels 


discontinuity 
maximum 
-O+ inflection 


a 
tir 
NOOMBNOME 


1 
2 
3 
4 
5 
6 
7 
8 
9 
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288. Solution of Equations. General Remarks 


Algebraic equations of first and second degree are solved 
by the familiar formulas of algebra. For equations of third 
and fourth degree, the formulas are complicated, and the ge- 
neral equation of the fifth degree ora higher degree is not 
solvable in terms of radicals. However, both algebraic and 
nonalgebraic equations can be solved to the required accu- 
racy if rough approximations are first found, which are then 
gradually refined. 
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A rough solution may be found graphically by one of the 
iollowing methods. 

First method. To solve an equation f (x)==-0 construct a 
graph of y=f (x) (see Sec. 287) and read off the abscissas of 
those points where the graph intercepts the x-axis. 

Example 1. Solve the equation x3—9x?+ 24x—18=0. 

Construct (Fig. 310) the graph of y=x8—9x?+ 24x— 18; 
take the abscissas x,=1.3, x2=3, x3=4.7. Substitution will 
show that the second root is exact, the first and third are 
approximate. 


| 1 fe tN 
| 


Fig. 310 Fig. 311 


Second method. The equation f(x)=0 may be given in 
the form f[, (x)= f/f, (x), where one of the functions f, (x), f. (x) 
is arbitrary. The arbitrariness is utilized so as to be able to 
construct the graphs of y=f, (x) and’ y=f, (x) in as simple 
a manner as possible. Find the points of intersection of the 
graphs. Reading off their abscissas, we get approximate values 
of the roots of the equation f (x)=0. 

Example 2. Solve the equation 3x—cos x—1=0. 

Give the equation in the following form: 


3x —1—=cos x 


Construct, as shown in Fig. 311, the graphs of the functions 
y=3x—1 and y=cosx. They intersect in one point. Taking 
the abscissa, we get the approximate root x,=0.6. 


Secs. 289 to 291 indicate three methods for refining roots. They 
require that the desired root x be isolated, i.e. that some interval 


(a, b) (interval of isolation) be known to contain x and not to con- 
tain any other roots of the equation. The end-points a, 6 are them- 
selves approximate values of the root (in defect and in excess). They 
may be found graphically by one of the above-indicated methods. The 
smaller the interval (a, 6), the better. 

Example 3. Isolate the roots of the equation x*—9x?+24x-18=0, 
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From the graph (Fig. 310), if it is a rough sketch, we read off 
the interval of isolation (1, 1.5) for the feast root. In a more exact 
construction we get a smaller interval, say (1.2, 1.4). For the largest 
root we get the interval (4.6, 4.8). The root x=3 does not need to be 
isolated since it is exact. 

Note. There are special methods of solving algebraic equations. 
Lobachevsky’s method is worthy of particular mention: it permits, 
by means of algebraic operations on the coefficients of the equation, 
finding all roots, including imaginary ones, to any degree of accuracy. 

Lobachevsky’s method does not require separation of roots. 


289. Solution of Equations. Method of Chords 


Suppose a_ function f(x) has opposite signs at the end- 
points of an interval (a, 6) (Fig. 312). If f (x) preserves 


sign) in (a, 6), then there is a unique root x of the equa- 


Fig. 312 Fig. 313 


tion f (x)=0 within the interval [if f’ (x) changes sign, then 
there is also a root, but it may not be the only one]. 

For the first approximation of the root x take the point 
x=, where the chord AB (Fig. 313) intersects the x-axis: 


= (b-a) f (a) 
*1= 9 FO) Ftay (1) 
or, what is the same, ®) 
— p_ (o-4) f(b) 
1° FB) Fa) (2) 


1) This means that on AB the curve of the graph is everywhere 
up or everywhere down. 
1) In symmetric form = FOO 


are computationally more convenient. 


. but formulas (1) and (2) 
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Then compute f(x,) and take that one of the intervals 
(a, %), (x,, b) at the end-points of which f(x) has opposite 
signs [the interval (x,, 6) in Fig. 313]. The required root 
lies in this interval. Applying a formula similar to (1), we 
get the second approximation x2. Continuing the process, we 
obtain a sequence x1, x2, ...,%n, .-.; the limit of this 
sequence is the required root x. 

The following is a practical procedure for determining 
the degree of approximation. Let it be required to obtain an 
accuracy up to 0.01. We then stop at the approximation x, 
which differs from the preceding one by less than 0.01. Inci- 
dentally, it may be (though this is highly improbable) that 
the accuracy will prove to be in defect. The guarantee will 
be complete if we are convinced that f (x,) and f(x, + 0.01) 
have opposite signs. 

Example. The function f (x) =x3—2x2—4x—7 has oppo- 
site signs at the end-points of the interval (3, 4): 

f3)=—10<0, f()=9>0 

The derivative f’ (x)—=3x?—4x—4 preserves the plus sign 
over the interval (3, 4). Hence, within (3, 4) there is one 
root of the equation 

x3 — 2x2 — 4x—7=0 
Let us find it to within 0.01. Formula (1) yields 
1-(-10 10 
y= 3-5-8 + 7g © 3.53 
We now compute 
f (3.53) ~ —2.05 


Of the two intervals (3, 3.53) and (3.53, 4) we choose 
the second because the signs of f(x) are opposite at the end- 


points. 
We find the second approximation: 
= 0.47-F (3.53) 0.47-2.05 
%4=3.53— F-73583) ~ 3.53-+ T7355 1.05 =3.62 


The value of 
f (3.62) =— 0.24 


is negative, and so we take the interval (3.62, 4) and find 
&y & 3.624 25504 3.63 
and 
f (3.63) =— 0.04 
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As the computation proceeds we should expect that x, will 
differ from x3 by less than 0.01 and that x, yields the desi- 
red approximation. Since to obtain a complete guarantee, we 
will compute f (3.64) anyway, we will not determine x, and 
straight off find 


f (3.64)=0.17 


The signs of f (3.63) and f (3.64) are opposite, and so x, 
is the desired approximation. 


Note. The method of chords, like all methods of successive 
approximation; “does not fear errors”. an error in an intermediate 
computation will automatically be rectified in the next step. But the 
final computation must be carried out with extreme care. To avoid 
errors in rounding off operations, it is useful to retain extra digits. 


290. Solution of Equations. Method of Tangents 


At the end-points of the interval (a, 6) let a function f (x) 
have opposite signs (Figs. 314 and 315), and let the deriva- 
tives f’ (x), f’ (x) preserve sign in the interval (a, 6).1 To 


Fig. 314 Fig. 315 


find the root x which lies inside the interval (a, 6) (Sec. 289), 
do as follows. 

At the end of the arc AB where the signs of f(x) and 
}” (x) are the same, ® draw a tangent (BK in Fig. 314, AL 
in Fig. 315). For the first approximation of the desired root, 


1) That is, on segment AB the curve of the graph is always up or 
always down and everywhere concave up or concave down. 

2) At the upper end if AB is concave up, and the lower end if AB 
is concave down. 
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tuke the point x==x,) where the tangent crosses the x-axis. 
If the tangent is taken at the point x6, then 


AU) 

xy =b f (6) (1) 
but if it is taken at x=a, then 

oa f(a) 
= 4— Fay @) 
In both cases the second approximation is found by the formula 

’ . I(x, 
X_g=X,— is) (3) 


f (4) 
Continuing the process we find, in 
succession, 4, %g, X3,... (Fig. 316). 
The sequence has as its limit the req- 
uired root x. The degree of approxima- 
tion may be determined in the same 
way as in the method of chords. 
Note J. If a tangent is drawn Fig. 316 
at the end of the arc where f(x) and 7 
f’ (x) have opposite signs, then x, may go beyond the 
interval (a, 6) and thus worsen the approximations (Fig. 317a). 


Fig. 317 


Note 2. If f” (x) changes sign in (a, 6), then the tangents 
at both ends of the arc can cross the x-axis outside the inter- 
val (Fig. 3176). 

Example. Compute to within 0.01 the root of the equation 

f (x) =x8— 2x? —4x-—7=0 
which lies (see Example, Sec. 289) in the interval (3, 4). 


1) The labels x Xp. ... are used to distinguish approximations 


obtained by the method of tangents from the approximations 
X4, X2, ... Obtained by the method of chords. 
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Solution. We have 
f(3)=— 10, f(4)=9, 
fi (x)= 3x?—4x—4,  f" (x) =6x—4 


Both derivatives preserve the plus sign in the interval 
(3, 4). And so we take that end of the interval where f (x) > 0, 
i.e. b=4. From formula (1) we find the first approximation: 

f(a) 9 


n=4—p op =4- 


ia) gq = 3.68 


Then we find 
f (3.68)=1.03, f’ (3.68) 21.9 


and from formula (3) we obtain the second approximation: 


f (3.68) 


X_=3.68 —F(3.68) (3.68) 


=3.68— 0.047 =3.633 (in excess) 

Subsequent approximations will be less and less, but as 
we proceed in the computations it may be foreseen that 
further refinements of the root will not affect the hundreds 
digit. We therefore confine our computations to f (3.633) and 
f (3.630). This yields 


f (3.633) =0.020, f (3.630) = — 0.042 


so that (to an accuracy three times that required) x—3.63. 


291. Combined Chord and Tangent Method 


Carrying out the conditions of Sec. 290, we see that the 
approximations of x, (by the method of chords) and the 
approximations of x, (by the method 
of tangents) approach the root x from 
opposite directions (the former from 
the direction of concavity, the latter 
from the direction of convexity of the 
graph; see_Fig. 318). A joint applica- 
tion of the two methods yields, at 
once, excessive and defective appro- 
ximations, and the degree of accuracy 
estimated directly. 

Let a be that end of the interval 
Fig. 318 (a, 6) where the signs of f(x) and 
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f’ (x) are the same. Then by formulas (1), Sec. 289, and (2), 
Sec. 290, we find») 


(b-afi@ Hie) 
= 8 Fafa =A Few) 0 


The required root lies between x, and x1. Here F(%) has 


the same sign as [” (x) (see Fig. 318). Hence we can again 
use formulas (1) of this section by 


substituting x, for a and x, for 6. 
This yields the second approxima- 


tions: : 
: _ (4-44) F( *) 


ee ad=tC) 
ex th) 
(a) 


Use the same formulas for com- 
puting xs, substituting in them Xe 


for x, and x, for x, and so on. 


Continuing this process we find x Fig. 319 
to the desired degree of accuracy. 

Example. Solve the equation 2*—4x. 

By the second method of Sec. 288, we construct the graphs 
of y=2* and y=4x (Fig. 319). Besides point A, which 
yields the exact root x=4, we obtain only one point B of 
intersection. Its abscissa x lies between a=O0 and 6=0.5. 


Compute x to within 0.0001. We have 
f (x) =2*—4x, f’ (x)= 2% In2Q—4, f(x) =2* In?2, fFCO)=—1, 
f (0.5) =— 0.586 


In the interval (0, 0.5) the first derivative preserves the 
minus sign, ®) the second derivative, the plus sign. To com- 


pute x,, take the end-point a=O because the signs of / (x) 


1) For the case when the signs of f (x) and /f” (x) are the same at 
the end-point 6. the second formula is replaced by the formula 
f(y 
x =b— F (ey - 
2) From the figure it is clear that in the interval (0, 0.5) the 
inclination of y=2? is less than that of the graph y=4x. 
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and {” (x) there are the same. We find 
(b-ay} (a) _0.5-1 


%1=4—~"b)-Fa) 0.58641 = 0.316 (in excess) 
Aecny pee ene feat eee ! nm i 
x,=a F(a) in2-4~ ~— 0.69315—4 ~ 0.302 (in defect) 


Using five-place tables of logarithms, we obtain 


f (0.302) =0.0249, f’ (0.302) = —3.14544, 
f (0.316) =—0.0191 


This yields the second approximations: 
me: 5 0.014-F (0.302) __ 
%_= 0.302 — 75316) — F 0-305) = 0-302 + 0.0079 = 0.3099 
(in excess) 
. 0.30 ; 
x, =0.302—£ 0-307), = 0.302 + 0.0079 =0.3099 (in defect) 
The required root x lies in the interval (x, x.) and the- 
tefore x=0.3099 at least to within 0.5-10-*. Actually the 
accuracy is still greater (using seven-place tables of logarithms, 


we obtain, | for the same values of x,, x, the following boun- 
daries of x: 0.30990 and 0.30991). 
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292. Introductory Remarks 


1. Historical background. The integral calculus developed 
out of the need to create a general method for finding areas, 
volumes, and centres of gravity. 

In embryo, a method of this sort was employed by Archi- 
medes. However, only in the 17th century was the method 
systematized in the works of Cava- 
lieri, Torricelli, 1) Fermat, Pascal 
and other scholars. In 1659 Barrow ®) 
established a connection between the 
problem of finding an area and that 
of finding a tangent. In the seven- 
ties of the 17th century, Newton 
and Leibniz abstracted this rela- 
tionship from the above-mentioned 
particular geometrical problems, 
thus establishing the relationship 
between integral and differential 
calculus (see Item 3 below). 

This relationship was utilized by Newton, Leibniz and 
their pupils to develop the techniques of integration. In the 
main, the methods of integration reached their present state 
in the works o! L. Euler. Refinements were introduced in the 
works of M. V Ostrogradsky ») and P. L. Chebyshev. #) 

2. The concept of the integral. Let a curve MN (Fig. 320) 
be described by the equation 


y=! (*) 
and let it be necessary to find the area F of the curvilinear 
trapezoid aABb. 
Divide the segment ab into n parts ax,, xX_, ..., X,—-30 
(equal or unequal) and construct the step-like figure shown 


1) Bonaventura Cavalieri (1591-1647) and Evangelista Torricelli 
(1608-1647), Italian scholars, pupils of Galileo. 
j a Isaac Barrow (1630-1677). English mathematician, pupil of 
ewton. 

*) M. V. Ostrogradsky (1801-1861), celebrated Russian mathe- 
matician. 

*) P L. Chebyshev (1821-1894), great Russian mathematician, 
trail blazer jn many fields of science. 
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hatched in Fig. 320. Its area is equal to 
Fn=Yo (%1— 4) +91 (2—*1) + +. + Yn-1 (6—Xn-1) (1) 
If we introduce the notations 
X,—a=dxy, Xg—xX, = dx, ..., b—X__-1=dx,-, (2) 
then formula (1) becomes 


Fa=YotXot+-y1 dt, +... +Yn-14ta—1 (3) 
The required area is the limit of the sum (3) as n goes to 
infinity. For this limit, Leibniz introduced the symbo 


“ y y dx (4) 


where \ is the initial letter of the word “summa” (or sum) 


and the expression ydx indicates the typical form of the 
individual terms.) 


Leibniz called the expression \ ydx the integral (from the 


Latin integralis, or whole).?) 
Fourier » refined the notation of Leibniz and gave it the 


form 
6 


\ ydx (5) 
a 


where the initial and terminal values of x are shown. 
3. Relationship between integration and differentiation. 
Let us consider a a constant and o a variable. Accordingly, 


we change 6 to x. Then the integral 


Wieve 


which is the area @ABb for a fixed ordinate aA and a moving 
ordinate 6B, will be a function of x. It appears that the 


1) The concept of a limit had not yet crystallized, and Leibniz 
spoke of the sum of an infinite number of terms. 
2) This name was suggested by John Bernoulli, one of Leibniz’ 
upils, in order to be able to distinguish the “sum of an infinite num- 
ber of terms” from an ordinary sum. 
3%) Fourier, J. B. J. (1768-1830), French mathematician and 
physicist, the founder of the mathematical theory of heat. 
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differential of this function is equa! to f (x) dx: 
x 
a f(x) dx=f @) de (6) 
a 
4. Principal problem of integral calculus. Thus, the eva- 
luation of the integral (5) reduces to finding the function 
from the given expression of its differential. The fundamen- 
tal task of integral calculus is to find this function. 


293. Antiderivative 


Definition. Let a function f(x) be the derivative of a 
function F (x), that is, f (x) dx is the differential of the func- 


tion F (x): 
very) f (x) dx =dF (x) 


Then the function F (x) is called the antiderivative (primi- 
tive) of the function f (x). 
Example 1. The function 3x? is the derivative of x3, 
i.e. 3x2 dx is the differential of the function x3: 
3x? dx =d (x3) 


By definition, the function x3 is the antiderivative of the 
function 3x2. 
Example 2. The expression 3x?dx is the differential of 


the function x3-+-7: 
3x? dx=d (x3+-7) 


Hence the function x3+7 (like the function x® too) is an 
antiderivative of the functions 3x?. 

Any continuous function f(x) has an infinity of antide- 
rivatives. If F(x) is one of them, then any other one may 
be given by the expression F (x)+C, 
where C is an arbitrary constant. 

Example 3. The function 3x? has an 
infinite number of antiderivatives. One 
of them (see Example 1) is x3, any 


1) This is evident trom Fae 321. The 7m 
i 


increment AF of the area aABb is the area ocx 
bBCc, which may be represented in the 

form of a sum of the area bBDc+the area Fig. 321 
BDC. Here, the first term is equal . 

to 6B-bc=f (x) Ax, and the second is of higher order than Ax (it Is 
less than area BDCK=Ax-Ay). Hence, (Sec. 228), / (x) Ax is the 
differential of the area F. 
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other one is given by the expression x3+C, where C isa 
constant. For C=7 we get the antiderivative x47 (Exam- 
ple 2), for C=0 we again have the antiderivative x. 

Example 4. One ot the antiderivative functions of 3x? is 
x5+-7, Any other one is given by the expression x3+-7-+C. 
For C=-—~7, we obtain the antiderivative x. 

Caution. Any antiderivative of the function 3x? may be 
represented either in the form x3-+C or x34+-7+-C. But these 
expressions cannot be equated because the constants C are 
not the same. For example, the first expression yields the 
antiderivative x8+ 10 for C10, whereas the second yields 
it for C=3. 

If, contrary to this warning, we equate x8+C and 
x8+7+C, we obtain the absurd equality O=7. However, 
we can write 


84C=x347+C, 
where C and C, are constants. They are connected by the 


relation 
C=C,\4+7 


294. Indefinite Integral 


The indefinite integral of a given expression f (x) dx [or 
of a given function f(x)] is the most general form of its 
antiderivative. 

The indefinite integral of the expression f(x) dx is de- 
noted by 


(Fe dx 
A constant term is implied here. 


The origin of the symbol and the name “integral” is 


explained in Sec. 292, Items 2 and 3. The word “inde- 
finite” stresses the fact that an arbitrary constant enters into 
the general expression of the antiderivative.”) 

The expression f (x) dx is called the integrand expression, 
the function f(x) is called the integrand (integrand func- 
tion), the variable x is the variable of integration. Finding 


1) In contrast to the indefinite integral, the limit of the sum 
Yo AXo t+ Yy xXy+...+Yn—1 dXn_, (Sec. 292, Item 2) is called the de- 
finite integral. The indefinite integral is a function. The definite 
integral is a number. 
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the indefinite integral of a given function is called integra- 
tion.» 

Example 1. The most general form of the antiderivative 
of the expression 2x dx is x?+C. This function is the inde- 
finite integral of the expression 2x dx: 


{ 2edr=xt-4+C (1) 
We can also write 
y Qx dx—=x?—54+C, (2) 


The difference in the designations of the constants (C and C,) 
emphasizes that they are not the same (C=C,—5; cf. 
Gec. 293, Caution). 

Example 2. Find the indefinite integral of the expression 
cos x dx. 

Solution. The function cosx is the derivative of sin x. 
Therefore 


y cosxdx=sinx+C 
Example 3. Find the indefinite integral of the expres- 


a dx 
sion —. 
= 1 
Solution. The function = is discontinuous at x=0. We 


will first consider the positive values of x. Since d Ins=& : 


it follows that 


d 
{#=inz +e (3) 
Since dIn aS, we can write 
d. 
| #=in3r+¢, (4) 
The constants C and C, are connected by the relation 
C=1n3+C, 
Similarly, we can write 
d. 
\¢=in4+¢, (5) 


etc. The function Inx is not defined for negative values 
of x, and formulas (3), (4) and (5) are unsuitable. On the 


1) Finding the definite integral js also termed integration. 
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other hand, the function In(—x) is defined: its differential 
is also equal to a. Now we have 


{=n(—n +e (6) 


and, similarly, 


(#=1n(-2 +0, [#=mn(-+)+e, 


and so forth. Formulas (3) and (6) may be combined: 


* {#=Injx|-+¢ @) 


Formula (7) is suitable for any values of x except x=0 
(cf. Sec. 295, Example 3). 


295. Geometrical Interpretation of Integration 


Let f (x) be a given continuous function, and F (x) one of 
its antiderivatives. If we construct a graph PQ of the func- 
tion y=F (x) (Fig. 322), the slope of the tangent MT will 
be expressed by the given function f (x). 

Let F, (x) be another antiderivative of the same function 
f(x). Then the slopes of the tangents MT and M,T, (the 
points of tangency M, M, have the same abscissa x) are the 
same, i.e. MT is parallel to M,7,. 

The graph of the antiderivative F (x) is called the integ- 
ral curve ar the function f (x) [or of the equation dy=f (x) dx]. 
The tangents to the two integral curves at the appropriate 
points are parallel. At the same time, the two integral cur- 
ves are separated (vertically) by a constant distance C (MM, 
in Fig. 322) so that it is easy to construct other integral 
curves if we have one integral curve. 

Through each point there passes a unique integral curve. 

Integral curves are constructed (in approximate fashion) 
as follows. Through a number of points (see, for example, 
Fig. 323) densely populating some portion of a plane, draw 
short rg eae (or arrows) indicating the directions of the 
tangent lines. 

his gives us a “direction field” (or tangent field). Then 
draw freehand a smooth curve so that it touches the arrows 
at a number of points. The result is one integral curve. 
Others can be constructed in the same fashion. 
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Example 1. Find the integral curves of the equation 
dy =dx 


In this example, the function f(x) is the constant 1. The 
slope of all arrows is equal to unity, i.e. the inclination of 


Fig. 322 Fig. 323 


the tangent line is everywhere equal to 45°. The integral 
curves (Fig. 323) are parallel straight lines. The equation of 
each one of them isy=| dx, ie. y=x-+C. The quantity C, 


which is constant for each curve, 
varies from one straight line to 
another. 

Example 2. Find the integral 


curves of the function + x (that 


is, of the equation dy=-+-x dx) 


In Fig. 324, along the y-axis 
(x==0) take. horizontal arrows 


(+ x=0); along the ordinate x=1 


take arrows with slope r= > Fig. 324 


etc. Drawing the integral curves freehand, we obtain “parallel” 
parabolas (y= (pray x?+C). 

Example 3. Fig. 325 depicts the integral curves of the 
function +. Not one of them crosses the y-axis since for 
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x=0 the antiderivatives are not defined (the function 
ee 


is discontinuous at x=0). For this reason, only those in- 


tegral curves are equidistant from one another which lie on 
one side of the axis of ordinates. Those on the right are 
described by the equation y=Inx-+C, on the left, by the 


y=In(- 2) + % ~ 
eee Pd ~2* 

y=In(-2)—% ~~~ 
y=In(—2)-Z- ~~ _ 


Fig. 325 


equation y=In(—x)+C. The _ indefinite integral \< is 
expressed (for all x, except x0) by the formula 


{ S=inizl+c 


Note. A different geometrical interpretation of integration 
is obtained if we draw the graph KL (Fig. 326) of the given 
function f (x). Let the arc KL lie enti- 
tely above the x-axis. Draw two ordi- 
nates aA and mM. Consider the left- 
hand ordinate aA as fixed and the 
right-hand one mM as moving. The 
area aAMm will be one of the anti- 
derivatives of the function f (x) of the 
segment x=Om (cf. Sec. 292, Item 2). 
Taking, in place of aA, the fixed 
ordinate 6B, we obtain another anti- 
derivative, the area bBMm. These two antiderivatives differ 
by the constant quantity C—area aABb. 


Fig. 326 
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296. Computing the Integration Constant 
from Initlal Data 


Of the multitude of antiderivatives of a given function 
f (x), only one can assume the given value 6 for a given va- 
lue of the argument x=a. If the indefinite integral 


| F)de=F @)+C 


is known, then the corresponding value of the constant C is 
found from the relation 


b=F (a)+C 
Example 1. Find that antiderivative of the function 
+e which assumes the value 3 when x=2. 
Solution. We have 


(pxde=T tte (1) 
We find the constant C from the relation 3=4- 24. It 


is C=2. Substituting into (1) we obtain the desired antide- 
tivative function 
1 
y=z te @) 

Geometrically the problem may be formulated as follows: to 
find the integral curve of the function ae which passes 
through the point (2, 3). The required curve is a parabola 
(Fig. 324). 

Example 2. Find that antiderivative of the function 
- which assumes the value + for x=—1. 

Solution. For negative x, the indefinite integral of the 


function + (Sec. 294, Example 3) is of the form 
d 
{S=in(—29 +0 (3) 
It is given that ' 
z=lnl+C (4) 
whence 


i>) 


1 
2 


The required function in In(—) +>. To it corresponds 
the integral curve PQ in Fig. 325. 
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297. Properties of the Indefinite Integral 


1. The sign of the differential in front of the sign of the 
integral cancels the latter: 


df () de= f (de () 


(by the definition of the indefinite integral). 
To put it otherwise: the derivative of an indefinite integ- 
ral is equal to the integrand: 


- ANF) dx=F@) Q) 
Example. 
d { 2x de=d (x? +C)= 2x dx, (1a) 
< § 2x dx = 2x 


2. The sign of the integral in front of the sign of the 
differential cancels the latter, but introduces an arbitrary 
additive constant. 

Example. 


{ dsin x=sinx+C (3) 


3. A constant factor may be taken outside the sign of the 
integral: 


[afte de=al f(x) dx (4) 
Example. 
( 6rdx=6 ( xdx=6 (zP+C)=38+6C=3246, 
where C,==6C 


4. The integral of an algebraic sum is equal to the sum 
of the integrals of the summands. For three summands: 


{ts @)-+ fe fs GN def fy) det 
+ | feta) dx—Q fy (x ax (6) 


Similarly for any other (fixed) number of terms. 
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Example. 


y (5x? —2x 4.4) dx = Sxtde— { 2xde+ y 4dx= 


=(F P+ C1) G84) + 44+ 0.) = 
=F 8x84 4x4 


where 
C=C,—C,+Cs 


Note. There is no need, in intermediate computations, to 
write out the constant term for every integral. It suffices to 
adjoin it after all integrations have been performed. 


298. Table of integrals 


If inverted, every formula of differentiation becomes a 
corresponding formula ol integration. Thus, from the formula 


dx 


din (+ Va +3) = (1) 
we obtain the formula!) 
d. ns 
\ vacant Vere +c @) 


Of the following ten formulas the first nine are obtained by 
inverting the basic formulas of differentiation; the tenth co- 
incides with (2). Its derivation is given in Example 1, 
Sec. 312. 


nti 
lL. \x"dx=757 +C (n 4-1) 


* —injx|4c 


x 


II. 
HII. \ e¥ dx=e*+C 


Illa. 


er ee oY 


at 
a*dx=_GtC 


1) The quantity x+Vatex? is positive for any x and, for this rea- 
son, in (2) we do not write In| x+Va?+x? |. 
3) Cf. Sec. 294, Example 3. 
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IV. { sinx dx = —cosx+C 


V. { cos xdx=sin x +C 
Vi. \ sary = — cot +6 
d 

Vil. | aerg—tane+C 

Vil | se =aresin x +C 
s. Villa. { 7eFiep=aresin 3+ 

IX. \ rey =aretanx+C 

IXa. | apa =o arctan 54 


dx ae 
X. | serie VE + a7] +C 


These formulas should be memorized (in each of the three 
pairs of formulas i111, VIII, 1X, only one need be remembe- 
red, the one labelled “a”). 

In formula I1Xa, unlike VIIla, the arc sign is preceded by the 
factor + . This is connected with the dimensions of the expression 


aaa! in the numerator, dx is the first power, in the denominator 
we have second powers in a and x. The dimensionality is equal to 
-1; the right-hand side has the same dimensionality because of the 


factor —. 
a 


In formula VIIIa the expression aS is of zero dimensionali- 
at—x 
ty, like the right-hand side. 


Note 1. Formulas | to X are best learnt gradually, as 
they occur in exercises. It is useful also to know five more 
formulas. ? 


Xl. y tan x dx = —In|cosx|+C 


‘y Like the formulas given in the Appendix, pp. 846-853 they 
are all derived from formulas I-X in accord with the rules given in 
Secs. 300- 302. 
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XI. { cot x dv=In| sin x|-4+C 
XIII. { sing ln] tan | + 

XIV. fez In| tan (F+7) [+ 
XV. | pease ln |G 4C 


Note 2. The integrals XIII and XIV can also be expressed as fol- 
lows: 


XIlla. y a =In | esc x-cot x|+C 
sin x 


X1Va. fa — <in [sec x—tan x|+C 
cos x 


In this latter form, it is easier to see their mutual relationship, but 
for calcuiations they are not so convenient as those given earlier. 


299. Direct Integration 


Taking advantage of Properties 3 and 4, Sec. 297, it is 
possible in a number of cases to reduce integration to the 
tabular formulas of Sec. 298. 

Example 1. 


{GV ¥— 4x) de =3f x! tdx—4{ rae 
44 Cade Vx 2 4C 


2 


In the first transformation we employed the properties of 
Sec. 297, in the second, the standard (tabular) formula I. 
The constant C appears when the integral signs are removed. 

Example 2. 


=3 


{ (2 sin £—3 cos ¢t) dt =2 { sin t dt —3 y cos t dt = 
=—2cost—3sint+C 


(using formulas IV and V). 
Example 3. 


in? g+1 : d 
Neri dp= { sin det | garg=—cos p—cot p+C 


(using formulas [V and V1). 
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Example 4. 
y (x24 18 x8de= | (x11 4 4x94 6x? 445-4 28) dx = 


I 2 3 2 1 
= — xl? — x10 — x8 — x64 — xt 
wed ze ag ea eke ES 


300. Integration by Substitution 
(Change of Variable) 


In place of x we can introduce into the integrand expres- 
sion f(x) dx an auxiliary variable z connected with x by a 
certain relation. )) Let the transformed expression be f[, (z)dz;” 


then {Fe dx=\f, (z) dz. If the integral \h (z) dz is of 
tabular form or reduces to such more easily than the origi- 
nal one, then the transformation achieves its aim. 

There is no general answer to the question of how to 
choose a good substitution (cf. Sec. 309); rules for important 
particular cases are given below in connection with examples. 

Example 1. | V2x—T de. 

No suitable tabular integral is available, but by formula I 
it is possible to compute the integral Vxdx, which is 
similar to the given one. So let us introduce an auxiliary 
variable z connected with x by the relation 

2x—l=2z (1) 
Differentiating (1), we get 
2Qdx = dz (2) 

The expression under the integral sign V2x—1 dx is 

transformed to Vz S by means of (1) and (2), and we get 
3/s 
z 


\ Vie-tae=(V2 > +: ; $+CHp24¢ (3) 


2 


rs| 
ki 


1) It is assumed that the function x=@(z) which expresses this re- 
lation has a continuous derivative. 
1) We have f, (z) dz=f (q (z)} 9’ (2) dz. 
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Returning to the variable x, we obtain 
| VET dx =z (2e— 1)? $C 


Checking by differentiation, we get 


d [ex-1)/* +c |= ! 


= = (22-1) /! d (2x-1)2V Beet dx 


Here, the function 2x-1 is again used as an auxiliary function 
(cf. Sec. 237). 


Note J. In simple cases there is no need to introduce a 
new letter. In Example 1, for instance, where we took the 
auxiliary function 2x—1, we see by inspection that its diffe- 
rential is d(2x—1)=2dx. Introduce the factor 2 in the exp- 
ression under the integral sign. To compensate, put = in 
front of the integral sign. We thus have 

— 3/2 
cal V 2x1 te = \ (2x—1)¥8d (2x) = OD ce 


2 


Rule 1. If the integrand (as in Example 1) is of the form 
f (ax+5), the substitution ax-+-b—=z may prove useful. 


dx 
Example 2. \ G—3pi- 
Introducing the auxiliary function 8—3x=z, we find 
=—% and 


dx dz ! 
\ cSamn=J —s2= 3 to =F gray te 
dx 
Example 3. y rae 
We take 6x—7 as the auxiliary function. Without intro- 
ducing a literal notation for it (see Note 1), we find (by 
means of 11) 


dx 1 6dx 1 d(6x-7)__ 1 
\ S=4) e4=4) Gx-7 IN| 6e—7|+C 


Example 4. { e dx (auxiliary function 3x). 


\ a de= \ es* (3x) => e* +C 
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Example 5. 


{ cos #4 dx=3 | cost! 4 (2!) —3sintt#4¢ 

Rule 2. Let the expression under the integral sign be 
split up into two factors and let it be easy to recognize in 
one of them the differential of some function g (x). It may 
happen that after the substitution @(x)==z the second factor 
becomes a function of z that we are able to integrate. Then 
the substitution will be useful. 


Example 6. (Ss 
Break up the integrand expression into factors yi and 


2x dx. The factor 2xdx is the differential of the function 
1+x? in the denominator of the other factor. After the sub- 
stitution 1+x?=2z, the factor a will take the form +. 


We can integrate this function. The computation may be 
performed as follows: 


2x dx d (1+ x?) __ 
{ lex? j “ae ln (bere 
Note 2. The external similarity of this integral to the 


standard form \ 4 in the table of integrals is deceiving. 
The presence of the factor 2x in the numerator changes the 
form of the antiderivative essentially. 

Example 7. \ sin x cos x dx. 


Split the integrand expression into the factors cos’ x and 
sin xdx——dcosx. The substitution cosx=—z transforms 
cos*x into the function 23, which we can integrate. The com- 
putation is performed as follows: 


4 
{ sin x cos’ x dx= —| cos? x d cos x= — cos Fic 
x dx 
Example 8. = 


The similarity to the standard integral VIIla is deceiving. 
Introduce the auxiliary function a?—x?=z. We then have 


—2x dx =dz, i.e. xde=—¥ The integral takes the form 


aw; 
aa VERE 
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The computation is performed as follows: 


xdx 1 ¢ =2xdx 1 6 d (a*?—x*) __ 
ie ~~ 2 Va?_-x? 2 { Vat—x? 
=—Va—xt+C 
5x d. 
Example 9. y as 
V at— x 


The auxiliary function x? is introduced to yield 


5x dx 5 2x dx 5 d (x?) 5 + x? 
Sa sea "Nee a resin 54-€ 
{ Vat— x4 { Vat—-xe 2 y V (a*)? = (x2)? 2 a? 


y In? x dx 
x 


Example 10. =| In?xdInx=— In? x-+C. 


It is not always easy to distinguish a good substitution 
from an unlucky one. This is seen from Examples 11 and 12. 


Example 11. (+ 1)4 x3 dx. 
Here the substitution x?-+1=—z is good. The integrand 


expression is broken up into the factors xde=+ dz and 
(x?-+ 1) x?=24 (z—1). This yields 


f@-tede=t | Ae—nde= 4 bde—+ | a= 
=p let +1 (+I +C 

(cf. Example 4, Sec. 299, where the same integral was found 

without substitution). 

Example 12, y (x2 + 1)4 x? dx, 

Here, the substitution x?+1—=2z is not good. It yields an 
integral, + y z4Vz—1dz, which is more involved than the 
original’ one. The given integral is ed evaluated cas 
as in Example 4, Sec. 299. This yields ye tix +Sxr4 

tix +e8+C. 


Example 13. \ 5 = ead =In| arctanx|-+-C (the auxi- 


?) arctanx 
liary function is arctan x). 
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y?dy 1 
Example 14. y Ving = arcsiny8+C (the auxiliary 
function is y%). 
Example 15. w= Vi—w+cC (the auxiliary 
function is 1—u4). 
Example 16. ( oe drain (e* +-e-*)+C (the auxiliary 


function is e~+e-~*). 


Example 17. { sin. xdx___1__4 © (the auxiliary function 


a cos* x 3 cos?x 
iS COS x). © 
! 
Example 18. ‘ ea tanéx+C ( the auxiliary func- 
tion is tanx; the integrand expression is tents tr) 


301. Integration by Parts 


Any expression under the integral sign may be represented 
in infinitely many ways in the form u dv (u and v are func- 
tions of the variable of integration). 

Integration by parts is the reduction of a given integral 


| u do to the integral ( vdu by means of the formula 
{ udo—uv—{ odu (1) 


This device suits the purpose if { vdu is evaluated more 


easily than {ude (Examples 1 to 4) or if one of these in- 
tegrals can be expressed in terms of the other (Example 5). 
Example 1. { erxds. 


We represent the integrand in the form x (e* dx)=x de*. 
Here the role of u is played by x, the role of v, by the 
function e*. Using formula (1) we have 


{ xdex =xex— ( e* ax 
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The integral { ex de is standard (of tabular form). The 


computation is performed as follows: 
y exx dx= y x de* = xe* — | ex dx =xeX—e*¥+C 


Note 1. If the integrand is given in the form e*d (z*) ‘ 
i.e. if we take u=e*, v= x, then by formula (1) we get 
1 I 1 
y exd (42) =F xtex— | > x°e* dx 


The integral y ay ttex dx is no easier than the original one. 


The expression e?x dx may be given in the form wu dv in an innnity 
of ways by taking an arbitrary function for v. Thus, if we take v=x‘, 


then du=4x3 dx Then e*x dx=—~ (4x* dx) or u=—, . But formula (1) 
4x? x? 


again leads to an integral which is more complicated than the origi- 
nal one. 


Before integrating by parts it is necessary first to make 
a guess as to what the choice of the function v will yield. 


Example 2. y x Inx dx. 


Here it is well to represent the integrand function in the 


form Inxd (421) . Formula (1) (for u=Inx, v=x1) 
yields 


inxd(4xt)=inx(ba2)—\4tatdins= 
Jinca( 2) =inz(p2)—J3 
=teins—llet 


dx 


: 1 1 F 1 
- The integral (4x z= _*dx is equal to +x?+C so 


that 


{ rink dx=— xt Inx—-— x2-+C 


Example 3. y x sin x dx. 
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We have 
{ «sin x dx—{ xd (—cos x)= —x cos x— | (— cos x) dx= 
=—xcosx+sinx+C 


Example 4. y x? cos x dx. 
We have 


y xteos xdz—( x*dsin x=x? sinx—2 y xsin x dx 


To the-integral obtained we again apply integration by 
parts (see Example 3). This finally yields 


( x2cos x dx=x* sinx+2x cos x—2sinx+C 


Example 5. \ e* cos x dx. 
Represent the integrand as e*d sin x: 


fe cos x dx=e* sinx —( sinx ex dx4+-C, (2) 


This integral is not simpler than the original one, but 
it can be expressed in terms of the original one. To do this, 
integrate it by parts once again: 


—_ | sin x e* dx= y ex d cos x=e* cos x— y cos xe* dx-+-C, (3) 
Substituting (3) into (2), we obtain the equation 
{ e* cos x dx=e* sin x--e* cos x— { e* cos x dx+C,+C, (4) 


from which we find the unknown (er cos x dx: 


e* cos x dx = +e (sinx-+-cos x) +C 
where C denotes £1+° . 


Note 2. We can represent the integrand as cos x de*. 
Then in the second integration as well we will have to rep- 
resent the new expression e*sinxdx in the form sin x de* 
(and not in the form e* dcos x), otherwise the equation for 


determining fe cos x dx will become an identity. 
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302. Integration of Some Trigonometric Expressions 
Rule 1. For evaluating integrals of the form 


| cos?" +1 x dx, y sin?7+) x dx (1) 


(where n is an integer) it is convenient to introduce the 
auxiliary function sinx in the first case and cosx in the 
second. 


Example 1. 


cos? x dx= | (t —sin? x) d sin x=sin x— = sin? x+C 


Example 2. 
{ sin x dx—( sin’ x sin x dx=— | (1 —cos? x)? a cosx= 
= | (1 —2 cos? x-++ cos‘ x) d cos x==—cos x + + cos x— 


1 
— =z coséx+C 


For even powers of sin x or cos x, Rule | does not achieve 
our aim (see Rule 2). 


Rule 2. For evaluating integrals of the type 


| cos?” x dx, | sin?” x dx (2) 
it is convenient to use the formulas 
cos? x = ites 2s ’ (3) 
: 1-cos 2 
sin? x = —— (4) 
and introduce the auxiliary function cos 2x. 


Example 3. 
y sin? xdx= ( ee de =x — sin 2x+C 
Example 4. 
iy cost xdx=(( S528 \' de = + { dx +> | cos 2x dx +- 


+ + | cos? 2x dx 
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The first two integrals can be evaluated at once; again 
apply formula (3) to the third, ‘rewriting it in the form 


cos? 2x— i a 4x 
This yields 
{ cost x dem fx + qsin 2x + > ( (I +c0s 4x)dx= 
1 1. 1 to; 
= 7x+ 7 sin de +> x+ szsin4x+C 


It remains only to collect terms. 
Rule 3.*In evaluating integrals of the form 


y cos” x sin” x dx (5) 
where at least one of the numbers m, n is odd, it is con- 
venient to introduce the auxiliary function cos x (if m is odd) 
or sinx (if a is odd) and proceed as in Examples | and 2. 


Example 5. | cos® x sin® x dx. 


Here we have an odd power of the sine. Represent the 
integrand as 


cos® x sin* x d (—cos x)= — cos® x (1 —cos? x)3d cos x 
We get 
{ cos® x sin’ x dx = — y cos* x d cos x-+2 { cos® x d cos x— 
= {cost x dcos x=— > cos? x + = cos® x — Troost x+C 


When both numbers m, n are even, Rule 3 does not 
achieve our aim (see Rule 4). 

Rule 4. In evaluating integrals of form (5), where m and 
n are even numbers, it is convenient to use the formulas 


2 
cos* x = iteeie F (3) 
sin? x = iasete ‘ (4) 
sin x cos x = 202% (6) 
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Example 6. { cos‘ x sin? x dx. 
Representing the integrand as 
(cos x sin x)? cos*x dx 


and applying (6) and (3), we get 
j cos‘ x sin? x dx = + y sin? 2x (1+ cos 2x) dx= 


=F { sin? 2x dx + 1 { sin? 2x cos 2x de 


Transform the first summand by formula (4) and rewrite 
as 
sin? 2x = = Sos 42 = = 
Compute the second summand in terms of the auxiliary fun- 
ction sin 2x. We obtain 


( cos*x sin? x dx = ig* —_ a sin 4x + w sin’ 2x+C 
Rule 5. In evaluating integrals of the form 
y sin mx cos nx dx, (7) 
( sin mx sin nx dx, (8) 
{ cos mx cos nx dx (9) 


it is convenient to take advantage of the transformations 
sin mx cos nx = + [sin (m—n)x-+sin (m+n) x], (7') 
sin mx sinnx = + [cos (n—n) x—cos (m+n) x], (8’) 


cOs mx cos nx = + [cos (m—n) x-+cos (m+n) x] (9’) 
Example 7. 
y sin 5x cos 3x dx= + [sin (5—3) x+sin (5-43) x] dx= 


=— cos 2x — 75 cos & +C 
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Rule 6. In evaluating integrals of the form 


y tan” x dx, | cot” x dx 


(a is an integer greater than 1) it is convenient to separate 
out the factor tan? x (or cot? x). 


Example 8. { tan’ x dx. 


Taking out the factor tan?x=sec? x—1 = costx — 1» we get 
d. 
{ tan xdx= tan? x — y tan’ x dx 


The first integral is equal to + tan#x. The second is com- 


puted by the same procedure: 


dx 1 
y tan’ x dx= ( tan x -55.- ( tan x dx = > tan?x+In|cos x 


Finally, 


{ tant xdx = | tant x — + tan? x— In| cos x|+C 


303. Trigonometric Substitutions 
For integrands containing the radicals 
Va—x, Vxtta%, Vx?—a 


(and also the squares of these radicals, a?—x®, x? + a), it 
is often convenient to use the following substitutions: 


for the case VY a?—x?, the substitution x=asint¢, 
for the case V x* +02, the substitution xa tan ¢, 
for the case V x?—a?, the substitution x—=a sec t. 


Example 1. \ Vaasa dx. 
Putting x=asint, we get) 
V a@—x?=a cost, dx=acost dt (1) 


= 


1) The radical sign is taken under the assumption thet -F <t< 7: 
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Hence 
y V @—x?dx =a? ( cos? f dt = > rid +> sin 20) +C (2) 
see (3), Sec. 302. Returning to the variable x, we find 
eee Pons : x Vat=x? 
t=arcsin—, -> sin 2¢-=sint cos f= —_,— (3) 


Finally we have 


\V aa de = % aresin = + Vex —xt+C 
d 
Example 2. Vee 


Putting x=a tanf, we obtain 


2 
2_) 72 — a2 2p ye 8 oe dt 
x*-+-a* =a? (tan?t-+- 1) cata dx att 


Consequently 


y awotn=-7 zs | § cos? t dt = 54; (¢++sin 2t j +C 
Returning to he variable x, we find 
t=arctan~, + sin 2f=sinf cost =, 
a 2 a?t+x 


Finally 
dx | + 
{ teat = Bas (are tan = +a) +C 


Example 3. y = 


x Vxt?iq? 
Putting x= asec t, we obtain» 


Ve—@=atant, dx=atant sect dt 
Hence 


dx 1 1 1 x 
| SS FT ( dt =7t+C= > aresec — -+C= 


x Vxt—a? 


i} a 
=z arccos — +C 


1) The radical sign is taken under the assumption that -4+ gt< 


a 
<>: 
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304. Rational Functions 


An integral rational function of an argument x is a fun- 
ction given by the polynomial 
Ax" ayx™- 14... 4+ An 1X +a, (1) 
A fractional rational function is a ratio of integral ratio- 
nal functions: 


bg x™ +b, xM™— 14... + Om — 1X + Dey (2) 
2gX®40,x¥— 14... +an—X+0R 


If the degree of the numerator is less than that of the 
denominator, the fraction (2) is called proper, otherwise it 
is improper._ 

0.347 +V 2x 

V3 
2x?- 1 3x8 +0 


function. The functions (—,. S.yq are fractional rational 


functions. The first fraction is proper, the-second, improper. 
2Vx 
x-1 


Examples. The function is an integral rational 


The function is irrational. 


304a. Taking out the Integral Part 


It is possible, by means of division with a remainder, to 
take out the integral part of an improper fraction; i. e. an 
improper fraction may be represented in the form of a sum 
of an integral rational function and a proper fraction. It may 
happen that the division is exact; then the improper fraction 
is an integral function. 


Example 1. After taking out the integral part, the impro- 
1 
15 —x 


wy 4x8— 16x 4 5 45; 
— X————— {| — 
per fraction ren becomes is ret (47 is the quo- 


tient and —15 oe is the remainder after dividing the nu- 
merator by the denominator ) : 


1+x5—x¢ 1 
Example 2. poe = xd ae : 


This result is obtained by dividing —x*+x5+ 1 by —x+1, 
or, more concisely, as follows: 


L+xt-x* ol qe | 4x6 


l=-x ~ l-x 1-x l-x 
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Example 3. Taking out the integral part of the fraction 


ms , we obtain an integral rational function x? (the divi- 


sion is exact). 


305. Techniques for Integrating Rational Fractions 


When integrating an improper rational fraction, first take 
out the integral part (Sec. 304a). 
Example 1. 


boxe 6 
y teat dx—| (x +74) dx=——In Jl—x]4+cV 
(cf. Sec. 304a, Example 2). 

Since the integral part may be integrated directly, the 
integration of any fractional rational function reduces to the 
integration of a proper fraction. For this there is a general 
method (Sec. 307), which, however, often involves arduous 
computations. It is therefore useful, wherever possible, to 
take advantage of peculiarities of the integrand. 

If the numerator of the integrand is equal to the differen- 
tial of the denominator (or differs from it by a constant factor), 
then the denominator should be taken as the auxiliary function. 

Example 2. 


(2x9+6x?+7x+3) dx 1  Aettem tet ort2) 
x°+4x24+7x84+ 6x42. 2 X4+4x94+7x946x+2 


= In (xt 423-4 7x2 + 6x +2) +C 
The technique is similar when in the numerator we have 


the differential of some polynomial, and in the denominator 
we have a power of the same polynomial. 


Example 3. 
(3x9+1) dx | d (xe+x) 1 
is (x?+1)8 =| (x24x)* Beate 


If the numerator and denominator have a common 
factor, it is often useful to cancel it. 
Example 4. { fone 


xe exe) 


1) We could use the substitution | -x=z without first taking out the 
integral part, but the computation would be longer. 
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Here the fraction can be simplified by cancelling out x+1. 
This yields 


(x—2) dx 1 
y “ah ee In (x? + 1)—2 arctan x+C 
Note 1. It is sometimes senseless to reduce a fraction. For 
instance, in Example 2, the fraction may be given in the 
form 
(x+1) (2x%+ 4x43) 
(x+1)* (x?+2x+2) 


and x-+1 may be cancelled. But it is more difficult to eva- 
luate the integral 
° ( (2x24-4x43) dx 
(x+1) (x?4+2x+2) 


than the original one, to say nothing of the fact that facto- 
ring is another rather considerable difficulty. 

Note 2. The general method of integrating rational frac- 
tions consists in decomposing the given fraction into a sum 
of so-called partial fractions. These fractions are defined in 
Sec. 306 and ways of integrating them are given. Partial 
fraction decomposition is explained in Sec. 307. 


306. Integration of Partlal Rational Fractions 


Partial rational fractions are fractions that reduce to the 
following two types: 


I. Zor (n a natural number) 
H ait (a a natural number) 


where x?-+ px-+g cannot be factored into real linear factors 


2 
[i. e., g—(4) >o]; if x2+ px+q can be factored into 


2 
teal linear factors [i. e., a—(4) <0] , then fraction II 
is not considered a partial fraction. 


F 5 V3 : 
The fractions —> , @uvap are partial of the first type, 


: 0-2. 7x-1 4 
the fractions —— , = Bisabl) 


Ral’ S42! VS are partial of the second 
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1 3x-2 
HT" (V3)? 
the expressions x*— 1, x?— Y 3 can be factored into real li- 
near factors. 


4 3 
The fraction res 


type. The fractions =— are not partial because 


is a partial fraction since it can be put 


in the form . The fraction _'8*-3_ is partial be- 
(x?+x4+1)* 


x-— 


cause it is of type II. 
(A) Partial fractions of the first type are integrated by the 
formulas 


A dx 1 
{4s --t A. a)n— rte (a> 1), (1) 
Ad 
{ 4%=A injx—a|+C (2) 


(B) Partial fractions of the second type in the case n=1 
are integrated completely by the substitution 


x+f=2 


which reduces the denominator 


tprtg=(xt $): a (3) 
to the form z?-+ 42 [ where a as (4) ]. 
Example 1. 


| with dx [p=—8, g=25; g—(4)'=9] 


The substitution 
x—4=2 


transforms the integral to 
3z+7 zdz 
J Fis | 2ie+7 late p net 49+ 
+2 arctan +C 
Returning to the argument x, we obtain 


3x-5 3 7 _ 
| s2azeas d= In 82 +25) +7 arctan 5544-0 
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The formula (which need not be memorized) is of the form 


Mx+N 
ee dx = Ein (xt + px +0) + 
2N- 2N-Mp Qx+p 
Vagoor 3 arctan Vaan +€ 


(C) Partial fractions o the second type for the case n> | 
are integrated by the same substitution 
x+t=z 


Mx+N 
(x*+ px+q)® 


dz (3) 


which transforms the integral y dx to 


Mz+L 
(z?+k8)" 


[ where p=, #=qg—(4)']. 


M2 d. 
The first term iy ae is integrated directly via the auxi- 
liary function z*-+-k? 


Mz dz M I 
Grey = — 2 oarsmen + © (4) 


The second term L { an is evaluated by a trigonomet- 


ric substitution (Sec. 303, Example 2) or by the reduction 
formula») 


dz 1 z 
\ ofr =tecoe leet r-9) | air] (5) 


(it can be checked by differentiation). It reduces the integral 


oa to an integral of the same type but with the ex- 


ponent n in the denominator diminished by unity. Repeating 
the procedure we finally arrive at the integral 


eee ad + arctan =+c 


a+kt 
1) A reduction formula is any formula which expresses some quan- 


tity, dependent on the number | in our case one , in terms 
of the same quantity with smaller absolute value of 2. Reduction 
formulas are also called recursion formulas. 
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(3x-2) dx 
Example 2. | igi eta 
The substitution x—1=z leads to an integral of the type 

3z+1 2 dz dz 
\ 3 (@+2)5 dz=3 \ aeat late (#42)? (6) 

The first term is equal to 

3 d(z?+2) 3 

$J (+2)? a (t+ 2)? (7) 


The constant C is dropped and attached to the second 
term, which is computed from th formula (5) (putting e2—2, 
n=3): 

dz i ‘4 3 dz 
y @+2) 8 Garay te j (z?+ 2)? (8) 


Use formula (5) again, putting k8=2, n=2: 


dz _ it _2 dz st ! Ppcnaie 
(erro teats ( ed 4 asd yy clan ee te 


(9) 
From formulas (6) to (9) we find 
3z+1 3 1 z 
\ iia =a ts ey taet 
2 323+ 102-24 She 
+ayF arctan Vete> “30 @iea)? T 
aera ae arctan vate 
Returning to the variable x, we obtain 
(3x-—2) dx 3x? —9x24+19x-37 3 x-! 
Wessros ues 32 (xi Bxe3) tb 5p yp arctan vate 


307. Integration of Rational Functions 
(General Method) 


Rational functions are integrated by the general method 
as follows: 

1. From the given function take out the integral part; it 
can be integrated directly (Sec. 305, Example 1). 
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2. Factor the denominator of the remaining proper fraction 
into real factors of the type xa and x?+px+q (linear 
terms and irreducible quadratics ). 

The factorization is of the form 


Oot" + ayx®—-1 4... +a, =a (x—a) (x—5)... 
..-(x?-+ px q) (x?-+rx-+5)... (1) 


Such a factorization is always possible,2) and it is unique. 

3. We attempt to divide the numerator of the proper frac- 
tion by each factor of expression (1). If the division is exact, 
we reduce the fraction by the appropriate factor (Sec. 305, 
Example 4). 

4. Decompose the fraction obtained into a sum of partial 
fractions and integrate the terms separately (Sec. 306). 

Note /. Every proper fraction is decomposed into a sum 
of partial fractions in just one way. The method of decom- 
position is explained below. For a proper understanding, we 
consider four cases which exhaust all possibilities. 

Case 1. Only linear factors enter into the factorization of 
the denominator and not one of them is repeated. 

Then the proper fraction is decomposed into partial frac- 
tions by the formula 


F (x) A B L 
Go (x—a) (x—b)... Gon sa ee eae ney (2) 
where the constants A, B,..., L are found (by the method 


of undetermined coefficients) as follows. 

(a) Clear of fractions in equality (2). 

(b) Equate coefficients of like powers of x on both sides 
(it may happen that the left-hand side lacks a needed term; 
in that case we assume the coefficient 0). We thus obtain a 
system of linear equations for the unknowns A, B,..., L 

(c) Solve the system (it always has a unique solution). 


Example 1. Evaluate | wee ae. 


Solution. The given fraction is a proper fraction. Factor 
the denominator: 


x84 x2— 6x =x (x —2) (x +3) (3) 


') If we have a term x?+px+q that can be factored into the real 
factors x—-m and x—n, then we replace it by these two factors. 

2) In the most elementary cases it is carried out by rearrangement 
of terms and other algebraic procedures. For the general case see 
Sec. 308. 
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The numerator is not divisible by any of the-factors, so we 
cannot cancel. All factors are linear and not one is repeated. 
By formula (2) 
7x-5 A, B c 
F@-D at teat ees (4) 
To find the constants A, B, C, clear of fractions. This 
yields 
Tx—5=A (x—2) (x +3)+B (x+3)x+C (x—2)x (5) 
or 
7x—5=(A+ B+C) x?+(A+3B—2C) x—6A (6) 
Equate coefficients of like powers of x (on the left-hand side 
we presume 0-x2). The result is the system 


A+ B+ C=0, 


A+3B—2C=7, (7) 
—6A=>—5 
Solving it we get 
5 9 26 
A==>, B=. C=—-B (8) 


and from (4) we obtain the following decomposition of the 
given fraction into partial fractions: 


—_tae8 8 1 8 98 
x (x—2) (x43) 6 oe ) 10xe-2 15x43 


Integrating term by term, we get the desired integral 


-5 2 
| wt txt tz] +S inf x—2}— 38 nx $3140 

Note 2. The constants A, B, C can also be found in the 
following manner: take any three values of x and substitute 
them into (5) We again get a system of three equations, 
which yields the same values as in (8). 

This remark refers to Cases 2, 3 and 4 as well. But in 
Case 1 this technique can be simplified still more by taking 
such values of x as make the denominators of the partial 
fractions vanish; in the given example, the values x=0, 
x=2, x==—3. Then we get a system of equations —5=—6A, 
9=10B, —26=15C, which yields the values of A, B, C di- 
rectly. : 

Case 2. Only linear factors'enter into the factorization of 
the denominator, and some of them are repeated. 
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Let a factor x—a be repeated k times. Then in the de- 
composition (2) it is necessary to replace the corresponding k 
identical terms by a sum of partial fractions of the form 

Aunt zs 9 
a ern ares aT Las es (9) 
The same applies to other repeated factors. "patisl fractions 
corresponding to nonrepeated factors remain the same. The 
constants of the factorization are determined as in Case 1. 
(x8+1) dx 
Example 2. Evaluate y meray ere 

Solution. The factorization of the denominator is of the form 

x4 — 3x3 + 3x3—x =x (x —1)8 

All factors are linear. The factor x is not repeated, the 
factor x—1 is repeated three times. As in Example 1, to the 
nonrepeated factor corresponds a partial fraction of the form 4, 


to the repeated factor (x—1), a sum of three partial fractions 
of the form 


(-1 sates 1 n+ 


The decomposition of the fraction is 
xe+) 
Salty ae ta tap tit 


Clearing of fractions, we get 
x8+-1=A (x—1)8+ Bx+Cx (x—1)4+ Dx (x—1)* (10) 


as 8+ 1=(A+D) 8+ (—3A+4C—2D) x? 
+(3A+B—C+D)x—A (11) 
Equate coefficients of like powers of x; this yields 
A+D=1, 
—3A+C—2D=0, (12) 
3A+B—C+D=0, 
—A=1 


Solving this system, we get 
A=—l, B=2, C=1, D=2 
The decomposition of the fraction is 


x4 


1 2 
%(x-1)? pt ea ty eek 
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integrating term by term we find 
! 


(x?+1) dx oe 1 
\ eee = In}x|—Goa es 
(x- 1)? 


x 
+2Injx—1|+C=— yt In 1x1 +C 


Alternative version. If in (10) we first put x0 and then 
x=1 (see Note 2), we straightway get A=—1, B=2. Putting 
in (10) two more values, say x==2 and x=—l, and taking 
into account the values of A and B that have been found, 
we obtain the following system of equations: 2C4+2D=—6, 
2C —4D=—6, and from it we find C=1, D=2, 

This method is particularly convenient when there are 
many nonrepeated factors in the factorization of the denomi- 
nator, and the multiplicity of the repeated terms is not great. 

Case 3. The factorization of the denominator includes irre- 
ducible quadratic terms none of which are repeated. 

Then, in the partial fraction decomposition, to each factor 


x+N 


x'4-px+q there corresponds a partial fraction Me = 


+q 
= (Type II). As before, to linear factors (if there are any) 
there correspond partial fractions of Type I. 


. (7x*+26x—9) dx 
Example 3. Find eer ey eo re oe 


Solution. Factor the denominator: 
x4 A dS 4 4x2 — 9 = (x24 2x)? — 39= (x? + 2x 4-3) (x2 + 2x— 3) 


We obtained two factors of the type x?-+ px-+q, but only the 
first is irreducible to real linear factors: 


[«— (+) =3- 12=2> 0] 


The second, however, 
[s-(4)'=-3-"=-4 <0] 


can be factored: 


x2 4+2x—3=(x— 1) (x +3) 


Therefore, the decomposition into partial fractions is of the 
form )) 


4) It is not a mistake to seek a decomposition of the form 


A’x+B’ Cx+D 


“ieax—3 Tte2e+3 (cont'd on p. 436) 
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Tern Ga eer tres te 
Clearing of fractions, we get 
7x3 + 26x —9 = (x? + 2x +3) [A (x +3)4B (x—I)]+ 
+(Cx-+ D) (x—1) («+3) (14) 
We equate the coefficients of like powers of x: 
A+B+C=0, 
5A+B+2C+D=7, 
9A +B—3C+2D=26, (15) 
9A—3B—3D=—9 
Solving the system (15), we obtain 
A=1!, B=1l, C=—2, D=5 


(13) 


so that 
7x?4+26x-9 I gil ze 1 + —2x+5 
(x3+2x%43) (x-1) (443) x= 1 X43 5 x?4+2x43 


Integrating (see Sec. 306, Case B) we find 
(7x? + 26x-9) dx =In|x—1]+In|x+3]— 


“xt4 4x34 4x? 9 
—In (x24 2e-4+3)+— arctan tL 4c= 
V2 vo 


x?+2x-3 ? x+l 
sprees [typ wetn Pte 


=In | 


Alternative version. In order to determine A and B, in (14) 
we first put x=1 and then x=—3 (see Note 2). This yields 
the simple equations 24=24A, —24=—24B and we find 


A=1!, B=1 
Setting x=0 in (14), we get —9=9A—3B—3D, whence 
D=5. Putting x=—1, we get C=—2. 
Case 4. The denominator factors into irreducible quadratics 
and some of them are repeated. 


In the given example the computation is even simplified: we get A’=2, 


B’=2 and find 
( (2x42) dx 


= 2 a 
ele =lIn | x*4+2x-3/4+C 


’ 


In the genes! case, we would still have to Mecompose the fraction 


A’xt+ 7 A 
rrr ese into a sum of the partial fractions sort maa 
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Then in the decomposition of the fraction, to every factor 
x?4+ px-+tq repeated & times there corresponds a sum of par- 
tial fractions of the form 


Mex+Nu Mk~1X+Nk-y M,x+Ny 1 
(xt pxeg)® (x24 px+q)*~! Bee x34 px+g (16) 


A (3x45) dx 
Example 4. Find wale 4x’ 


Solution. Factor the denominater: 
4542x384 xx (xf + 2x24 1) =x (x?+ 1)? 


The term x?-++-1 cannot be factored into real linear factors; it 
is repeated twice. Therefore the partial fraction decomposition 
is of the form 


3x4+5 A Bx+C Dx+E 
x (x?+1)? eercai (43+ 1)? oh xt+] 


Clearing of fractions, we get 
3x-+5= A (x?+ 1)?4- (Bxe+C) x+(Dx+ E) x (x? +1) 
Equate coefficients of like powers of x: 
A+D=0, E=0, 2A+B+D=0, 
C+E=3, A+EF=5 
Solving the system, we obtain 
A=5, B=—5, C=3, D=—5, E=0 


so that 
(3x+5) dx dx (-5x+3) dx x dx 
\ eee o  S+ (t+ 1)? —5{ xt4+1 


Computing the middle integral, as explained in Sec. 306 
(Case C), we get 
(3x+5) dx 5 3x 
Seine In| x I+[s att 2 (x?+1) + 
[x1 


+4 arctan x |—+ In (x?+ 1)+-C=5 In Varatt 


3x+5 3 
treents arctanx+C 


Note 3. The integral of any rational function can theoreticatly be 
expressec (cf. Examples 1 to 4) in terms of the logarithms of ratio- 
nal functions, in terms of inverse trigonometric functions and the 
“algebraic part” (i.e. a rational function). But, asa rule, factors of the 
type x-—a, x?+px+q (i.e. the linear and irreducible quadratic terms 
into which the denominator of any rational function can be factored) 
can only be found in approximate fashion (see Sec. 308). 
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Incidentally, using a method discovered by M. V. Ostrogradsky. 
the algebraic part can always be expressed exactly because it can be 
found without factoring the denominator. 


308. Factoring a Polynomial 


The factoring of the polynomial 


Qgx™+a,x"—14..  +aq (1) 
reduces to solving the equation 
QoX™4+0,x9—-14.., +an=0 (2) 


Indeed, if we know some root x, of Eq. (2), then the polynomial (1) 
is exactly divisible by x—x, and we obtain a factorization of the form 


AX +04X®— 14, +Oy=Aq (x— 24) (XP—145,x9— 84, 45, 4) (3) 


By methods explained in higher algebra it is always possible to 
find (approximately, but to any degree of accuracy) one of the roots 
. any numerical algebraic equation. ') However, the root x, may be 
maginary. 

fter we have obtained the #spenPion (3) we can find root x, of 
the equation x®—1+6,x®—*+...+6,_,=0. The number x, will at the 
same time be a root of Eq. (2). Wethen have the following factorl- 
zation for the polynomial (1): 


Ogt™ $0,x9-14,.. Haq=ao(x—x,)(x—X—)(X™—2+0,x7- 84... tens) (4) 


etc. Finally, we obtain an expansion into a (real or imaginary) linear 
factors: 


AX 4+0,29 14... +a qeay (X—xy) (X—%q).. . (X— Ep) (5) 


This expansion is unique. The numbers x,, x3, ..., X, are roots of 
Eq. (2). These numbers are also called the roots of polynomial (1). 
Some of the roots may prove to be equal. But in this case too it 
is considered that Eq. (2) has n roots: each of the roots is counted 
once, twice, etc., depending on how many times the corresponding 
factor is repeated in the expansion (5). 

If all the coefficients of the polynomial (1) are real, then to any 
complex root a@+i there corresponds another complex root a—fi 
(conjugate roots). If one of the conjugate roots is repeated, then the 
other is also repeated the same number of times. 

The product of two complex conjugate factors x-(a+Pi) and 
x-(a-Bi) yields a real polynomial of the form 


x*+px+q 
Here 


2 
p=-2a, q=a?+B*%, q- (+) =p*>0 


1) Division of polynomial (1) by a binomial x-x4, where xis an 
approximate value of the root, yields a remainder ¢ (equal to the va- 


lue of the polynomial for x=x;). q approaches zero as x appro- 
aches x;,. 
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Hence, every polynomial (with real coefficients) can be factored into 
veal factors of the type x—x, and x*+px+q (the latter is an irredu- 
sible quadratic). 

Note. Although the numbers xx, p, g which enter into the factors 
I-X,, X?+px+q are real, they are, asarule, irrational. What is more, 
when the polynomial (1) is of degree five or higher, these numbers 
cannot, as a rule, be expressed exactly even in terms of radicals. It is 
therefore not always possible by far to give an exact partial fraction 
decomposition of a rational function. 


309. On the integrability of Elementary Functions 
As a rule, the integral of a rational function is not a 
rational function (for example, a Inx+C). Simi- 


larly, as a rule, the integral of an elementary (nonrational) 
function is not an elementary function. 
Thus, the integrals 


x dx dx dx xdx 

{ VT-2 ' y Vi-x y Inx ’ Inx 

cannot be expressed in terms of elementary functions, altho- 
ugh the following integrals, which look very much like them, 


x dx dx 
| yo’ y Vi’ { Inxdx, {x inxde 
are elementary functions. 

By the rules of differential calculus, we can find for any 
elementary function the:derivative (which is also elementary). 
In integral calculus, such rules for finding the antiderivative 
are fundamentally impossible. 

But for certain classes of elementary functions the integral 
is always an elementary function (though it is often an in- 
volved expression). In Sec. 307 we studied one such class 
(rational functions). In Secs. 310-313 we will consider other 
important classes and indicate general rules for evaluating 
their integrals. Incidentally, in many cases specific techniques 
are preferable. They are usually suggested by experience. 


310. Some Integrals Dependent on Radicals 


The symbol R (x, y) will be used from now on to denote 
a fraction whose numerator and denominator are polynomials 
in x and y. Such a fraction is termed a rational function 


1) Nevertheless, for every continuous function there is an indef- 
nite integral (which is a continuous function) 
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of the two variables x, y (cf. Sec. 304). If the denominator 
is a constant quantity (polynomial of degree zero), the ratio- 
nal function is termed entire (integral). 

We define in similar fashion a rational function of three 
variables R(x, y, z), of four, etc. 

An Integral of the form) 


_ px+a\a mit) 

i= {Rr [= ( ae) . ea rx+s e. ++ | dx (1) 
where a, p are rational numbers and p, q, r, s are constants 
(numerical or literal), is reducible to an integral of a ratio- 


nal function and, hence. is expressible in terms of elementary 
functions.~. This purpose is served by the substitution?) 


exta =", where n is the common denominator of the frac- 
tions a, B, . 


To be specific, the integral 
=( Riz, xt, x3, ...]dx (2) 


is computed by the substitution x=¢7. 
Note. Reduction of a given integral to the integral of a 
rational function is called rationalization. 


Example 1. / =| us 


A eeeV tae) 


Here p=q=s=1, r=0, a=+, p=+. The common 


denominator is n=6. The integral is rationalized by the 
substitution 


I+x=t*, ax=6t* dt 
We get 


I=(“ 2p =-6 y (8-474. 184 154 14-4 13) dt = 
=—6(S4+ G4 Ft etgta)te 
where t= 14x. 


1) From here on the or I Pass an integral. 


p 


* It is assumed that — fet, when 2-2 the fraction PEYE 


x+S 


reduces to a constant and ue substitution is required. 
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ey ae =2 
Example 2. 1=(x 2 (3 “ei dx. 
This is an integral of type (2). Put x=¢*. We then have 


1=6 \ a= aa t3 arctant-+C 
where t= Vx. 


311. The Integral of a Binomial Differential 


A binomial differential is a differential of the form 
x™ (a+ bx")P dx 


where m, n, p are rational numbers and a and 6 are constants 
not equal to zero. The integral 


t= {x0 (a-Lbx")P dx (1) 


is expressible in terms of elementary functions in the follo- 
wing three cases. 

Case 1. p is an integer. Then the integral fits the type 
of Sec. 310. 


See Example 2, Sec. 310, where m= —> ; n=— , p=—2. 


Case 2. p is a fraction p= , but 2! 


is an inte- 


ger. Then the integral is rationalized by the substitution 
a+ bx" = 25 


(where s is the denominator of the fraction p). 
Example 1. 


ls 3\°F 
=| Car dx (2) 
Here m=+, n=>, mil =2 is an integer. We put 
3 
3—2x 5 —2? (3) 


We can express x in terms of z and substitute into (2). 
But it is simpler to differentiate (3): 


x = —pzdz (4) 
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and transform / with the aid of (3) and (4) as follows: 
! 


/= y sas) Ge fos ee 
I 
aS? t(—$ru)=— df o-eaee 
Sah ige 


i: S\e 
where z= Guo ) : 
Case 3. Both numbers p= and mth are fractions but 
their sum Bilt is an integer. 
Then the integral is rationalized by the substitution 
ax-"-+b=25 


where s is the denominator of the fraction p. 
Example 2. 
2 


{= { x-8(1-4+2x3) 2 de 


Here m= —6, n=3, p=+ (fraction), os (frac- 


n 
ae) +p=—1 (integer). 


a 


tion), 

Put 

x78 4+2=23,  x-4dx=—22 dz 
Representing 1+ 2x5 as x3(x-3-+-2), we obtain 
2 
l= { x4 (4-542) 2 dx= | z? (—2?dzy=—1L24C= 
5 
=—fx-8(14 29) FT 4 

Newton had already pointed out these three cases. Euler, 
who has never been surpassed by any mathematician in the 
art of transformation, sought in vain for new cases of the 


integrability of the binomial differential. He was convinced 
that these three cases were the only ones. In 1853, P. L. Che- 
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byshev succeeded in proving Euler’s assertion. D. D. Mordu- 
khai-Boltovskoi, in 1926, proved the appropriate theorem for 
an integral of type (1) for irrational exponents m, n, p. 


312. Integrals of the form { R(x, V ax? +bx-+c) dx 


Integrals of this form” are rationalized by one of Euler’s 
substitutions. 
First Euler substitution. It is applicable for a>0. Put® 


V axtpbxtetx Va =t (1) 
Then 
ax?+ bx+c=(t—x Va) 


The terms containing x? cancel and x (hence also dx) is 
expressed in terms of ¢ in rational fashion. Putting this 
expression into (1), we find a rational expression for the 


radical V ax?+6x+-c as well. 


Example 1. 
(= ax 
. { VRt+x? 
ut 
VR+xt=t—x 
Whence 
1?~k? (12482) dt 
2S a, Ga 
Ve peat—xa Stk 
Consequently 
__( trey dt | t+? (dt 
jaf Come r=) Fain ti+c, 


f=In(x+Ve+x2)+C 


Third Euler substitution (note below discusses second). 
This substitution is applicable every time the trinomial 


e ae may be taken that a ~ 0. for when a=0 we get the case of 
ec. 
%) We can just as readily put 


Vax?+ox+c-xVa st 
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ax?+-bx-+c has real roots and, in particular, for a <0.” 
Let the roots be x,, x3. Then put 


a(x-x,) 
Vee = @) 
whence we find a rational expression of x in terms of ?¢: 


X,t*-ax, (3) 


= tt-a 


Rationalizing, we find 
., Vad Fox fe=V a (k—x) (— 43) = 
= EA ey Ht lx (4) 


dx 
2. f= ES 
Eximple y (x-1) Vix843x-2 


The trinomial —x?+3x—2 has the roots x,=1, x,=2: 
—x9 4 3x —2—=—(x—2) (x—1) 


The radicand is positive for 1 <x < 2 (ior x=1 and x=2 
the integrand becomes infinite). 


Put ?) 
~(x-1) 
V == = (5) 
From this we get 


— 2th 2t dt 
=F: = TAH (6) 


V—@—2) ¢—N= Vy == |x—2 |==t | x—2]=—1# (x— 2) 


(by virtue of the inequality 1<x< 2 the quantity x—2 is 
negative). Substituting into the right side the expression of 


’ For a<0 the trinomial ax*+6x+c could have complex roots 
too (if 4ac—b* > 0), but then by virtue of the identity ax?+bx+c= 


=a ((2ax+6)®+(4ac—6*)] the trinomial would always have negative 


values so that the root Vax'+6x+c would be imaginary for any 
value of x. 
5) We can put x,=2, x,=! Then Euler’s third substitution is mo- 


dified ( we have to put y= tee) =t 
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x in terms of ¢, we find 
V —(«—2) (x— D=n74 1 0) 
By (6) and (7) we have 
A of = 
al (x= 1) V = (x=2) (x-1) { t Suan 
Note. The first and third Euler substitutions are sufficient 
to compute any integral of the type under consideration. To 
complete the picture, we give Euler’s second substitution: 
V axttbxtoatx+Ve (8) 
It is applicable for c> 0. Squaring and dividing by x, we 


obtain a rational expression of x in terms of ¢; then (8) ra- 
tionalizes the radical. 


313. Integrals of the Form { Rosin X, cos x) dx 


Integrals of this type are rationalized by the substitution 


tan =2 (1) 
whence 
: 22 1-2? 
sinx= 5, cosx= 755, (2) 
2d 
amir @) 
dx 
Example. = Tes cose 
By means of (2) and (3) we get 
2dz dz aes 
(429 (345 a) Jisa= ? mal 
Substituting z=tan +, we find 
2+ tan = 
/=— In +C 
2- tan + 
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314. The Definite Integral! 


Let a function f(x) be continuous over an interval (a, 5) 
and at its end-points. In the interval take n consecutive 
points x1, x2, X%3, Xq ---» X_ (Fig. 327, where n=5); for the 
sake of uniformity, denote a=x ) and b=x,4,. The in- 
terval (a, 6) is partitioned into n+-1 subintervals (xo, *,,), 
(%1, X%q), (%2, %3), +--+. (goa 
Xn)» (Xn» Xn+1)- 

In each of the subinter- 
vals (in the interior or at one 
of the end-points) take a 

oint [point & in (xo, %}), 
P in (x1, X2), etc.]. 
Form the sum 


Ol GH ty, ay hy My Ds O=DyeiX Sy=t (Ey) (4, —%0) + 
+1 (2) (x2—*4) +... 
Fig. $27 «ee FP En4i) Ont —*n) (1) 


The following theorem holds true. 

Theorem. If as the number of subintervals (xy, x), 
(xy, X2), ... increases without bound the largest one tends 
to zero, then the sum S, tends to some limit S. The number 
S is the same no matter 
how the partitioning into 
subintervals was __ perfor- 
med or what the choice of 
points &, &, ... was. 

Fig. 328 gives a pic- 
torial explanation of the 
theorem. The sum S,, is 
numerically equal to the 
hatched area of the step- 
like figure (the base of Fig. 328 
the left step is equal to 
X1—Xp, the altitude is KL=f (§,); hence, the area is equal to 
f G1) (41 —%o), etc.]. The narrower the steps, the closer is the 
area of the step-like figure to the area of the “curvilinear 
trapezoid” x ,ABx,+4, so that the limit S of the sum S,, is 
numerically equal to the area of the figure xABx,,+,. 


The sum (1) is often abbreviated to 


Df Go Gi-si-) (2) 


4) It is auvisable first to read Sec. 292, Item 2. 
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The symbol (sigma) indicates that the expression (2) is the sum of 
terms of a Single type. The expression f (§j) (xj-2xi—,1) indicates the 
law of formation of the terms: for i=1 we have the first term, for 
i=2, the second, etc. An expanded notation is 

i=n+t+l 


> Fd Gini) (2a) 
i= 


Here, the first term is i=1, and the last, f=atl. 


Definition. The limit to which the sum (1) tends as the 
largest subinterval approaches zero is called the definite in- 
tegral of the function f (x). The end-points a, 6 of the given 
interval (the interval of integration) are called the limits of 
integration: lower limit (a) and upper limit (6). 

The definite integral is denoted by 


6 
\ Fe) de 8) 


and is read “the integral of f(x) with respect to x between 
the limits a and 6.” 

The value of the definite integral depends on the form 
of the function f (x) and on the values of the upper and lo- 
wer limits. The argument of the function may be denoted 
by any letter, say y, so that the expression 


6 
(way (4) 


a 
represents the same number as (3). 


Note. The upper limit 6 may be greater or less than the 
lower limit a. In the first case, 


ALK <i << yi <Q <O (5) 
In the second, 
a>%X%,>%,> ... >Xq_z-1 > Xp, > 0 (6) 


Supplement to definition. The definition assumes that 
azo. But the concept of the definite integral is extended 
to the case of a=b; an integral with identical limits is con- 
sidered equal to zero: 


iy f (x) dx=0 (7) 
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[this agreement is justified on the grounds that the integral 
(3) tends to zero as a and b approach one another, cf. 
Fig. 327]. 

o 


Example. Find { 2x dx. Here 


f (x) =2x (8) 


Solution. First method. Divide the interval (a, 6) into 
equal parts (Fig. 329); then the abs- 
cissas 


‘ Xp =, Xy, Xq, ..., Xq, Xp =O 
s form an arithmetic progression with 
N difference 
b-a 
Xy— XH hy — N= = TF (9) 


For the points &, &, ... we take the 
tight end-points!) of the successive 
intervals (a, x), (xy, 2), ..., so that 


—,=4,, =e, vay En=Xn» Ena =O; 


f G1) = 2x1, f (Eo) = 2x9, ..., En) = 
= 2x, FEn+1)=26 (10) 


Fig. 329 By virtue of (8) and (10), the sum 
(1) takes the form 


Sy = 2eq (X1 — Xp) + 2Xq (X2— 41) +. + 2%n (Ka—Xn-1) + 
+ 2kn41 Sn4+1—%n) = 2 ana (4+ 4+... +%n41) 


Summing the arithmetic progression, we find 


Sp = 27oG Stee (b—a) (+) (I) 


As the number of equal intervals increases without bound, 
their lengths approach zero; in the process, x, tends to a. 
Therefore 

lim S,,=(b—a) (a+ 6) = 6?—a? 
Consequently, ‘ 


| 2x dx =b3—a? (12) 


a 


1) In other words, the rectangles Jie to the right of the ordinates 
of the straight line y=2x. 
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In exactly the same way 


b 
{ 2y dy =b*—a', 


a 
b 
{ 2t dt—=b—at 
a 


and so forth. 
The quantity 6%—a® is the area S of the trapezoid 


A‘ABB’ (Fig. 329); indeed 
S = (A'A+B'B) A‘B' = + (20+ 2) (b—a) =b?§—a 
Second method. Partition the interval (a, 6) into unequal 


ee 
Xgp=a, X= a9, ..., X,=agq", 
Ene =b=agnt (13) 
From this equality we have 
qntiat (14) 


For the points §,, &, ... we take 
the left end-points ®) of successive in- 


tervals (a, x) (x1, *3), ..., so that 
§1 =a, Es=%, .--s En=Xn-1 
bn+1=*n 


Sum (1) takes the form 


Sq = 2Xp (X1— Xo) + 2%) (X2— 41) +... $2 (Kn 41 — Fn) = 
= 2a? (q—1) [1 5 i a i ai iad | 


1) This is possible if both limits a and 6 have the same sign 
(neither can be equal to zero). In the preceding method, the numbers 
a and b may be arbitrary. 

*) The rectangles border on the ordinates of the straight line 
y=2x on the left. 
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In square brackets we have a geometric progression with 
tatio g?. Summing, we find 


a(n+1yi] Qa (gh+1)2-1 
Sp = 208 (g—1) SO Wee 


or, by virtue of (14), 


Sa= qtl — @+t 


(15) 
As the number 7 increases without bound, the ratio g, as is 
evident from (14), tends to unity: 

ve lim g=1 (16) 


The lengths of all subintervals approach zero. By virtue of 
(15) and (16) we have 


lim S, =6?—a? 
or 


6 
{ 2 dx = 6b? —a? 
a 


315. Properties of the Definite Integral 


1. Interchanging the limits of a definite integral does not 
change the absolute value but only the sign: 


b a 
(fe) dx=—[ f wae (1) 
a 6 


This follows from comparing the sums S, which correspond to 
the two integrals. 


2. 
6 c 6 
| (x) dx=§ f(x) dx+ { f (x) dx (2) 
a a c 
This property is explained in Fig. 331 (area aABb=area 


aACc + area cCBb), but it also holds true when the point c 
is exterior to the interval (a, 6). 


INTEGRAL CALCULUS 451 


2a. In place of one additional point c, we can take seve- 
ral. For three points k, 1, m we have 


b k l m b 
{ ex) de=Q f(x) de+ | fey ae+ | fee de+ {fe dx 
a a k U m 


The order of the points is immaterial; of practical impor- 
tance is the case when a, k, J, m, 6 are taken in increasing 
(Fig. 332) or decreasing order. 


Oolak im bx 


Fig. 331 Fig. 332 


3. The integral of an algebraic sum of a fixed number 
of terms is equal to the algebraic sum of the integrals of 
the separate terms. For three terms, 


b 
th +s @)—fs (de 
a 
b b b 
=fhdet | fae) de—( fa le)de 3) 
a a a 
_ 4. A constant factor can be taken outside the integral 
sign: 
b b 


{ mf (2) de=m | f (%) dx a) 
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316. Geometrical Interpretation of the Definite integral 
Consider the integral - 
b 
{ F(x) dx (1) 
a 


where the lower limit is less than the upper (a < 5).!) 

If the function f (x) is positive within the interval (a, 5) 
(Fig. 333), then the integral is numerically equal to (Sec. 314) 
the area covered by the ordinates of the graph y=f (x) 
(@ADE Bb in Fig. 333) 


D 


a \0 ox 


Fig. 333 Fig. 334 


If the function /.(x) is negative within (a, 6) (Fig. 334), 
then the absolute value of the integral is equal to the area 
covered by the ordinates. but is negative. 


Fig 335 


Now let [ (x) change sign once or several times in (a, 6) 
(Fig. 335) The integral is then equal to the difference of 
two numbers, one of which (diminuend) expresses the area 
covered by positive ordinates, and the other (subtrahend), 
the area covered by negative ordinates (cf. Sec. 315, Item 2a). 


1) The case a> 6 reduces to that under consideration by virtue of 
Sec 315, Item 1. ; 
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Thus, for the case depicted in Fig. 335, 
b 
{1 ) dx=(S, +S, + Ss)—(S2+S0 


a 


1 
Example. The integral {2 xdx is ey- 
-2 
ual (Sec. 314, Example) to 12—(—2)?= 419 
= —3. This number is equal to the diffe- 
tence between the areas (Fig. 336) 


0bB = + 0b-bB=1 


and OaA =+ aQ-Aa=4 Fig. 336 


317. Mechanical Interpretation of the Definite integral 


1. The path of a material particle. Let a particle be in 
motion in some direction with a velocity 


v=} (t) 


where ¢ is the duration of motion. It is required to find the 
distance s covered by the particle from time t=7, to time 
t=To. 
If the velocity is constant, then 
s=u(T,;—T)) 


But if the velocity varies, then in order to find s we have 
to partition the interval of time into subintervals 


(Tyr tis (tba). ee naar bade (tae Ta) 


Let t, be some instant of the interval (T,, ¢,), t, some 
instant of the interval (¢,, ¢,), etc. 

The quantity /(t,) is the velocity at time t,; the pro- 
duct f(t) (t; —T,) expresses approximately the distance co- 
vered during the first interval of time. In exactly the same 
way, f(t2)(tg—¢,) approximately expresses the distance 
covered in the second interval, etc. The sum 


Sn=I (Ty) (ty — Ty) +1 (42) (tga) Hd (On) (Tn) 
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describes the distance s the more precisely, the smaller the 
subintervals. The limit of the sum s,, i.e. the integral 


Ts 


{ F@at 
T, 
yields the exact value of the distance s. 

Example. The velocity of a particle increases in propor- 
tion to the time that has elapsed starting from some initial 
instant: 

v=mlt 


Find the distance covered from the initial time to time T. 

Solution. The required distance is expressed by the inte- 
gal of the function mt; the lower limit is equal to zero; the 
vprer limit is T: 


T T 
s={ mtdt=m ( tat 
0 
(Sec. 315, Itern 4) We know (Sec. 314, Example) that 


i" b 
{ 2t dt ba. Hence (Sec. 315, Item 4), (tata S, 
a a 


For a=0, b=T we have 
T 
s=m( tdt= + mT? 
0 


2. The work of a force. If a constant force P acts on a 
material particle moving in the direction of the force, then 
the work A of the force over the line segment (s;, s9) is 
found from the formula 


A=P (83 —S}) 
But if the force P maintains its direction of motion and 


its magnitude changes depending on the distance s, i.e. 
P=f (s), then the work is found from the formula 


Ss 


A=\ f(s)ds 


Sy 
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318. Evaluating a Definite Integral 


Theorem 1. If m is the smallest and M the greatest value 
of a function fb) in an interval (a, 5), then the value of 


the integral Wie) dx lies between m(b—a) and M (b—a). 
Fora<6 we have ' 
m(b—a)< | f (x) dx< M (6—a) (1) 
a 


For a > b the inequalities are reversed. 
Geometrically, the figure shown hatched in Fig. 337 is 
(in area) greater than the rectangle Bete and less than abLK. 


Example. Evaluate the integral { 2xaz. 


4 
Solution. The smallest value of the function 2x in the 
interval (4, 6) is m=2-4=8, the greatest value M=2-6=12., 


Fig. 337 Fig. 338 


Finally, b—a=6—4=2. Hence, the integral lies between 
8-2=16 and 12-224; 
b 


16 < { 2edx < 24 
a 
Its exact value (Sec. 314, Example) is 20. 
Theorem 2. If at every point of the interval (a, 6) the inequalities 
W(x) < Fx) < el) (2) 
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hold, then 


6 6 
Jowac<frmac<fowa (3) 
a a a 


Geometrically (Fig. 338), the area aABb < area aCDb < area aEFb. 

Theorem 1 is a particular case of Theorem 2 [p(x)=m, 9(x)=M)]. 

Note. Theorem 2 asserts that the inequalities can be integrated. 
But the inequalities cannot be differentiated. 


318a. The Bunyakovsky Inequality »)- 


The evaluation of an integral by formula (1), Sec. 318, is ordi- 
narily very-sough. There are a number of formulas that enable one 
to obtain a more exact evaluation. An important one is the Bunya- 
kovsky inequality: 


b 3 6 b 
f f(x) 9) o < fu cor dx-f to war ax 
a a a 


1 
Example. Evaluate the integral tel Vitx? dx. 


Represent the integrand in the form 1-VT+4x! so that f(x)=1, 
@ (x)=V14+x? The Bunyakovsky inequality yields 
1 


1 1 
1g f irae. f (Visa) axe f sey deep 
0 0 0 


whence : 
1<e— < 1.155 
V3 


Formula (1), Sec. 318, would have given (M=V2); 1g V2 <1.415. 
The true value of the integral (found by the method of Sec. 323) is 


~*~ VTexig lh ve7z1) [|b et vr De 
ad Vitae in (x4 VFI) [yay VE +> in (14 VE )=1.147... 


319. The Mean-Value Theorem of integral Calculus 


The definite integral®) is equal to the product of the 
length of the interval of integration (a, 6) by the value of 


ev. Ya. Bunyakovsky (1804-1889), noted Russian mathemati- 
cian, made contributions to number theory and probability. Transla- 
tor’s note: the names Schwarz, Cauchy and Cauchy-Schwarz inequality 
are also encountered in-the literature. 

2) The mean-value theorem breaks down when the concept of the 
integral is extended to the case of a discontinuous function (Sec. 328). 
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the integrand at some point & of the interval (a, 6): 


6 
[fe dx=6—-aF®) @<t<b) () 


Explanation. In Fig. 339, let us displace KL from the 
position CD to the position EF. At the beginning, the area 
5 


AKLB is less than y f (x) dx (cf. Sec. 318, 
a 


Theorem 1), at the end, it is greater. At 
some intermediate time the following equa- 


b 
lity must hold: area AKLB= f(x) dx. 
“ 0 
The base of the rectangle AKLB is Fig. 339 


AB=b—a, and the altitude, the ordi- 
nate NM, corresponding to the point M () of the interval AB. 
Hence 
b 
(o—ayf (=I f (x) de 


a 


Note 1. The mean-value theorem establishes that Eq. (1), 
where & is regarded as the unknown, has at least one root 
that lies between a and 6b. 

Example. For f (x)= 2x, formula (1) takes the form 


b 

y 2x dx=(b—a) 2 (2) 

a 
The theorem states that — lies between a 
and 6. Indeed, the integral is equal to 
62—@q? and formula (2) yields 

a oles 

“~2(b-a) 2 


i.e. & is the arithmetic mean » of a and 6b. 


The geometrical formula (2) expresses the 
O a@é& bX familiar theorem on the area of a trapezoid 

(ACFB in Fig. 340; AB=6-a is the altitude, 
Fig. 340 NM=2§ is the median). 
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Note 2. Actually, the mean-value theorem of differential calculus 
(Sec. 264) differs from the theorem of this section in notations alone. 
Denote the integral of formula (1) by /’ (x). Formula (1) becomes 


) 
J f (x) dx=(b-a) f’ (8) 
a 


Here the left-hand side is equal to f (b)-f (a) (see Sec. 322 below) 
and we get the Lagrange formula 


f (b)— f (a)=(b—a) F (8) 
{as applied to a function f(x) with a continuous derivative]. 


320. The Definite Integral as a Function of the Upper Limit 
b 
Given fixed limits a and 6, the integral { Fa) dx of any 


a 
function f(x) has a definite numerical value. But if the upper 
(or lower) limit is capable of taking on a variety of values, 
then the integral becomes a function of the upper (or lower) 
limit. Its aspect depends on the form of the integrand f (x) 
(and also on the value of the constant lower limit). The cha- 
racter of the dependence is discussed in Sec. 321, Theorem 2. 
1 


Example 1. The integral | 2t dt has the numerical value 1, 
0 


3 


2 
the integral { 2 dt has the value 4, the integral {2 dt, the 
0 


0 
x 


value 9, etc. Hence, {2 dt is a function of x; it is expres- 
sed by the formula 


x 
{ ot dt =x (1) 
0 


Note. In formula (1), the variable of integration and the 
variable upper limit are denoted by different letters (t and x) 
because these variables play different roles in the process of 
integration. Namely, we first evaluate (Sec. 314) the limit 
of the sum 


Sy=2ty (ty —0) 4 209 (tet) HF nea En) 
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srere ty, to, ..., t, are taken from 0 to x, and the numbers 
1. T,, ... belong to the intervals (0, ¢,) (¢;, f2), ... . In 
“3:8 process, x remains constant. 

Then x is subject to change; this time we do not deal 
+:th the variable ¢. 

If in place of (1) we write 


x 
{ 2x dx= x? (2) 
0 

-en the above-indicated difference is blurred. 


Nevertheless, the notation (2) is frequently employed and, 
generally, we have 


[fF @) de @) 
a 


r s 

‘or, also, ac) dt, JF) ds, as | The fact of the matter 

ie a a 

.s that after performing the integration the variable limit 

=as the same meaning (geometrical, mechanical, etc.) as the 

variable of integration (see Examples 2 and 
Example 2. The area S of a triangle 


OPM (Fig. 341) is expressed by the in- Y M, 
a 
iegral y x dx: 
0 sg 
s= [xix t 4) @ Px 
0 Fig. 341 


Let the ordinate PM be moving; then the integral (4) is 
a function of the upper limit; accordingly, we write ¢ in 
place of a: 


t 
S= {ara (5) 
0 


The notation (5) is flawless but inconvenient because in 


the formula S=5 the letter ¢ is the abscissa, whereas we 


used x to denote the abscissa. That is why preference is 
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frequently given to the not quite exact notation 
x 


x 
S= { xdx=> (6) 
0 
Example 3. The velocity uv of a freely falling body is 
given by the formula 
v=gt (7) 


The distance s covered by a falling body in the ume interval 
(0, T) is (Sec. 317, Item 1) equal to the integral y gt dt: 
0 


T 
s= (gt dt=7 gT @) 
0 


The notation (8) is flawless, but in formulas (7) and (8) 
the arguments are denoted differently, whereas their physical 
meaning is the same. Therefore in place of (8) one writes 


t 
s= | gt dt = gt 
0 


321. The Differential of an Integral _ 


Theorem 1. The differential of an integral with variable 
upper limit coincides with the integrand expression: 
x 
d { f(x) dxf (x) dx (1) 


a 


x 
Formula (1) may be written more precisely as afrw dt=f (x)dx 
a 


(see Sec. 320). 


Example. 
P 


d y Qx dx = 2x de (1a) 
0 


1) An integral with variable upper limit x is always a differen- 
tiable function of x. 
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Let us verify this equality. We have (Sec. 320) 
x 
y 2x dx x8 
0 
Differentiating, we obtain (la). 
Note. From (1) we get 


x 


AV Fi de=t (x) Q) 


In words, the derivative of an integral with respect to the 
upper limit coincides with the integrand function. This pro- 
position may be stated otherwise. 

Theorem 2. An integral with variable upper limit is one 
of the antiderivatives (Sec. 293) of 
the integrand function. 

Explanation of formula (1). The 
area of ALMP (Fig. 342) is expres- 

x 


sed by the integral {Fe dx. When 


a 

x is increased by dx=PQ, the area 
of ALMP receives an increment 
PMNQ, which is divided into the Eig, O8% 
rectangle PMRQ and the curvi- 

linear triangle MNR. The area of the rectangle is equal 
to PM-PQ=f (x) dx; it is proportional to dx, while the area 
of the triangle MNR is of higher order than dx (in Fig. 342, 
it is less than MR-RN=dx Ay). Hence (Sec. 230) the integ- 

x 


rand f (x) dx is the differential of the integral Wie) dx. 
Explanation of lonmule (2). If f(¢) is the velocity of a 

particle at time ¢, then {Fae (Sec. 317, Item 1) is the 

distance s covered by the. particle during the time that has 


elapsed between the initial time a and the time ¢: 
t 


s= ( I(t) dt (3) 


a 
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t 


The derivative Sat y f (t) dt is the velocity of the particle 


a 
t 


(Sec. 223). Hence, & { f(t) dt=/(b). 
r:) 


322. The Integral of a Olfferential. 
The Newton-Lelbniz Formula 


The theorem given below reduces the computation of a 
definite integral to finding an indefinite integral (cf. Sec: 323). 
Theorem. The integral of the differential of a function F (x) 
is equal to the increment to the function F (x) over the inter- 
val of integration: 
b 
{ dF () =F )—F (a) (1) 
a 
In other words: if F(x) is some antiderivative of the 
integrand function f (x), then 


6 
| f @) dx=F ()—F (@) @) 
a 
Formula (2) is sometimes called the Newton-Leibniz 
formula. ») 
Example 1. We have (Sec. 314) 
6 
y Qx dx = ba? (3) 
a 


The integrand expression is the differential of the function 
x? (dx? =2x dx). When passing from x=a to x=6, the fun- 
ction x? receives the increment b?—.a?. Formula (3) expresses 


1) The name is justified only insofar as Newton and Leibniz were 
the first to use the relationship between differentiation and Integra- 
tion to find integrals. But they did not give formula (2) either in 
words or as a literal expression. In geometrical form the theorem of 
this section (as also Theorem 1, Sec 321) was established by Barrow, 
Newton's teacher. 
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the fact that the integral is equal to this increment. 


6 
Example 2. Find the integral { 3x2 dx. 
a 


Solution. Noting that the integrand expression is the diffe- 
tential of the function x’, we obtain, by formula (2) 


6 6 
| 3x2 de = y d (x3) = p83 (4) 
a a 
6 
Explanation. The integral f 3x? dx ts (Sec. 314) equal to the limit 
a 


of the sum 
3x8 (xy —Xy) +322 (xg—H4) +... +3221 (Sn—Xp— 1) +322 (Xn 4e1—ey) (8) 


The first term is the differential of the function x* for the interval 
(xo, xX,), the second, for the interval (x,, x,), and so on. Replace each 
differential by an appropriate increment. We obtain the sum 


(29-28) 4 (x3 — x8) 4 2. + (28 -23_ 1) 423, - 23) (6) 


Remove parentheses. All terms, except x3=a° and x3 41 = 5% cancel, so 


that the sum (6) is exactly equal to b?-a?. 

A number of errors are committed in passing from (5) to (6) but 
each one of them is of higher order than the corresponding increment 
of the argument. Therefore, despite the accumulation of errors, their 
sum is infinitely small, which means that for an unbounded increase 
in the number of terms of (5), the expression (5) differs from 6*-a* 
yy, dy infinitesimal. In other words, 63-a* is the limit of the sum 
(6), Le. 


6 
f 3x? dx=6b*-a?® 
Pe : 
The general formula (1) is derived in the same manner. 


Mechanical interpretation. Let a particle be in motion in 
some direction and let F (#) be the distance of the particle 


from the initial position at time ¢. The derivative FO _ F(t) 
6 


is (Sec. 223) the velocity. Hence the integral { f (t) dt expres- 


a 
ses (Sec. 317) the distance s covered between time t=a 
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and t=b: 
b 


s= {1 (t) at (7) 
a 
But at time ¢=a the distance from the initial point is F (a), 
at time t=5 the distance is F (6). Hence 
s=F (b)—F (a) (8) 
Comparing (7) and (8), we get 


m y f (t) dt =F (b)—F (a) 


a 


323. Computing a Definite Integral by Means 
of the Indefinite Integral 


6 
Rule. In order to evaluate the definite integral t (x) dx, 
a 
it is sufficient to find the indefinite integral \ f (x) dx, subs- 


titute into this expression, in place of x, first the upper limit, 
then the lower limit, and then subtract the second quantity 
from the first. 

This rule is based on the theorem in Sec. 322. 

Note. The additive constant of the indefinite integral need 
not be written out, since it disappears in subtraction. 


3 
Example 1. Find (3x8 de. 
-2 
Solution. We find the indefinite integral 
{ 3x8 dr=+C 


Substituting x=3, we find 27-+-C; for x=— 2 we get —8+C 
Subtracting the second from the first, we obtain 


3 
{ Sx4 dx = (27-+C)—(—8-4 C)=27 —(—8) = 35 (1) 
-2 

The additive constant C disappeared in the subtraction. 
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nr 


Example 2. Find | sin x dx. 
0 
Solution. We have j sin x dx==— cos x (we drop the addi- 
tive constant) Hence 
1 
{ sin x dx==— [cos n—cos 0) =2 (2) 
0 


Notation of substitution The notation 
b b 
F(x)| > or (F (x)], (3) 
denotes the same as F (b)—F (a). For example, in place of 


: bs 7 
— [cos m—cos 0) one writes —cosx ‘5 or [— cos *|o° 


a 


Example 3. Find { ax 
0 


at+x? 
Solution. 
a 
ax _f i xya_t <p am 
{ ar= [4 arctan] 7 arctan |1——> arctan 0=—7 
Example 4. 
5 
\ os =—s|° =-444=2 
m=— =| ag hig ag 
3 3 


324. Definite Integration by Parts 


Integration by parts (Sec 301) may be applied directly 
to a definite integral through the use of the formula 


Xs Xs 
{ udv=uv *— (ody (1) 
4, oy 


It is better to use formuta (1) than to first compute the indehnite 
integral, particularly when integration by parts is repeated. 
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V3 
Example 1. /= { cent 
0 
Setting 
Be Wi ad | ee 
ee ees eS) Le [ fata | 
we find 
V3 
a 1) «4[—raam |= —Ta 1 
ve V3 v3 
dx 3 1 os : n 
+ y Tae) es +P arctan V3=—-F4+F = 0.307 
0 
a 
2 
Example 2. (= xsinxdx, 
0 
We have 
4 x 
2 3 zr 
l= { #d(— cos x)=— x cos x| | +§ cos x ds 
0 0 


The first term vanishes and we obtain 
Tu 


: 2 
l=sin «| =1 
0 


325. The Method of Substitution In a Definite 
integral 
Xs 


Rule. To evaluate the integral y f (x) dx we can introduce 


. xX 
an auxiliary variable z connected with x by some relation. 
The integrand is transformed, as in the case of indefinite 
integration (Sec. 300), to the form f, (z) dz. It is also neces- 
sary to replace the limits x, and x2 by new limits z, and z, 
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2 such fashion that these values of the variable z are asso- 
vated with the given values x,, x, of the variable x. If this 
s possible, then we have ) 


Vv (x) | fr (@) de (1) 


Example 1. Find 


13 
( V 2x1 dx 
5 
Solution. Introduce the auxiliary variable z connected 
with x by the relation 
z2=2x—1 (2) 
Expressing x in terms of z, we obtain 
1 
cat (3) 


The integrand VY 2x—1 dx is transformed to 
L 
1.2 
zz a 


The limits x,;=5, x,=13 must be replaced by new limits 
2, 23 by formula (2): 


2; =2x,—1=9, 2g = 2x,— 1 = 25 
According to (1) we have 


ae ieee 
J VERT d=| ytdz=ze' |, =325 
+a 
Example 2. Find y V a@—x?3 dx. 
Solution. The substitution 
x=asint (4) 


1) It is assumed that: (1) the Eclekionship between x and z may 
be expressed by the formula x=q (z), where the function ¢ (z) has a 
continuous derivative in the interval (z,, z,); (2) the function / (x) Is 
continuous for all values assumed by x when 2 varies in the interval 
(21, 23). 
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reduces (Sec. 303, Example 1!) the integrand to the form 
a? V 1—sin®?¢ cos ¢ dt = + a® cos* t dt (5) 


The upper sign is taken if ¢ belongs to the first or fourth 
quadrant, the lower sign if it lies in the second or third. 
The new limits ¢,, ¢t, must be chosen so that 


—a=asint,, a=asint, 
This is possible (and in two ways). We can take 


a 


h=-F. h=Z 


2 


a 


Then ¢ varies within the fourth and first quadrants, and 
so we take the upper sign in (5) and obtain 


Bus Bale 
+a 2 2 
——Z , at ae 
| V at¥—x? dx=a? ( cos? t dt=-> (1 +7 sin 2t ) = 
ct ue RLS 
2 2 
et 
Po ag) 
We can also take 
3n 1 
tae Say 


But then we take the lower sign in (5) and obtain 


ata’ 


+a 
y V@—x# dx=—a? \ costtdt=> 
~a 


[fees s|s 


If we take the upper sign in (5), the result will be in- 
correct: —7— 


Note. The method of substitution can lead to mistakes if the 
condition specified in the rule is not fulfilled: namely, if there 
are no such values 2,, 2, to which the given values x, %9 
of the limits of intergration can correspond. Mistakes of this 
nature are encountered in Example 3. 
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Example 38. Evaluate the integrals 
| 
2 +1 
he f vires, 12 [ Vine ax 
-1 ~-1 


which differ solely in the values of the upper limit. 
Let us try to introduce an auxiliary function: 


xt=2 (6) 


When transforming the integrand V1—x? dx, we replace the factor 


V1—x? by the expression V1—z. To transform the factor dx, express x 
in terms of z: this yields 


ce tVZz (7) 

The simplest thing would seem to be to take the substitution 
xa4V2 (8) 
But then it is impossible to replace, in the integrals /, and /,, the 


lower limit x,=-1 with the new limit 2,, to which, by formula (8), 
would correspond the value x=-—1!. We therefore take the substitution 


=-V2z (9) 
and attempt to apply it first to the integral /,. Now, the values of 
the limits x,=-1, “=-> correspond to the values 2,=1, ast ‘ 
From (9) we obtain 

sas iF Hh) 
and by formula (1) we get 
ook a 
2 4 peat 
1,= \ VI=w axa -+ ( V a ql) 
-1 1 


or, interchanging the limits, 


1 
1! 1-2 
he \V a (12) 
1 
4 


1-2 
V > a3) 
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which yields the new limits 


4 
The corresponding substitution will be 
1 2t dt 
Tp SST a 


and we obtain 


i 0 V3 
. 1 atat J_( dt 
whey Ve "Tem |= ) +e)? 
V3 8 
As in Example 1. Sec. 324, we find 


nated = 0.307 


If in place of (9) we employ the substitution (8), without noticing 
that the condition given in the rule is violated, then in place of (12) 


| 
we get -4 | Ba and for /, we obtain the wrong value 
ah 
4 


(-0.307). 

As for the integral /s, neither substitution {(8) or (9)J is suitable 
because the former fails to yield the lower limit, the latter, the upper 
limit. If by mistake we take, say. the substitution (8), then for /, we 


! { a= dz, which is zero. This is absurd since the integrand 


get TT 
1 


V T=x? is positive throughout the interval of integration. 
To evaluate /, we can split it up into two terms as follows: 


0 i 
=f VT—x? dx+f Vi=x? dx 
-1 0 


We apply substitution (9) to the first summand, and substitution 
(8) to the second. Each of the two terms becomes 
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so that 
1 


n=S of Ga (15) 
6 


This is an improper integral (Sec. 328) because the integrand has 
a discontinuity at the point z=0. However, we can still apply substi- 


is monotonic; see Sec. 328, 


tution (14) (because the function z= 
N 


1+? 
ote 3). 
We find that 


This integral is also improper (Sec. 327). Nevertheless, we can apply 
(Sec. 327, Note 1) integration by parts, so that proceeding as in 
Example 1, Sec. 324, we find 
+o +0 
I Soo fs + _ at 
rr 2+) 2 (1 +f?) 
0 0 


The first term is equal to zero, and we finally obtain 


326. On Improper Integrals 


The concept of a definite integral was introduced (Sec. 314) 
for a finite interval (a, 6) and for a continuous function f (x). 
A number of specific problems (see examples in Secs. 327 and 
328) lead io an extension of the concept of an integral to 
cases of infinite intervals and discontinuous functions. This 
is attained by performing another passage to the limit in 
addition to the limit process of Sec. 314. ‘Integrals obtained 
by such a double passage to the limit are called improper 
integrals in contrast to the integrals introduced in Sec. 314, 
which are called proper integrals. In Sec. 327 we consider 
improper integrals of the first type (with one or two infinite 
limits), in Sec. 328 we consider elementary improper integrals 
of the second type (of a discontinuous function). 
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327. Integrals with Infinite Limits 
Definition 1. If an integral 


x 
{f(s ae (1) 


has a finite limit as x’ ++ 0, then this limit is called the 
integral of the function [ (x) fromatoinfinily and is denoted 


+o 
| Fea 2) 
Thus, by definition . 
+@ x 
{ Fleyde= lim (f(x de (3) 
a xi~>tro@ a 


If, as x’ ++ 0, integral (1) has an infinite limit or hasno 
limit at all, then we say that the improper integral (2) di- 
verges. If integral (2) has a finite limit. we say that the 
improper integral (2) converges. 


+@ 
Example 1. Find the integral y 2-* dx. 
0 
Solution. We have 
. 1 
= — |! ¢_9- _ ot e rE) 
{2 *dx= — ( 2 *) =t(' Qe 
0 0 


x 
4) When the integra! fre dx has an infinite limit as x7 ++, 
a 


+a 
we say (conditionally) that the improper integral J f (x) dx has an 
a 
+o 
infinite value, and we write J f(x) dz=@. 
a 
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As x’-»-+ 0 this expression has the limit eo Hence 


+o x 


{ 2-*deslim [2-*de= tx 14 

. Vato In2 
x 

Geometrical interpretation. The integral y 2-*dx is de- 
0 


picted by the area OBB’D (Fig. 343) under the line y=2-~. 
As the ordinate BB’ recedes, the area OBB’D increases but 


not without bound. It tends to m- We say that the area of 


the infinite strip under the line y=2-* is equal to "5 


Explanation. Let us consider the step-like figure in Fig. 343. 
The first rectangle OACD has 
an area OD-OA=1-1=1, the 


second, an area AK AN=+- l= 


=F) the third, an area + 
etc. As the number of rectangles 
increases, their overall area tends 
to 2 (the sum of an infinitely Fig. 343 
decreasing progression). The num- : 
ber 2 is naturally considered a measure of the area of the 
infinite eerie strip. The area of the infinite curvilinear 
strip is still less. 


5 


ABN x 


+O 


Fy dx 
Example 2. Find ) >: 


x 
Solution. The integral (# =Inx’ has an infinite limit as 
1 


x’ -+-+ 00. The required improper integral diverges.) 


+@ 


4) 11 then has an infinite value: ( { a. =) See footnote on 


1 
p. 472. 
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Geometrically, the area of the strip AA’B’B (Fig. 344) 
under the hyperbola y= increases without bound (the in- 


finite curvilinear strip has an infinite area). 

Example 3. Two electrified balls with positive charges e, 
and é, electrostatic units are attached 
to a plane surface R cm apart. The 
ball carrying charge e, is released and 
it recedes from e, due to the force 
of repulsion of charges F=“% (r is 
the variable distance between the cent- 
A ms Bx resin centimetres, F is the magnitude 

Fig. 344 of the force in dynes). 

The work of the force F over the 
interval (K,r’) is expressed (in ergs) by the integral (Sec. 317) 


r’ 


1 1 
eye _—_ 
{ S68 dr eye, ( R 2 ) 

R 


The improper integral 


+o 

dr ‘ pe ees _— C18 

€1€2 { aoe [ eves ( R 7 ) J=eses 
R 


expresses the total reserve of work of the system at hand. In 
physics this quantity is termed the potential. 


a 
Definition 2. The limit of the integral | F(x) de as 
rad 


x" —+— oo is called the integral of the function f(x) from 
—o toa: 

a a 

( f(x)de= lim | Feydx (4) 

x +— OO 

—eo x” 
Convergence and divetgence of the improper integral 
a 
{ (x) dx is to be understood as in Definition 1. 


-@ 
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Definition 3. The integral of a function f(x) from 
— oo to +o: 


+@ 
{ Fe)ax 6) 
is the sum = 
a +@ 
J ferdet | payee (6) 


It is independent of the choice of a. It is assumed that both 
improper integrals (6) - 
converge. 

Integral (5) expresses 
the area of a strip under 
the curve y=f (x) exten- 
ding to infinity in both 
directions (curve VAU in 
Fig. 345). F 

Example 4, Find the Fig. 345 
area of the infinite strip 


under thecurve y= 


zr (the versiera, or the Witch of 


Agnesi, Fig. 345; see Sec. 506). 
Solution. The desired area is given by the integral 


+@ 0 +@ 

a® dx a® dx a® dx 
j wae > { eit \ 24 (7) 
-o -@ 0 


Pe 
Since | Stat arctan eee it follows that 
a*+x? a 
+0 


3 : : , 
{ = ax =a? lim arctan *. — 24" 
a?+x xls 40 a 2 


The first summand is evaluated in similar fashion and we get 


+o 

a® dx 
\ fam @) 
-@ 
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Note # The basic formula 
b 
J Ff (x) dx=F (6)-F (a) 
a 


+@ 
as applied to the convergent integral J f (x) dx is of the form 
a 
nm 


J f (x) dx=F (@)-F (a) 
a 


The symbol:F (a) denotes lim F (x’) 


v x7 @ 
The formula for integration by parts is applied in similar fashion. 
@ 


To compute the improper integral J } (x) dx we can also use the 
a 


remes of substitution, provided that the function x=@ (z) is mono- 
onic, : 
Note 2 \t is sometimes advantageous to convert a proper integral 

into an improper one. Thus, in computing the integral 

a 

2 

sin® x cos? x dx 
y (sin? x +cos* x)? (9) 


It is best to introduce the auxillary function 
tan x=2 (10) 
This yields 
@ ) 


2? dz 1 _ i 
| #45=—a7im ~ 3 (11) 
0 0 


Transforming integral (9) to the form (11), we regard the given 
integral as the limit of the integral 
oa 
{ sin? xcostx de 9, 
(sin? x+cos*® x)? 2 


328. The Integral of a Function with a Discontin: ity 


Definition 1. Let a function f(x) be discontinuous at the 
point x= and continuous at all’ other points of the interval 
(a, 6). 
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If the integral 
x 


| fe) dx (1) 


nas a finite limit as x’ tends to b (remaining less than 6), 
then this limit is called the improper integral of the function 
*(x) from a to b and is denoted in the same way as the 
similar proper integral: 


b x’ 
{ }(x)dx= lim { Fie (2) 
xr’ + b-0 ; 


a 


Fo: proper integrals, proof is provided for formula (2), 
but for improper integrals it is taken as a definition. 

A similar definition for the improper integral is given 
when /(x) has a discontinuity at the end-point x=a alone 
of the interval (a, 6). 

Convergence and divergence of an improper integral are 
to be understood as in Sec. 327. 

Definition 2. If f(x) has a discontinuity only at some 
interior point ¢ of the interval (a, 6), then 


6 c 6 
frende=V iar +{ eax (3) 
a a c 


It is assumed that both improper integrals on the right 
converge. 
Formula (3) is proved for proper integrals; here, it serves 


as a definition of the improper integral fre dx. 


a 
Note 1. Definition 2 may be extended to the case when 
there are two, three, etc. points of discontinuity in the 
interval (a, 6) For instance, for two points c’, c” we have 


b c c 6 
{ Feyax =F) ey dx $ [rea ax + | 1 x)ax (3a) 
a a c cc 


Example 1. Find 
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This integral is improper because the integrand function 
is discontinuous (becomes infinite) at x=a. The integral 
converges because the function 


x 
{ yao =a? arcsin = (4) 
0 
tends to the limit Le as x’ +a. Hence 
a “a . 
‘. rere 6) 


Geometrically, the area of the 
infinite strip KAOBL (that is, the 
limit of the area LSOB as the point S 
tends to A; Fig. 346) is equal to the area 
of the semicircle BOB’A; hence, the 
hatched figure going off to infinity is 
equivalent to the sector AOB’. 


37S 
Fig. 346 Example 2. Find i a a dx 


x? 


This integral is improper because the “integral becomes 
infinite at xO inside the interval (—a, +a). By Defini- 
tion 2 we have 


a 


fe V Sar= a/3 (tarp atl {xs dx (6) 
0 


-a 


By Definition 1, 


0 x 
( x78 dy— lim \ x72/8dx= 
-a xr +0 -~a 
= lim 3(a/8 —x'1/3)— 31/8 
x’ +0 


1) The radius a of circle O isa yea proper ticia between the 
ordinate of the line L’BL and the corresponding ordinate of the semi- 
circle A’BA; this makes it easy to construct the line L’BL. 


INTEGRAL CALCULUS 479 


The same goes for the second term in formula (6). We 
finally get 


+a 3 -—_ 
| Veneer 
-a 

Geometrically, the area of the infinite strip ADLL’D’A’ 
(Fig. 347) is three times the area of the rectangle A’ADD’ 
(so that the “infinite spire” 
DLL'D’ is equal to the square 
constructed on DD’). 

Example 3. In the expression 


+1 


y —s the integrand is disconti- 


2 
-il 
nuous at the point x=0, and the 
0 1 


improper integrals \= and | 4x 
x x? 
-1 
x 1 
d ! d. 
diverge (because the integrals y FS l-s> and y > = 


- x 
= Ly have Infinite limits as x’ +-0 and x ++0). Hence, this 

”” expression is not in the least an 
improper integral (in the meaning 
of Definition 2). The infinite strip 
ADLL’D’A’ (Fig. 348) under the 


line = has an infinite area. 


Note 2. Applying the basic for- 
mula of integral calculus 


6 
J fe d= (0)-F (a) (7) 
a 

i 


to expression es we would 


2 
-1 
Fig. 348 get the negative number —-2; 


this absurd result (the integrand — is everywhere positive! ) is 


+1 


ax Z 
obtained because the expression y om is meaningless. Now if the 


-1 
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Improper integrals 
c 6 
s f (x) dx. f f (x) dx 
a ¢ 


entering into (3) COSTER: then formula (7) ts always true for the 


improper integral J f(x) dx. 
a 


Note 8. As to integration by parts and by substitution, we can 
tepeat Note | of Sec. 327. 


329. Approximate Integration 


In practical situations we often encounter integrals that 
cannot be expressed in terms of elementary functions (Sec. 309) 
or involve cumbersome expressions. It often happens that 
the integrand function is specified in the form of a table or 
a graph. In such cases, the integrals are found by approxi- 
mate methods. 

Historically, the first was worked out by Newton in his 
method of infinite series (see Sec. 270). It is still used (on 
a more rigorous basis; see Sec. 402). 

Another method, often called the method of quadratures, )) 
consists in substituting for the integrand function y=f (x) 
a polynomial of degree n 


P (x)= ox" + jx"-)+....44_-1X +n (1) 


such that for the given values x=X), x=%,..., X=X, 
(their number is n+ 1) it has the same values as the func- 
tion f (x). 

Geometrically, the curve y=/ (x) is replaced by a “para- 
bola of degree n” y=apx" 4+ a,x"-!+...+a, passing through 
n+1 points of the given curve. 

The approximate computation of the values of the func- 
tion { (x) from several of its given values f (Xo), f(x), ..-> 
f(%n) is called interpolation, while the polynomial (1) is 
called the interpolation polynomial. 

Integrating the interpolation polynomial, we obtain an ap- 
proximate value of the integral of the function f (x). 


1) It is also based on the ideas of Newton and was first developed 
by Taylor, Simpson, and others. Some of the latest work has been 
ee by the Soviet mathematicians V. P. Vetchinkin and F. M. 

ogan. 
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Example 1. For one given value yp=f (x9) we obtain an 
interpolation polynomial of degree zero: 


P (x)=¥% (2) 

The curve ¥a i ® is replaced by the horizontal straight 

line UV (Fig. 349) passing through the given point My (xo, Yo). 

The approximate value of the 
integral 


h A 

"tS: atD: 
S f@)dx= fF yodx=yoh (3) 

h h 


u-> Xo > 
yields the area of the rectangle 
AUVB (in place of the area of the Fig. 349 
curvilinear trapezoid AA’B’B). 

Example 2. For two given values yo=f (9), ¥1 =f (%o +4) 
we obtain an interpolation polynomial of the first degree: 


P (x)=yo +45" (229) (4) 
It represents the straight line M)M, (Fig. 350) passing through 


the points Mo (Xo, Yo), My (Xo, §3). The corresponding 
approximate value of the integral 


Xoth Xeth 
Vradex | Pear=zieture 6) 
Xo Xe 


yields the area of the straight-line trapezoid x>M)M,x,. 
Example 3. For three given values 


Yo=l (Xo), Y=f (oth), Ya=f (%o+2h) 
we obtain an interpolation polynomial of degree two: 


P (x)= yo EG (x — a) + AEH (4 — 9) [x — (xo + AD] 


(6) 
We can verify the validity of formula (6) by substituting 
successively ? 
X=Xq, X= Xp th, x= x,+2h 
We obtain 


P(X)=Yo P(X tA=yy P (xo t+2h)=ye 
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The formula becomes complicated if we arrange P(x) in powers 
of x. The expressions {/;-Yo (=AYo) and 2—2y,;+¥Yo (=A*yo) are the 
first and second differences (Sec. 258) of the function f (x) 


The polynomial (6) is a parabola with vertical axis (Fig. 351) 
passing through three points: Mo (Xo. Yo), Mi(xo+A, 91); 
M2 (Xo 2h, ye). 


Fig. 353 
The approximate value) 
Xot+2h Xot+2h 
[ fedex | Payde=Lytantudh 
Xo Xo 


yields the area of the parabolic trapezoid AyMyK’M,L’M,A, 
(in place of the curvilinear trapezoid AyM,)KM,LM,A,). 


Formulas (4), (6) generalize to an arbitrary number of equidistant 
values of x. For four values we have 
WN Yo Y2- 241 + Yo 
A 2th? 


a SUES Ys Ye x ry) [x bgt WD] [2~ 9+ 2) 


Or, more succinctly, 


(X—Xq) [X= (Xo +h) + 


P (x)= Yo + 


(X—X9)+ 


2 
P (x)= 49 + AYO (x— x9) +AU (xm xg) (x= 21) + 
Ary 21ax! 
AS 
+ -_ (X= Xo) (X— 4X4) (4— Xp) 

ST Ax, 

Xot2h 
4) Evaluation of the integral f P (x) dx is simplified if we 

Xa 


introduce an auxiliary variable x- (x,+4)=2. 
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The corresponding general formula is known as Newton's interpolation 
?ormula. From it, Taylor obtained (in moneigorols fashion) an expan- 
sion of the function f (x) in a power series (he put x,=2X 9, x,=Xp, etc. 
and replaced the differences Axo, Ao, A?yo etc. by the differentials 
1x, dyy, d*yo, etc.) (cf. Sec. 270). 


330. Rectangle Formulas 


Using points x,, x2, ..., X,-1 (Figs. 352, 353) divide the 
interval of integration (a, 6) into n equal parts, each of length 


Ol@=Zo ty Lz Zp4 Tp=b Ola=zo 2, 2, Ing Tq™ 


Fig. 352 Fig. 353 
Xyjpr eee (Fig. 354) to denote the midpoints of the subinter- 
vals (Xo, X,), (1, X2), (Xe, Xs), .... We set 


Fod=yo F)=% Fa)d=ya --..3 
F(X) )=4y> F (Xs) )=Ys)) F(X) )=Ys). eee 


The rectangle formulas are the following approximate equal- 
ities: 


fe) de = FP yeti t-- t Yah () 
E b 
[i@dr~ <8 tut...+ynb @) 
a 
5 


f(x) dx = rat hala or ea | (3) 
a 2 
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Expressions (1), (2), (3) yield the areas of the step-like 
figures in Figs. 352, 353, 354 (cf. Sec. 329, Example 1). 
In most cases, for a given n, formula (3) is more accurate 
than (1) and (2). Asn increases, the accuracy of formulas (1), 
(2), and (3) increases without 
bound. 
Note. The limiting error of 
tormula (3) ‘is 
x (o-a)? 
24n? 


M; (4) 


0 @ Ig Ty ry ry 


Pig. 354 where M, is the greatest value of 
~ | F” (x) | in the interval (a, 6). For 
empirical functions, in place of M, we take the greatest value of the 


Aty 
quantity xm 


Example. Using formula (3) compute an approximate value 
of the integral (for 10 ordinates: = 10) 


X9j9=0.45 — Yqg=0.8316 9a 
sy2= 55 Y1 4/2 = 0.7678 


£1 5/2=0.65 yy 5/9 = 0.7029 


X19/2=0.95 4149 = 0.5256 


the sum >) y=7.856! 
1 22 Sy=0.78561 


a 


The error amounts to roughly 0.0002. 
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We have [* (x)=2 aia, The greatest value of | /” (x) | In the 
car Es bi 


aterval (0, !) is equal to 2 (it is reached at x=0). Substituting Into (4) 

t=10, Ms=2, we find the limiting error 0.00985. Hence, there is no 

sense in computing Wy. Ys, and so on to more than four places. 
2 2 


By formulas (1) and (2) (the values Yo, ¥1, Ye, ... are gi- 
ven in Sec. 331), we obtain / ~ 0.8099 and / ~ 0.7599, i.e. the 
error is approximately greater by a factor of 50. 


331. Trapezoid Rule 


Using the notations of Sec. 330, we have 
6 


y I(x) dx = 28 [eet tutus t-. toma] (1) 


This is the trapezoid formula. It yields the total area of 
the trapezoids shown in Fig. 
355 (cf. Sec. 329, Example 2). 


Note. The limiting error ot 
(b-a)? 
tormula(1) amounts to 
where M, is the largest value of 
if" (x) | in the interval) (a, 6) (cf. 
Sec. 330, Note.) Fig. 355 


dx 
T+x? 


Example. Let us compute the integral t=] 
0 


(=0.785398...) using the trapezoid formula and 11 ordinates 
(n=10). This yields 


x=0.5 yp=0.8000 x9=0.0 yp =1.0000 
Xo =0.6 Yg = 0.7353 X19 = 1.0 Y10 =0.5000 
x,=0.7 y,=0.6711 Yo+Yro= 1.5000 


pl a eo re (+:5209 + 7.0998 ) = 0.78498 


i=9 
the sum }) y; =7.0998 
t=1 
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The error comes out to roughly 0.0004, as in the case o: 
formula (3), Sec. 330. But there the approximation was ir. 
excess, here it is in defect. 


332. Simpson’s Rule (for Parabolic Trapezolds) 


In the notations of Sec. 330, we have 
b 


[ Flayde w Poe [ vem yy yet tant 
a 
+2 (Yj j2 4493/2 +--- +¥,-110)| (1) 


This is Simpson's formula. It gives the total area of the 
curvilinear trapezoids x>MgMj,oMyx,, *1M,M3,.Moxa, ... 


O=Ly Ly Ty Ly Ty Lg Zs a= 


Fig. 356 


(Fig.356), where in place of the arcs MyM My, M\M3,.My,... 
of the given curve y=f (x) we take the same arcs of para- 
bolas with vertical axes, Fig. 356 shows one parabola MoM, 2M, 
(cf. Sec. 329, Example 3). 

For the same number of ordinates, Simpson’s formula is 
in most cases much more accurate than the rectangle formula 
(Sec. 330) and the trapezoid formula (Sec. 331). 
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Note. The limiting error of formula (1) is 


(h-a)s 
180 (2n)* Me (2) 


Sere, M, is the largest value of | Pal in the interval (a, 6). 


Example. Compute the integral 


1+x? 


1 
= 4x_ (— 0.785398...) 
0 


>y Simpson’s formula using five ordinates: 


(ont te) 


x)=0 + yo=0.50000 
£190.25 2yy 9 = 1.88235 
x,=0.50 y; =0.80000 


X3)9==0.75 2439 = 1.28000 
%,=1.00 + y= 0.25000 


the sum = 4.71235 
I = 2-4,71235 = 0.78539 


The error amounts to approximately 0.00001, which is less 
by a factor of 40 than in the examples of Secs. 330, 331, 
though the number of ordinates in the latter instances was 
twice as great. 


It is useful to compare the Simpson formula with the trapezoid 
formula. In the first case, we have an extra term 2 (Ys/p+JYs;9+...! 
which is about twice the sum of the remaining terms. Which means 
that the expression in square brackets in the Simpson formula is ro- 
ughly three times the corresponding expression in the trapezoid for- 


mula. Accordingly, the factor = is three times less than the factor 


b-a 


a 
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333. Areas of Figures Referred to Rectangular 
Coordinates 


The area of a curvilinear trapezoid (aABb in Fig. 357) 
located above the x-axis is expressed (Sec. 316) by the in- 
tegral 


b 
S=( fax (1) 
a 
For the trapezoid beneath the x-axis, we have 
83 b 
S=—| fax (l’) 


a 


Figures of any other shape are partitioned into trapezoids (or 
the trapezoids are completed) and then the area is found as 


Ves 


Fig. 357 Fig. 358 


the sum (or difference) of the areas of the trapezoids. Com- 
putation is facilitated by a suitable choice of rectangular 
system. 
Example 1. Find the area of the parabolic segment AOB 
(Fig. 358) from the base AB=2a and the height KO=h. 
Let us choose the axes as in Fig. 358. Divide the seg- 
ment AOB into equal curvilinear trapezoids OKB and OKA: 


h 
area OKB= J y dx (2) 
0 


The coordinates x, y are connected by the equation 
y= 2px (3) 
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The parameter p is found from the condition that the para- 
dola passes through the point B (A, a): 


a?=2ph (4) 
From (3) and (4) we find 
y= VE (6) 
Substituting into (2) we get 
h 


re Fae: 
area One| V xdx= = ah, 


area AOB=2 area OKB=~ (2a)h 


that is, the area of the parabolic segment comprises + of the 


area of the rectangle ABB‘A’ having the same base and the 
same height. 

Alternative method. Take the segment AOB and complete 

the rectangle AA’B’B. The area of the complementary tra- 
+a 


pezoid is y x dy or by virtue of (5) 


Hence 
area AOB=2ah——--2ah=+--2ah 


Example 2. Find the area S of the figure (Fig. 359) lying 
between the parabolas y2=2px and x?=2py. 

The area S is the difference between the areas of ONAL 
and OKAL. The parabolas intersect at the points O (0, 0) and 
A (2p, 2p). We have 


rs xt 4 2p)? 
s={ V 2px dx— | Fea a 
0 0 
S comprises a third of the area of the square  OLAR. 


‘) Using the result of Example |, the area S may be found in 
elementary fashion. 
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Example 3. The area of an ellipse = = tye = 
+a 
a — VY @—x? dx=nab 
-a 
Example 4. The hyperbola 4; —4 =1 (Fig. 360): 
x 
area AMP= { 2 Vx8—a dx= 


a 
ee SPs, |g as es nan = = -— = In 
~~ 2a 2 a 2 2 


x y 
z+ 


area OAM = area OPM — area AMP = Lin ( 


o| 
QS 


Fig. 359 Fig. 360 


Example 5. The cycloid (Fig. 361): 


x=a(t—sin’), y=a(l—cos?) 


2a Qn 
area on ALO=( ydx =a? y (1 —cos 1)? dt =3na? 
0 0 


Hence, the area of the cycloid is three times the area of the 
generating circle. 


334. Scheme for Employing the Definite Integral 
The definite integral can be used to express a great va- 


riety of geometrical and physical quantities (see Secs. 335-338). 
In all cases, the following uniform scheme is employed. 
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1) The unknown quantity U is associated with an interval 
= 6), the range of some argument. 

Thus, to express by an integral the area aABb under the 
-ne AB (Fig. 362) we associate it with the interval (a, 6), 
sae range of the abscissa x. 


N 


L 
Fig. 361 Fig. 362 


2) The interval (a, 5) is partitioned into subintervals 
(a, xy), (xy, Xe), .-.. (Xp, 6) (the number of subintervals will 
then tend to infinity and their lengths will approach zero). 

Let the unknown quantity U be subdivided into parts Ug, 
U,, Ug, ... (Fig. 362), the sum of which yields U. — 


Zl OX 


Fig. 363 Fig. 364 


Quantities having this property are called additive quantities (in 
contrast to nonadditive quantities; for instance, the angle between 
the generatrices of a conical surface is a nonadditive quantity). The 
angle AOB } (Fig. 363) _may be associated with the interval (a, 5), 
where a=RA and 6=RB, which are arcs of the directrix reckoned 
from some initial point R. But if we partition (a, 6) into subinter- 
vals (a, c) and (c, 6), the corresponding angles AOC and COB do not 
yield, as a sum, the angle AOB. 

An additive quantity can be expressed by an integral, a nonad- 
ditive quantity cannot. 


(3) One of the subintervals U; is taken as a typical re- 
presentative of the parts Uy, U;, ... . Depending on the 
conditions of the problem, it is expressed by an approximate 
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formula of the form 


U; & F(X) (X41 —-*)) (1) 
and the error must be of higher order than x; 4,—4;. 

The expression f (x;) (x;41;—¥*;) or, briefly, 

f (x) Ax (2) 
is called an element of the quantity U. 

The element of the area aABb (Fig. 364) is the area of 
the rectangle x;KQx;4,; the error of formula (1) is the area 
of the shaded triangle KQL. It is of higher order than 
Xj4i—x;s2 Ax; (the area KQL is less than the area of 
KNLQ=KQ-KN=Ax;Ay;, and the latter is of higher order 
than Ax,). 

(4) From the approximate equality (1) we get the exact 
equality 

b 
U= y f(x) dx (3) 
a 


Explanation As the number n increases, the error in the 
sum 

F (Xo) (41 — Xo) + Ff (%1) (42-44) +--+» +P (%n) an +1—%n) (4) 
(despite the accumulation of errors) tends to zero, since the 
errors of the individual terms decrease faster than the num- 
ber of terms increases. That is why U is the limit of the 
sum (4), i. e. 

b 
= { f (x) dx 


a 


335. Areas of Figures Referred to Polar 
Coordinates 


The area S of the sector AOB bounded by the curve AB 
and the rays OA and OB (Fig. 365) is given by the formula 


S=z | rade (1) 


where r is the radius vector of the variable point M of the 
curve AB, @ is its polar angle. 
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sea mranation. The scheme of Sec. 334 is applied here as 
ollows. 

(1) The area of AOB is associated with the interval (q,, 
Qa) Of variation of the polar angle. 

(2) The interval (@,, 2) is partitioned into subintervals, 
the sector AOB is thus subdivided into subsectors of the form 
AOM,, M,0M, and so on; the sum of their areas yields the 
area of AOB. 


Fig. 365 Fig. 366 


(3) We take the subsector M,OMy (Fig 365) as a repre- 
sentative of the subsectors AOM,, MOM; etc., and replace 
it by the circular sector M,0Q, the area of which, 


+ OM, M,Q=—r-r Ag= + rPAg 
is an element of the area of AOB. The error of the approxi- 
mate formula 
area MOM, ~ > r Ap (2) 
is of higher order than Ag. 


The error fs equal to the area of ue curvilinear triangle Ms;QMs;, 
and the latter is less, area QM,RM=—> (OM3-OMs) AQ = rArAg. 


(4) Formula (1) follows from the approximate equation (2). 
Example. Find the area of the figure OCDA (Fig. 366) 
bounded by the first whorl of the spiral of Archimedes 
(Sec. 75) and the line-segment OA=a (the lead of the spiral) 
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Choosing the polar system as in Fig. 366, we have 
r= 0 


The beginning O of the whorl and the end A are associated 
with the values 


9: =0, ga—2n 
By formula (1) 
an : 2n 
a 
s=7\ dg = sax | gt dg—=— aa? (3) 
0 


The area ofthe first whorl is three times less than that of 
the circle having as radius the lead of the spiral. This result 
was found by Archimedes.” 


336. The Volume of a Solld Computed 
by the Shell Method 


We consider a solid of arbitrary shape (Fig. 367). Let 
the areas F (x) be known of all its cross sections parallel to 


Fig. 367 Fig. 368 


the plane R(x is the distance of a section from the R pla- 
ne). Then the volume of the solid is 


Xs 
v= F (x) dx (1) 
x 
') Though Archimedes did not explicitly introduce either the 


concept of an integral‘or that of a limit, his method actually coinci- 
des with the method of integral calculus. 
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Explanation. Divide the solid into parallel slices, or 
shells; the solid NMKQmP is a representative of these sli- 
ces. Construct the cylinder NMKnmk. Its volume, equal to 
F (x) Ax, is an element of the volume V. Formula (1) follows 
therefrom (cf. Secs. 334 and 335, Explanation). 

Example 1. Find the volume V of a pyramid UABCDE 
ne a from the area of the base S and the altitude 

Solution. The area F (x) of a section A,B,C,D,£, is found 
from the proportion 


F (x):S= U0}: U0? = x2: H? 
By formula (1) 


H H 
Val F(x de=—Z | dea SH (2) 
0 0 


This formula is a familiar for- 
mula of elementary geometry, 
but the derivation there is 
much more complicated. 

Example 2. Find the vo- 
lume of an ellipsoid (Sec. 
173) with axes 2a, 2b, 2c. 

Solution. The — section 
KLK’'L' (Fig. 369) parallel to 
the principal ellipse BCB’C’ 
and distant A=OM from 
it is (Sec. 173) the ellipse 
with semiaxes 


The area F (A) of a section is equal (Sec. 333, Example 3) to 
met tnt ht 
F (h) = nb'c' =nbe Ss) 


By formula (1) 


v= (Fw an=2 {nbc (1-5) dh=- nate) 
-a 0 
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A cone with elliptical base BCB’C’ and altitude OA=a has 
volume 


V7.=— Sa 


(the derivation is the same as in Example 1); that is, 
Ww=> mabe. Hence, the volume of an ellipsoid is four times 


that of a cone having as base one of the principal sections 
and as vertex the ida aaa vertex of the ellipsoid. This 
result was found by Archimedes (for an ellipsoid of revolution). 

When the ellipsoid becomes a sphere (a=b=c), we get 


the familiar formula Vat mrs, 


337. The Volume of a Solld of Revolution 


The volume V of a solid (Fig. 370) bounded by a surface 
of revolution and two planes P,, P, perpendicular to the 
axis of revolution OX is expressed by the formula 


Venu f y? dx (1) 


where y=/ (x) is the ordinate of the meridian AB. 


Fig. 370 Fig. 371 


Note. The quantity my? is the area of a transverse (cir- 
cular) section (cf. Sec. 336). 

Example. Find the volume of a segment of a paraboloid 
of revolution (Fig. 371) from the radius of the base AB=r 
and the altitude OA=A. 
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Solution. As in Sec. 333 (Example 1), we find that the 
seridian (parabola) is given by the equation 
2g __ rtx 
tae 


3y formula (1) 


h 
V=n { dx murth 
0 


That is, a segment of a paraboloid is equal in volume to 
zalf the cylinder having the same base and the same altitude. 
This result was found by Archimedes. 


338. The Arc Length of a Plane Curve 


The length s of an arc AB of a plane curve is expressed (in 
rectangular coordinates) by the formula 


te 
s=| Vie OFT’ OF at a) 
4 


where ¢ is a parameter used to express the current coordina- 
tes x, y (te > t,). 
If the parameter has not been chosen, formula (1) is more 
conveniently written as 
(B) 
s= | Vartay (2) 
(A) 
The labels (A) and (B) indicate that for the limits of integ- 
tation we have to take those values of the parameter which 
correspond to the ends of the arc AB. 
In particular, it is often convenient to take the abscissa x 
as the parameter. Then we have 


s= | VIF ya (3) 


Explanation. The infinitesimal arc MN is equivalent to 
the chord MN (Fig. 372). On the other hand, 


MN=YV MQ?+ QN2= V Ax?+ Ay? = V de? +dy? 
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Hence 
MN = V dx? dy? 


Tnus, the expression VW dx?-+-dy* (it is proportional to the 
increment At in the argument:: 
is an element (differential: 
of the arc AB. By Item 4 0: 
the scheme given in Sec. 334 
we obtain formula (2). 

Finding the arc length is 
called rectification of the arc. 

Example. Find the arc length 
of one branch of the cycloid 
(Sec. 253) x=a(t—sin?t), y= 


=a(l—cos 4). 
. 972 Solution. 
/ Tey =a + (4 "a V (1—cos #)?-+ sin? t= 
=a V 2(1—cos )=2a| sin]. (4) 
Qn 
={ 2a sin + dt = 8a (5) 
0 


The length of one branch of a cycloid is equal to four 
times the diameter of the generating circle 


If we compute the total length of two branches of a cycloid using 
4x 
the formula s=( 2a sin dt, we get zero. The error is due to the 


0 
fact that in the interval (2n, 4) we have 


| sin |=- sin (and not + sin +) 

Note. When we measure the length of a curving path by 
paces or the length of a sinuous river (on a map) using some 
scale unit, we are implyirig the equivalence of arc and chord. 
This property is suggested by practical experience. But if we 
wish to prove it mathematically, we must define arc length. 

Definition. The arc length of a plane or space curve is 
the limit to which the perimeter of a polygonal line inscri- 
bed in the arc tends when the number of segments of the 
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selygonal line increases without bound and the lengths of 
<xe segments approach zero. This is the usual definition. 


Using this definition, we can now prove that MN = MN. For- 
stala (1) is also directly derived from it, so that the scheme of Sec. 334 
sculd appear to be dispensed with completely. Actually, however. 
se scheme is “hidden” in the definition. 

Arc length may also be defined as the limit of a circum- 
scribed polygonal curve. This definition is equivalent to the 
zreceding one. 


339. Differential of Arc Length 


The differential of arc length is given (Sec. 338, Expla- 
zation) by the formula 


ds = V dx? + dy? (1) 
If the argument is x, then (Fig. 373) 
dx=MQ, dy=QP, 
ds = V MQ? QP*=MP 


The differential of the arc expres- 
ses the length of a segment of the 
tangent line from the point of 
tangency to intersection with the 
:ncreased ordinate. 

Example. The differential of 
the arc of a cycloid is (cf. Exam- 
ple, Sec. 338) 


ds = V dx? + dy2=a V 2(1—cos 1) dt = 
=2a sin df (O<mt<2n) 


Fig. 373 


340. The Are Length and Its Olfferentia! In Polar Coordinates 


The length of the arc AB (Fig. 374) is given in terms 
of polar coordinates ,, @ by the integral 


(B) 
s= | V dr? + 21g? (1) 
(A) 
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The differential of the arc is given by the formula 
ds = V drt edi (2: 
Explanation. From point O as centre, draw a circle 
(Fig. 374) of radius OM=r. Its arc MK (=rAg), the seg- 


ment KN(= Ar) and the arc MN (=As) of the curve AB 
form a curvilinear triangle 
with right angle at the vertex K. 


Fig. 374 Fig. 375 


Although the Pythagorean theorem does not hold exactly for 


such a triangle, for an infinitesimal arc MN the square of 
the “hypotenuse” is equivalent to the sum of the squares of 
the other two sides: 


— V RNS MS 
MN = V KN84-KM? 


or 

ds = VAP+P Ag? = V drt+ridgi 
Hence, the expression VY dr?+r%dq* is the element (differen- 
tial) of the arc length s. 


Note. Formula (2) of this section may be obtained from (2) 
of Sec. 338 by the substitution 


dx=d (r cos g)=cos g dr —r sin g dq, 
dy=d (r sin g)=sin g dr-+rcos p dg 
Example. From point O on a circle of radius a, draw 


a ray OK (Fig: 375); from point L where the straight line 
OK again cuts the circle, lay off a segment LM=2a in the 
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direction of the ray OK.) The curve described by the point 
M as the ray is rotated is called a cardioid (which means 
“heart-shaped”; see Sec. 508 for a detailed discussion of the 
cardioid). Find its length. 

Solution. Choose the polar system as in Fig. 375. We 


then have 
OL=OA cos p= 2a cos g, \ (3) 
r=O0L+LM=2a (cos p+ 1) 
The cardioid is tompletely described when @ ranges over 
the interval (—x, +2). Its length, by (1), is 


+n 
s= y V 4a? (1+ cos @)? + 4a? sin? g dp= 
-1 
+n +71 
=2a y V 2+2cos 9 dp=4a ( cos 2 dp = 16a (4) 
- xX 


Note. A cardioid may be obtained as the path of a point 
on the circumference of circle Opq (Fig. 375) rolling (without 
sliding) on a circle ONAL of the same radius. 

From (4) it is clear that the length of the cardioid is 
equal to eight times the diameter of the generating circle. 

The cardioid may be drawn by varying @ from zero to 2x But 

an 
g 


if we compute its length from the formula s=4a y cos > dg, we get 


0 
zero, The source of the error is indicated in Sec. 338 (fine print). 


341. The Area of a Surface of Revolution 


The area S of a surface formed by the revolution of an 


arc AB about the x-axis is given by the integral 
(B) 
sS= | 2ny ds (1) 


(A) 


where y is the ordinate of the meridian AB, ds = VY dx? + dy? 
is the differential of its arc (Sec. 339), (A) and (B) are the 
end-point values of the parameter in terms of which the coor- 
dinates are expressed. 


1) When the straight line touches the circle at point O, segments 
equal to 2u are laid off in both directions from O (OM,=OM,=2a). 
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Explanation. Partition the surface ABB’A’ (Fig. 376) 
into parallel shells, and replace each shell MNN’M’ by the 
lateral surface of a frustum of a cone with the same bases. 
The areas of these surfaces are 
equivalent. Therefore, 


area MNN’M’ = 
an(PM+QN)MN_ (2) 


Since PM+QN=2y-+ Ay, 

MN = MN=As, it follows that 

areaMNN’'M’ = n(2y+ Ay) As= 
= 2ny As (3) 


Whence formula (1) follows. 
Example. Find the area of a surface formed by the revo- 
lution of a cycloid about its base. 
Solution. We have (Secs. 338, 339) 


ds=2a sin + dt (0<t<2n), 
Qn 
s={ Qna (1—cos t)-2a sin +. dt= 


Fig. 376 


0 


an 
; 64 
=8na? y sin? + dt =F ma? 
0 


By way of comparison, take the area of the axial section 
(that is, double the area of the cycloid) 62a? (Sec. 333). The 


area of the surface of revolution exceeds it by a factor of 32. 


Note. In order to prove the equivalence of the area of 
the shell MNN’M’ and the area of the lateral surface of a 
frustum of a cone, we have to define the concept of “the area of 
a curved surface”. This definition is given in Sec. 459. Due to 
its complexity, one often introduces the following particular 
definition which is in agreement with the general definition. 

The area of a surface of revolution is the limit to which 
tends the area of the surface formed by the rotation of a poly- 
gonal curve inscribed in the meridian when the number of 
straight-line segments of the polygonal curve increases without 
bound and the lengths of the segments tend to zero. 

From this definition, it is possible to derive formula (1) 
directly (cf. Sec. 338, Note 1). 


PLANE AND SPACE CURVES 
(FUNDAMENTALS) 


342. Curvature 


Suppose, as point M on curve L moves to point M’ 
(Fig. 377), the tangent line which is in the direction of the 
motion turns through an angle of w (omega) from position 
MT to M’T’. The ratio of the angle w to the arc length 


MM’, PG describes the curvature of the curve L on the 


? 


segment MM’ and is called the average curvature of the arc 
MM’. The angle w is ordinarily mea- 
sured in radians. 

The average curvature of any seg- 
ment of a straight line (its tangent 
coincides with the straight line itself) 
is equal to zero; the average cur- 
vature of any arc of a circle of 
radius R is equal to - : 

The dimensions of ‘average curvature are reciprocal to the 
dimensions of length; that is, when the scale changes, the 
numerical measure of curvature varies inversely with the 
numerical measure of segment length. 

Definition. The curvature of a curve L at a point M is 


Fig. 377 


the limit to which the average curvature of an arc MM’ 
tends when the point M’ tends to M. The curvature is de- 
noted by the letter K: 


MM’ +0 MM’ 


o 


(1) 


Curvature characterizes the amount of bend of a curve at 
the point under consideration. The curvature of a straight 
line is everywhere equal to zero. The curvature of a circle 


of radius R is everywhere equal to — . For any other curve, 


the curvature varies from point to point. It may be zero at 
some points (called points of rectification). Near a point of 
rectification, a curve resembles a straight line. 

Note. We consider curvature to be a positive quantity 
(if it is not zero). To the curvature of a plane curve we can 
affix a sign, to the curvature of a space curve we cannot 
(see Sec. 364). 
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343. The Centre, Radius and Circle of Curvature of a Plane Curve 


Suppose a point M’ (Fig. 378) is in motion along a plane 
curve L and tends to a fixed point M where the curvature K 
is nonzero. Then the point C’, where the fixed normal MN 
cuts the normal M’N’, tends to the point C which is dis- 


tant MC=— D) from M..The ray MC is in the direction of 


concavity of L. 
The line segment MC is called the radius of curvature, 
and the point C, the centre of curvature of L (for the point M). 
The radius of curvature is denoted by R or the Greek 
~. letter p (rho). The quantities R and K 
D T yf are reciprocal quantities, i.e. 


4! 1 
tt Raz (1) 
) and 
1 
K== (2) 
The radius of curvature of a circle is 
¢ c equal to its radius and the centre of 
curvature coincides with its centre. 
ON A circle described from the centre 
Fig. 378 of curvature C (Fig. 379) with radius 


R=MC is called the osculating circle, 

or the circle of curvature, of the curve L (at the point M). 
The curve L is exterior to the circle of curvature in the 
direction of increasing radius of curvature (in Fig. 379, it is 
to the right of M), and interior to the circle of curvature in 
the direction of decreasing radius of curvature (to the left of 
M in Fig. 379). Therefore, as a rule the circle of curvature 
is tangent to the curve L and at the same time intersects it. 


‘) In the triangle MC’M’ (Fig. 378) the angle C’ is equal to 
the angle w (angles with mutually perpendicular sides), Z C’M’M= 
=90°-A, where angle ra=Z MM’‘’D is infinitesimal (it is less than @). 


By the sine theorem, Mc’ 2 (90° A) MM’ =cosA aie 


sin @ sin @ 


the limit and taking into account the fact that MM’ = MM’, sano so 
and cos ~ 1, we get 


- Passing to 


— 
’ a 
MC=lim MM? 2 stim —S = 1:K 
* MM 
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In exceptional cases when the radius of curvature at the 
point M has an extremum, the curve L, on both sides of M, 
is situated inside the circle of curvature (in the case of a 
maximum, Fig. 380) or outside it (in the case of a minimum, 


M 
c/ 
\ 
v \ 
n) \ 
a \ 
‘ ‘ 
a ad 
N H Cc : 
Fig. 379 Fig. 380 Fig. 381 


Fig. 381). An instance of the first case is the end of the 
minor axis of ‘an ellipse, an instance of the second case is 
the end of the major axis. 

Note. lf at M the curvature of the curve L is zero, then the 
point of intersection of the normals MN and M’N’ recedes from M 
indefinitely when the point M’ tends to M. We then say that the ra- 


dius of curvature at the point of rectification is infinite, and we 
write R=o. 


344. Formulas for the Curvature, Radlus and Centre 
of Curvature of a Plane Curve )) 


The curvature of a curve y=/(x) is computed from the 
formula 


the radius of curvature, from the formula 


_Us+y)P 2 

ear cane @) 

the coordinates of the centre of curvature C, from the. formulas 
(4g? tey? 

res) yon yp HY @) 


1) The corresponding iormulas for a space curve are given in 
Sec. 363. 
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If y’=0, then the curvature is zero, the radius of curva- 
ture is infinite and the centre of curvature is absent. That is 
what always occurs, for example, at points of inflection (cf. 
Sec. 283). 

Formulas (1) to (3) are replaced by symmetric formulas 
if the curve is represented by the parametric equations x =f, (t), 
y=f, (t). Then 


ist o9e | 
tay)? (1) 
= (x2 49/7) 9/2 
R= Ty eFT * a) 
ca xey? vey? , 
XeHk apy) YCHN payee * (IIT) 


The primes denote differentiation with respect to the pa- 
rameter ¢. Formulas (1) to (3) are obtained from (I) to (III) 
if we put x=? (then x’=1, and x”=0). If we put y=? 
(then y'=1, y”=0), i.e. if the equation of the curve is taken 
in the form x=f(y), then in place of (1)-(3) we get the 
following formulas: 

nt EES 
~~ (14x'?)3/2” (1a) 
(+?) 


Rate (2a) 
2 , 2 
roma ttte yo=y—2 ee) (3a) 


ao 


The existence of the derivatives x’, y’, x”, 
the given curve ensures the existence of curvature at that point. The 
converse does not hold: it may happen that the curvature exists at A 
but the derivatives x’, y’, x”, y” (one or several) do not exist. Then 

“formulas (1)—(111) are not valid and this shows that the parameter 
was not properly chosen. See Example 1 (fine print). 


y” at the point A_of 


Example 1. Find the curvature, the radius and the centre 
of curvature C at the vertex A (0, 0) of the parabola y? = 2px 
(Fig. 381). 

Solution. The easiest way is to take the ordinate y for 
the argument: from the given equation we get 

e ’ ¥y ” 


ae ah ae 
ia LS SSS (4) 


At the vertex of the parabola we have 


x’=0, *’= 


1 
P (5) 
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Using formulas (1a) to (3a) we get 


1 
=> R=p xc=P, yo=0 (6) 


The radius of curvature at the vertex of the parabola is 


equal to its parameter, that is, the focus F bisects the seg- 
ment AC. 


{f for the argument we take the abscissa x of the parabola y=2px, 

then in place of (4).we get (see Sec. 250) 
yok, poste (7) 

y y 
The derivatives y’, y” do not exist at the vertex of the parabola 
(x=0, y=0), so that the formulas (1) to (3) cannot be utilized di- 
rectly However, formulas (1) to (3) are suitable for all the other 
ily the parabola, and after the substitution (7) they are trans- 
formed to 


Ks—? 
(y*+p2)"/3" 8 
_(y?+pty'/s @) 
R= — , 
y® 
xouxt— te (=3x+p), 
a @) 


If we substitute x=0, y=0 here, then we again get the values (6). 
The meaning of this computation lies in the fact that we have found 
the limits to which the quantities 
K, R. x0. Ue tend when a point of 


the parabola approaches the vertex 
of the parabola. 


Example 2. Find the radius 
and the centre of curvature at 
the vertices of an ellipse with 
semiaxes a, b (Fig. 382). 

Solution. The simplest way 
is to use the parametric equations 
of the ellipse (Sec. 252) 


x=acost, y=bsint 


From them we find Fig. 382 


x’=—asint, y’=bcost, 
x“=—acost, y’=—bdsint 
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From formulas (Il) and (II1) we get 


Re sin? ¢+ b? cos? tls 


aa (10) 


(a? — 6?) cos? ¢ 
fd ciel | 


2 2 (a?—b*) sin? ¢ (11) 
ea 
At the vertex A (a, 0), where t=0, we have 
Rg=——. wont, yc=0 (12) 
At the vertex B(0, 6), where t=— , we have 
3 2_ ht 
Re=F-. tc=0, yo=— TG (13) 


Note. Forming the equation of a tangent to the ellipse 
(Sec. 252) 


bcos t-X-+asint-Y—ab=0 
we find that its distance from the centre (Sec. 28) is 
ab 
Va? sin? ¢+b? cos? ¢ 


Comparing with (10) we find 


d= 


Thus, the radius of curvature of the ellipse is inversely pro- 
portional to the cube of the distance from the centre to the 
tangent at the corresponding point. In particular, from (12) 
and (13) we find that 


Rg: Ry=63: a? 


345. The Evolute of a Plane Curve 


The locus L’ of the centres of curvature of a plane curve L 
is called the evolute of the curve L. Formulas (III), (3) and 
(3a), Sec. 344, which yield the coordinates xc, yc of the 
centre of curvature, are at the same time the parametric 
equations of the evolute fin formulas (3) and (3a) the role of 
parameter is played by x and y, respectively]. Eliminating 
the parameter, we get an equation relating the coordinates 
of the evolute. 
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Example 1. Find the evolute of the parabola 
y? = 2px (1) 


Solution. For the parameter let us take the ordinate y. 
Substituting into formulas (3a), Sec. 344, the expressions 


1 y 1 
Sa v= , we get 


2 2 2 3 2 
o-Ps @ 
z 2 3 
yo=y— PS (3) 


These are the parametric equations of the evolute with para- 
ele y. To eliminate y, represent the system (2)-(3) in the 
orm 


+ P(%c—p)=y? Dyc=—¥ 


Cubing the first equation and squaring the second, and equat- 
ing the left members, we get the equation of the evolute: 


27 py? = 8 (xc — Pp)? 
The evolute is a semicubical parabola (Fig. 383). 


M 
(7) 
M, 

P 
Example 2. Find the evolute of the cycloid. 


Solution From the parametric equations of the cycloid 
(Sec. 253) 


Fig. 383 Fig. 384 


x=a(t—sint), y=a(1—cos t) (4) 
we find, from formulas (III) of Sec. 344, 
Xc=a(t+sin~f), yo=—a(i—cos ft) (5) 


The similarity of equations (4) and (5) is not accidental; if 
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a new parameter ¢’ is introduced with the aid of the relation 
t=U4n (6) 
then Eqs. (5) transform to 


Xc=na+a(t’—sint’), (7) 
Yc = — 2a+a(1—cos t’) 


Hence, the evolute L’ of the cycloid L (Fig. 384) is a 
cycloid congruent to the given one but displaced along the 
base OB by half of the base and dropped below the base a 
distance KC, equal to the altitude. 


From (6) it is seen that the turns of the generating circles at the 
corresponding points of the common cycloids differ by 180°; in parti- 
cular, the vértex of one of the cycloids is associated with the point 
at which the arches of the other come together. 


346. The Properties of the Evolute 
of a Plane Curve 


Property 1. The normal of a curve L is tangent to its 
evolute L’ at the corresponding centre of curvature. 

Example 1. The normal M,C, of the cycloid L (Fig. 384) 
is tangent to the cycloid L’ at the centre of curvature C3 of 
the first cycloid. 


Explanation. On the normals PP’, QQ’ ot curve L (Fig. 385) 
take the centres of curvature p, q. Let the point P be fixed and let Q 
approach it. Then the point qg describes 
an arc qP of the evolute L’ and tends 
to p. The point a, where the fixed nor- 
mal intersects the moving normal, also 
tends to p (by virtue of the definition 
of the centre of curvature). In the trian- 
gle pga, the angle p is less than the 
exterior angle Z PaQ=w and is there- 
fore infinitesimal. Hence, the secant 
line gp tends to coincidence with PP’; 
i.e. PP’ is tangent to the evolute; the 
point of tangency is the centre of cur- 
vature p corresponding to the point P. 


Fig. 385 Property 2. Let the radius of 

curvature R of the curve L_ inc- 

rease aS we move from point P to point U (Fig. 385). 

Then the length of the arc pu of the evolute L’ is equal to 
the increase in the radius of curvature of the curve L: 


“pu =Ry—Rp 
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Example 2. The radius of curvature of the cycloid L (Fig. 384) 
at point O is zero; it increases on the arc OM, and at M, 
‘s equal to M,Cy=4a (see Example 1). By Property 2, the 
fength of the arc OC, of the cycloid L’ is 4a—O0—4a 
icf. Sec. 345, Example 2). 

Explanation. Partition the arc pu of the evolute L’ into subarcs 
oq, qt, etc.; their number will then tend to infinity. Suppose that all 
the subarcs pq. qt, ... are of the same order of smallness. Then the 
ares PQ, QT, ... of the curve L will be of the same order. The diffe- 
rences, however, Pa—Qa, Tb-Qb, etc. will be of higher order. Since 

pa+aq=(Pa~ Pp)+(Qq- Qa)=Qq- Pp+(Pa— Qa) 
and similarly for the polygonal lines q6t, tcu, ..., the perimeter of the 
polygonal line pqtu differs from the quantity 
(Qq—Pp)+(Tt-Qq)+(Uu-Tt)+...=Uu-Pp 


by an infinitesimal (that resulting from the accumulation of infinite- 
simals of meDer order). ; 

Hence, the length of the arc pu of the evolute. which is the limit 
of the length of the circumscribed polygonal line, is equal to Uu— Pp. 


Note. If between the exfremities of the arc of curve L there 
are points with extremal radius of curvature, then Property 2 
breaks down. Thus, at points M, and M, (Fig. 384) of the 
cycloid L the radii of curvature are the same, whereas the 
length of the arc CsC4Cg is of course nonzero. Property 2 
breaks down because at the point M, the radius of curvature 
has a maximum. The arc C3C, is equal to MyCy—Ms3C3, the 
arc C,C, is also equal to M,C,—M;Cs (and not to 
MyC3— M,4C,). 


347. Involute of a Plane Curve 


A plane curve L may be obtained from the evolute L’ of 
the curve by the following mechanical construction. 

Take a string (flexible and nonextensible) and wind it onto 
the evolute L’; coming off the evolute at p (Fig. 385), the 
string would have a free end at P of curve L. Now if we 
unwind the string from the evolute, the free end will describe 
the curve L. 

Explanation. The taut string is all the time tangent to L’. When 
it comes off the evolute at point q, its free part increases by the length 
of the arc Pa. i.e. (Sec. 346, Property 2) by. Qq—Pp. The free part 
becomes equal to Pp+(Qq—Pp)=Qq and the end of the string coinci- 
des with point Q : 

This construction leads to the following geometrical defi- 
nition. 
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Definition. On a given curve L’ (Fig. 385) choose the d:- 
rection of increasing arcs (either one is possible, say, fror 
u to p); in this direction, lay off on the tangents thé seg- 
ments uU, tT, Qq, ..., the lengths of which decrease jus: 
as much as the arc length increa- 
ses. The locus L of the end-points o° 
these line-segments is called the 
involute of the given curve. 

Every plane curve L’ has ar 
infinite number of involutes (PS. 
P,S;, P2S_ in Fig. 386). For each 
one of them the curve L’ is the 


evolute. 
The involutes of the curve L' 
Fig. 386 are orthogonal trajectories of its 


tangents (i. e. they intersect all 
tangents at right angles; cf. Sec. 346, Property 1). 
For the involute of a space curve, see Sec. 362, Note 2. 


348. Parametric Representation of a Space Curve 


A curve in space that is regarded as the intersection of 
surfaces is given by a system of two equations relating x, y, z 
(see Sec. 170). 

A curve in space regarded as the trace of a moving point 
is represented by a system of three equations: 


x=f(), y=o), z=) (1) 
expressing the coordinates of the point in terms of a para- 
meter t (in mechanics, time is usually the parameter). Eqs. (1) 
are called the parametric equations of the space curve (cf. 
Sec. 251). 

One of the coordinates is ordinarily taken for the para- 
meter, say x. Then the equations of the curve have the form 


y= (x), z= (x) (2) 
(the first of Eqs. (1) becomes an identity: x=]. 
Eqs. (2) are not suitable for representing a curve lying ina plane 
perpendjcular to the x-axis (because all the points of such a curve have 
the same abscissa). 


If the equation of a surface becomes an identity after sub- 
pita of expressions (1), then the curve (1) lies on that 
surface, 
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Any line can be represented parametrically in an infinite 
-zumber of ways. If one system of parametric equations is 
«crown, then we obtain any other system by replacing ¢ by 
some function of the new parameter t’. 

The projection of curve (1) on the plane z=c (in parti- 
cilar, on the coordinate plane XOY) is given by the equations 

x=f(t), y=o(t), z=c (3) 
The equation z=c is often simply implied. Similarly, for 
projections on the planes x=a and y=6. 

Example. The parametric equations 

x=—2+t, y=342t, z=1—2t (la) 
describe a straight line. 

If for the parameter we take x, then the same straight 
line will be represented by the equations 

x=2x4+7, z=—2x—3 (2a) 
Line (la) lies on the surface 
12x? yt (4) 


(hyperbolic paraboloid) because equality (4) becomes an iden- 
tity when we substitute expressions (la) into it. 
The straight line (1a) also lies in the plane 


y+z—4=0 (6) 
Hence, the straight line (la) belongs to the intersection of 
the surfaces (4) and (5). 


From this it does not follow that the surfaces (4) and (5) intersect 
only in the points of the straight line (1a). Plane (5) intersects the 
paraboloid (4) along two rectilinear generatrices (Sec. 180); one of 
these ts the straight line (la). 

Taking the expression of the parameter ¢, t=24+4 t’ in 
terms of the new parameter ¢’, we get other parametric equ- 
ations of the same straight line: 

Ly , , 
x=al, y=T+l', 2=—3-t (Ib) 

The projection of the straight line (la) on the xy-plane 

is given by the parametric equations 
x=—2+4+1, y=3+421 (3a) 
(equation z=0 is implied). We obtain the equation of the 
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same projection from (1b) in the form 
x=yt’, y=7+t' (3b) 


and so forth. Eliminating the parameter, we get y=2x+7 
in both cases. 


349. Hellx 


Let a point M (Fig. 387) be in uniform motion along the 
generatrix. QR of a circular cylinder and let the generatrix 
itself be in uniform rotation along the surface of the cylinder. 
Then M describes a curve AMC called a helix. The radius 


Fig. 387 Fig. 388 


of the helix is the radius a of the cylinder on which the helix 
is drawn. 

If the motion of the point M is viewed from the base 
towards which it is moving, then the rotation of the gene- 
ratrix is either positive (counterclockwise) or negative (clock- 
wise).) In the first case, the helix is termed right-hand 
(Fig. 388a), in the second, left-hand (Fig. 3880). 

The straight-line path AC=hA (Fig. 387) traversed by 
oint M along the generatrix during one orbit: turn of the 
atter is called the lead (or pitch) of the helix. The lead of 


') If M_is in motion along the helix in the opposite direction, we 
observe it from the other base, but the generatrix too will be revol- 
ving in the opposite direction. Hence. positive rotation remains posi- 
tive and negative rotation. negative. 
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a right-hand helix is taken to be positive, that of a left-hand 
helix, negative. 

Right- and left-hand helixes (of one and the same radius 
and with the same absolute value of lead) cannot be brought 
to coincidence. They are mirror symmetric. 

Note. lf we develop a cylindrical surface on a plane, the 
circle AQB (Fig. 387) becomes a straight line 


perpendicular to the generatrices. Since the M 
segment QM is proportional to the arc AQ: (ue, 
QM:AQ=h:2na (1) Fig. 389 


it follows that the helix becomes a stra- 
ight line (AM in Fig. 389). The angle y of its inclination 
to the generatrices is determined from the formula 


A 
tan =i => (2) 


h 
where b=55- 


Parametric equations of a helix. Take the axis of the 
cylinder for the z-axis (Fig. 387), and take the x-axis towards 
an arbitrarily chosen: point A of the helix. For the parame- 
ter tf we take the angle of turn of the plane of the axial 
section OQMR from its initial position OAC. Then 


x=OP=acost, y=PQ=asint, z=QM=8bt (3) 
The two equations y=asin?t, z=bt are the projection of 
the helix on the plane YOZ. This projection is a sine curve. 
The projection on the plane XOZ is also a sine curve, the 
projection on the plane XOY is a circle. 
350. The Arc Length of a Space Curve 


The length of the arc AB of a space curve is given by the 
integral 


(B) 
“WE 
or 
(B) 
s= | V dx? dy? + dz? (2) 


(A) 
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The differential of the arc (cf. Sec. 339) 
ds = V dx® + dy? + dz? = V x? y’?+ 23 dt (3) 


mre 1. Find the length s, of one turn (revolution) of 
a helix. 

Solution. Formula (2) yields [taking into account formu- 
las (3) of Sec. 349] 


2n 


= ( V (d(@ cos NP [d (asin) ++ [d ODP = 
on 
= jvae sin® f +a? cos? f-+-b4 dt =2n V a?+ 63 (4) 
0 


that is the length of one revolution of the helix is equal 
to the hypotenuse of a triangle, one leg of which (2na) is 
equal to the circumference of the base, and the other (275) 
is equal to the lead of the helix (cf. Sec. 349, Note). 

If the initial point of the arc is fixed and the terminal 
point varies, the arc length is a function of the parameter ¢, 
and, hence, (Sec. 348), can itself be taken as the parameter. 

Example 2. Write the equations of a helix, taking for the 
parameter the arc length reckoned from the initial point t=0. 

Solution. As in Example 1, we get 


{ 
s= | Y asin? fa? cos?i--bedt = Var+bt (5) 
6 


Expressing ¢ in terms of s and substituting into (2), Sec. 349, 
we get 


x=a cos 


s F s 
, y=asin——, 
Vat+ 6? # Vat+ 63 Vat+ 6? 


351. A Tangent to a Space Curve 


The tangent to a curve (L) at a point M (x, y, z) is the. 
straight line MT to which the secant line MM’ tends when 
the point M’ tends to M (cf. Sec. 225). 

If the curve (L) is represented parametrically, 


x=f(t), y= g(t), z= p(t) (1) 
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then for the direction vector (Sec. 143) of the tangent we can 
take the vector 


1 Jdx dy dz 
ra{e, %, al Q) 
or the vector collinear with it, 

_Jdx dy = dz 

t= {# . as az) (3) 


Its absolute value is equal to unity 2. The vector ¢ is there- 
fore called the unit vector of the tangent. 

The coordinates of the vector t are the direction cosines 
(Sec. 144) of the tangent: 


__ dx _dy __dz 
cosa=s-, cosp=7, cosy=z (4) 


(in Fig. 390, a= 7 AMT, B=Z BMT, y=Z CMT). 
Explanation. Fur the direction vector of the secant line we can 
—_ 
take the vector MM’={Ax, Ay, Az} and, hence, also the vectors 
— — 
MM (a8 Ay as\ a MM" {as Ay Az 
4s As’ As 


ar ar Ar ar MM 


It. Formulas (2) and’(3) are obtai- 
ned by proceeding to the limit. 
From Fig. 390 we have 


»_ MC _ dz 
cos ZoMM = uM = as Passage to 


the limit yields cos yee. We ob- 


\ collinear with 


tain the other two formulas in (4) 
in the same way. 

The symmetric equations of 
the tangent (Sec. 150) are of 
the form Fig. 300 

Hatt (6) 
x y 2 


The primes denote derivatives with respect to any parameter. 
Example. Consider the helix (Sec. 349) 


x=acost, y=asint, z=b6t (la) 


') The vector r’ is the derivative of the radius vector r{x, y z} 
(see the theorem in Sec. 3 


ax \* ab. dz)" _axttdyt sds? det 
_ (2) +(# *\as) = ds* mar 
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The vector 
r'={—asint, acost, b}={—y, x, o} (2a) 


is the direction vector of the tangent. From equations (6), 
Sec. 350, we get the unit vector of the tangent: 


t=) ——*— sin , ——*— cos —— ee 
Vat+ oF Vai+ bt Vat+ oF Vat+ 6? ' Vat+ oF 


(3a) 
so that 
a A s a F 
ha ro err Si sin voiocn Wate sin @, 
cos ae 2 cost, cos y=—— a 
~ Vate BF : Vv Vas a 
This formula yields: tan y= (cf. Sec. 349). 
The equations of the tangent have the form 
X—acost Y-asint Z-01 
“Zasint —acost 5 (5a) 
ees 
X-x_Y-y_ Z-2 (5b) 


In parametric form, 
X=x—yu, Yo=ytxu, Z=ztbu (6) 


At the initial point (¢=0, x=a, y=0, z=O) the tangent 
is given by the equations X=a, Y=au, Z=bu. 


352. Normal Planes 


A plane P (Fig. 391) passing through a point M of a 
curve L and perpendicular to the tangent MT is called a 
normal plane to the curve L. 

The direction vector of the tangent (Sec. 351), r’= 
= {xn y', 2’t, is a normal vector to the plane P. The equa- 
tion of a normal plane is of the form (Sec. 123) 


(X —x) x’+(Y —y) y' +(Z2—2z) 2'=0 
or, in vector form, 
(R—r)r'=0 
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Example. The equation of a normal plane to the helix 
x=acost, y=asint, z=6t 
is of the form 
(X —a cos t) (—asin t)+(Y —asin f) (acos t)+ (Z—bt) b=0 
or 
—yX+xY +62 —bz=0 


The normal plane at the initial point 
(a, 0, 0) is given by the equation 


aY +bZ=0 


Any straight line passing through 
the point M of thespace curve L and 
perpendicular to the tangent MT is 
called the normal to the curve L (at the 
point M). A space curve has an infinity 
of normals all of which lie in the normal plane. 

If a curve L lies in one plane, then from the infinity of 
normals one is selected (the principal normal) lying in that 
plane. We can also choose a principal normal in the case of 
a twisted curve (Sec. 359). 


Fig. 391 


353. The Vector Function of a Scalar Argument 


Difinition. A vector p is called a vector function of a 
scalar argument u if to every numerical value that wu can 
take on there corresponds a definite value of the vector p 
(i.e. a definite magnitude and a definite direction of the 
vector). 

In contrast to a vector function, a scalar quantity depen- 
ding on wu is called a scalar function. 

Example 1. Point M is in motion along a curve L 
(Fig. 392). The velocity @ (regarded as a vector) is the vec- 
tor function of the scalar argument ¢ (the time reckoned 
from some initial instant) because at every instant the vector 
ov has a definite magnitude and a definite direction (it is 
collinear with the tangent to the curve L). The vector o 
may also be regarded as a function of the (scalar) argument 
s (arc length M,M). The magnitude of the velocity is a sca- 
lar function of the argument ¢ (or s). 
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Example 2. The radius vector (Sec. 95) OM of point M 
describing a curve L (Fig. 392) is a vector function of the 


arc length s= MM. The coordinates x, y, z of the vector 


OM (i.e. the coordinates of the point M) are scalar functions 
of s (cf. Sec. 350, Example 2). 


RY 


Fig. 392 Fig. 393 


Note. If the terminal point of a vector p is moving (as 
in Example 1), then we can choose some fixed point O 


(Fig. 393) and take it for the origin of the vector OP equal 

to the vector p. The locus of the terminus P (as a rule, this 

is a curve) is called the hodograph of the vector function p. 
Notation of a vector function. The notation 


P=P (u) 
signifies that p is a vector function of a scalar argument uw. 


354. The Limit of a Vector Function 


Definition. A constant vector & is called the limit of a 
vector function p(u) as u— +a (or as u—+ oo) if the abso- 
lute value of the difference of the vectors p (u) and 6 is 
infinitesimal as u—>+a (as u—>+ 00). 

Notation: 

lim p (u)=6 (1) 
ua 

Explanation. Let us refer the variable vector p(u) to the 
fixed origin O (Fig. 393). If as u— a the moving terminus 
P tends to coincidence with the fixed point B, then the vector 


OB=b is the limit of the vector p(u). The difference 


p (u)—6 is the vector BP, and the absolute value of the 
latter is infinitesimal. 
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Note 1. If the absolute value of a vector function p(t) 
is infinitesimal, then the vector p itself is infinitesimal. The 
order of smallness of a vector is the order of smallness of 
its absolute value. 

Note 2. The continuity of a vector function is defined in 
the same way as that of a scalar function (Sec. 218). Picto- 
rially, the continuity of a vector function is expressed by 
the fact that its hodograph is an unknown curve. If a vector 
ae a continuous function of ¢, then its coordinates are 
ikewise continuous (scalar) functions of ¢, and vice versa. 

Note 3. The theorems on the limit of a sum and product 
are also extended to vector functions; observe that all pos- 
sible products may be considered (a scalar function by a 
vector function, a scalar product by two vector functions, 
their vector product, and a mixed product of three vector 
functions). The theorem on the limit of a quotient is applied 
to the only type of division considered in vector algebra 
(the division of a vector function by a scalar function). 


355. The Derivative Vector Function 


Definition. The derivative of a vector function p (u) is 
the vector 

‘Jim P(4t44)-P (4) 1 

Pe ee (1) 


The vector p’ is itself a vector function of the argument 
u. Whence the name, derivative vector 


function, and the designation: p’ (u). qT 
Geometrical interpretation. Let the mo- 
ving terminus of the vector OM=r (u) (Gy WW) 


(Fig. 394) describe a curve L [the hodog- 
raph of the vector function r (u)]. Then 
the vector r’(u) is directed along the 


tangent MT towards increasing values of Mo 

the parameter u; its length |r’ (u)| is () (i) 
ds 

equal to [az (see Example 1). If we ta- Fig. 394 

ke s for the argument, then the deriva- 


tive vector function is equal to unity (see Example 2). 


Explanation. As the vector r(u) moves from point M(u) to 
M’(u+Au), it receives the increment 


— —-. locas ap 
Or=r(u+Au)-r(uy=OM’-OM=MM’ 
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—_ 
The vector sate is directed along the secant MM’; its length 
is equal to = aoe =|. As Au-+0, the secant MM’ tends 


to coincidence with the tangent, and the ratio AS tends to the limit 
ds 
du- 

The coordinates of the derivative p’ (u) of the vector 
p(u) are-respectively equal to the derivatives of the coor- 
dinates of -the vector p(u); that is, 


[x (u) dy (u) f+2(W) RY =x' (u)ity’ (U)it+z2’ (uk (2) 
or, in an alternative notation, 
{x, y, 2}’={x', y’, 2’ (3) 


Example 1. Using the notations of Sec. 349, we express 
a radius vector r of a helix in terms of a parameter ¢ as 
follows: 


r={acost, asint, bt} 
By (3), 

r'={—asint, acost, b} 
The vector r’ is directed along the tangent to the helix [cf. 
Sec. 351, formula (2a)]; its length Va?+6? is equal to 
4 (cf. (5), Sec. 350). 


Example 2. If we take the arc s for the argument of the 
radius vector r of the helix, then (Sec. 350, Example 2) 


s F s 6 
r=>(acos ——— _, asin -——_—« —=— SS} ,, 
{ Vat+be Var+b? Var+b? \ 
r'={ sf, ee ee ge ct ee 
Var+ B Vat+b? ' Var+b? Vat+b? ’ Var+b? 


The magnitude of the vector r’ is 


a? : s a? s 5? 
—— 2 4 2 ——_— = 
a?+ 6? sit Vat+ bt VS b2 08 Vate b? Ware po! 


Higher-order derivatives. They are defined in the same 
way as for scalar functions, and are denoted p”(u), p’’’ (uw), 
etc. The expressions of derivatives in terms of differentials 
are given in Sec. 356. 
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Mechanical interpretation of derivatives. Let r(t) be a 
vector function expressing the radius vector of a moving 
soint in terms of the time ¢. Then r’ (¢) is the vector of 
the velocity of point M and r” (t) is the vector of its acce- 
‘eration. 


356. The Differential of a Vector Function 


The differential of a vector function p (uw) is defined in the 
same way as for a scalar function (Sec. 228) and is denoted dp. 

The differential of a vector function p(u) is a vector; it 
is equal to the product of the derivative 
of the vector function p’ (u) by the incre- 
ment in the argument: 


dp=p’ (u) Au (1) 


or 
dp=p’ (u) du (2) 
Geometrical interpretation. The diffe- 


> 
tential dr(u) is a vector MN (Fig. 395) 
directed along the tangent MT; the 
coordinates of the vector dr are the 
differentials of the coordinates x, y, z of point M: 


dr={dx, dy, dz} (3) 


The length of the vector dr is equal to the differential of 
the arc s=M,M: 


|dr | = V dx? + dy?+ dz? = ds (4) 
dr? = ds? (5) 


If the arc s is the argument of the vector function r(s), 
then |dr|=As=MM’. In the general case, however, | Ar] 
differs from the arc MM’ (and also from the chord MM’) by 
an infinitesimal of higher order than Aw. 

The invariance of expression (2). Formula (2) also holds 
true when u is regarded as a function of some argument. 
Formula (1) does not possess this property (cf. Sec. 234). 

Differentials of higher order. They are defined in the same 
way as for scalar functions (Sec. 258) and are denoted by 
dp, dp, etc. 


Fig. 395 


or 
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Expressing derivatives in terms of differentials: 


pW=z (6) 
3 a 
p'W=s5. p” w=. ie. (7) 


In formula (6), u may be either an independent variable or 
a dependent variable; formulas (7) are valid when u is an 
independent variable, otherwise they do not, as a rule, hold 
true (cf. Sec. 259). 


3657. The Properties of the Derivative 
and Differential of a Vector Function 


1. The derivative of a constant vector a is zero; the diffe- 
rential is also equal to zero: 


da 
ja = da=0 (1) 


Conversely, if the derivative of a vector is identically equal 
to zero, then the vector is constant. 

Note. A constant vector not only has constant length, 
but constant direction as well. The derivative 7 of a va- 
tiable vector p of a constant is not equal to zero (it is per- 
pendicular to the vector p; see Property 6). 

2. The differential of a sum of several vectors is equal 
to the sum of their differentials. The property is the same 
for derivative: 


d[p (u)+ 4 (u)-—r (u)]=dp (u) + dq (u) —dr (u), (2) 
alptq—n=E448-E (2a) 


3. Formulas of differentiation similar to those of Sec. 239 
hold true for ail types of multiplication of vectors, with the 
sole difference that a strict order of the factors is observed 
in verte and mixed products (cf. Sec. 112, Item 2, Sec. 117, 

tem 1): 


d (mp) =m dp-+p dm, (3) 
d(pxq)=pxda+dpxa, (4) 
4(pq)=pdq+g dp, (8} 


a(pqr)=dp qar+pder+paqdr (6) 
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The corresponding formulas for derivatives are: 


dp 

SZ (mp)=ma+pe, (3a) 

d dq dp 
qa (PX9)=PX7,+qX% (4a) 

d dq dp 
qa (PO=Patla: (5a) 

dp d 
4 (par) =z rte grt pat (6a) 
4. As a particular case of formulas (5) and (5a), we have 
d(p)=2pdp,  7-(p)=2p 7) 


5. A constant factor (scalar or vector) may be taken out- 
side the sign of the differential (derivative): 


d(ap)=adp (a=const), (3b) 
d(axXq)=axdq (a=const), (4b) 
d(aq)=a dq (a=const), (5b) 
d(aqr)=ad(qxr) (a=const) (6b) 


This follows from Properties | and 3. 


6. If the vector p(u) maintains constant length, then it 
is perpendicular to the vector p’(u), and also to the vector 
dp (u), i.e. if 

p? =const (8) 


pp'=0. pdp=0 (9) 
This follows from (7). 


then (ci. [tem 4) 


Geometrically, the hodograph of the vector p(u) is a 
spherical line; its tangent is perpendicular to the radius of 
the sphere. 


358. Oscuiating Plane 


Definition. The osculating plane of a curve L at a point M . 
is the plane P, with which the plane KMX’ (Fig. 396) tends 
to come to coincidence when two (noncoincident) points K 
and K’ approach (along L) the point M. 

Note /. For the curve L lying in the plane Q, the oscu- 
lating plane coincides with the plane Q For a straight line, 
the osculating plane remains indeterminate. 
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Explanation. Label three points M, K, K’ on a wire model 
of the curve L. If they are not too far away from each other, 
the arc KMK’ will practically lie in the plane KMK’' 
(although the arc will depart considerably from rectilinear 
form). The osculating plane is 
an abstract image of the plane 
KMK’. If, using the model, we 
put a sheet of paper so that it 
practically coincides with the 
osculating plane, then, despite 
the inclination, it will retain its 
equilibrium (due to friction on 
the section KMK’). In all other 

ositions, the sheet of paper will 
fall away from the model. 

The equation of the oscula- 
ting plane. The “velocity vec- 
tor” r‘(u) and the “acceleration 
vector” r”(u) both lie in the 


: 

: 

H 
oe 
2 
) 
! 


: ee osculating plane. If they are 
i eee not collinear, then the vector 
ae product 

Fig. 396 B=r'xr’ (1) 


is the normal vector to the osculating plane and the equa- 
tion of the latter is 

(R—r) r'r’=0 (2) 
or, in coordinate form, 

X—x Y-—y Z-—z 
x’ y’ 2’ 
x" y’” 2” 

Example. Find the osculating plane of the helix 


=0 (3) 


r={acosu, asinu, bu} 
Solution. We find 
r’(u)={—asinu, acosu, db}, 
r” (u)={—acosu, —asinu, 0}, 
r’(u)xXr’ me ie sinu, —abcosu, at}= 
=a {bsinu, —bcosu, a} 


‘) If’ and r” arecollinear and if r'*) is the first of the derivative 
vectors not collinear with r’, then for the normal vector to the oscu- 


lating plane we can take r'xr®), 
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By virtue of (3) the equation of the osculating plane is 
(X —a cos u) bsin u—(Y —asin u) b cosu+(Z—bu) a=0 


or 
bsin uX —b cos uY + aZ =abu 


The angle @ formed by the osculating plane and the axis 
of the helix is found (Sec. 146) from the formula 


é a a 
sh S— SS 
? V6? sin? u+b? cos? uta? Va?+b? 


Whence tan e=>, that is, the osculating plane forms with 


the axis of the helix the very same constant angle as the 
tangent (Sec. 351, Example). 

The osculating plane has the following properties. 

(1) The plane TMK (Fig. 396) which passes through the 
tangent MT and the point K of curve L tends to coincidence 
we the osculating plane P when the point K_ tends 
to M. 

(2) The plane P’ (Fig. 396) which passes through the 
tangent MT and is parallel to the tangent KS also tends to 
ay pas with the P plane when the point K_ tends 
to M. 

Note. Either of these properties may be taken as a difini- 
tion of the osculating plane. 


359. Principal Normal. The Moving Trihedron 


The normal MN to curve L (Fig. 396) lying in the oscu- 
lating plane P is called the principal normal; the normal 
MB perpendicular to the osculating plane is called the bi- 
normal. The plane TMB which passes through the tangent 
and binortnal is called the rectifying plane. 

The three mutually perpendicular planes TMN (osculating), 
NMB (normal) and BMT (rectifying) form a moving trihedron; 
the three mutually perpendicular straight lines MT, MN, MB 
(edges of the moving trihedron) are frequently taken as the 
coordinate axes (the tangent MT as the axis of abscissas, or 
x-axis, the principal normal MN as the axis of ordinates, 
or y-axis, and the binormal MB as the z-axis). See Sec. 361 
on the choice of positive directions. 
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It is convenient in the general case to compute the direc- 
tion vectors of the edges in the following order: 


T=r' (vector of tangent, see Sec. 351), (1) 
B=r'xr’ (vector of binormal, see Sec. 358), (2) 
N=BxT= 

=(r’xr")xr’ (vector of principal normal) (3) 


Expression (3) of the vector N is simplified when the 
arcs of curve L is taken as the parameter. Namely, 
ar 


N= a5 (4) 


Example. Find the moving trihedron of the helix 
r={acosu, asinu, bu} 
Solution. The vector of the tangent (Sec, 355, Example 1) is 
T=r'={—asinu, acosu, 6} 
The vector of the binormal (Sec. 358, Example) is 
B=r'xr"={absinu, —abcosu, at} 

The vector of the principal normal is 

N= BX T={—a (a*+5%) cos u, — a (a*+-6) sin u, O} 
The equations of the principal normal have the form 


X-acosu  Y-asinu  Z-bu 


cosu——‘isSN'YZ, 0 


We can see that the principal normal is perpendicular to 
the axis of the helix and intersects this axis at the point 
(0, 0, bu). Hence, the principal normal goes along the radius 
of the cylinder that carries the helix. The rectifying plane 
coincides with the tangent plane of the cylinder. 


4) Using the formula of the vector triple product (Sec. 122), we get 
N=(r’ xr?) Xr =r" (r2)—-r (r’r’) 
Since in the given case r’*=1 and r’r”=0, it fallans that N=r’. 
Geometrically, the vector of acceleration rg is in the osculating 
plane and is perpendicular to the vector of the tangent a 
it is directed along the principal normal. 


. Hence, 
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380. Mutual Positions of a Curve and a Plane 


1. Ifa plane Q passing through a point M does not pass 
‘hrough the tangent MT of curve L, then near the point M 
this curve lies on both sides of the plane. 

In particular, a normal plane always cuts the curve L. 

In the case under consideration, the distance d from 
a neighbouring point M’ of curve L to the plane Q is of the 


same order as the arc MM’. 

2. If the plane Q contains the tangent MT but is not 
the osculating plane, then L, as a rule, lies on one side of 
the plane near point M (the direction of concavity of curve L). 
An exception is possible only if the vectors'r’, r” are col- 
linear. 

In particular, as a rule, curve L lies to one side of the 
rectifying plane. 

The distance d is of second order with respect to the 
arc MM’ in the general case under consideration. 

3. If plane Q is the osculating plane, then curve L near 
point M, as a rule, lies on both sides of the plane. The only 
exception is for coplanarity of the vectors r’, r’, r’’’. 

he distance d, here, is as a rule of third order with 
respect to MM’. Only in the indicated exceptional case is 
the order of d above third. 


361. The Base Vectors of the Moving Trihedron 


For the positive directions, on the edges of the moving 
trihedron we take the directions of the following unit vectors 
(which play the part of the vectors ¢, /, & in the rectangular 
coordinate system). 

1. The base vector of the tangent ¢ is directed along the 
tangent in the direction of increasing values of the parameter: 


T _ Fr’ (u) 


eal eal aur; (1) 

If we take the arc s of curve L for the parameter, then 
dr 

eae (1a) 


2. The base vector of the principal normal n is directed 
along the principal normal towards concavity of the curve L: 
N (re xryxr 


se VN Vir'xe yt Vert (2) 
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If we take the arc s for the parameter, this expressior. 
can be substantially simplified: 
dr 
ds? 


Oe aan (2a) 
V (&) 


3. The base vector of the binormal b is directed along 
the iat so that the triad of vectors ¢t, n, 6 is right- 
handed: 


Sep ipa EE 
f b=tx t= (3) 


For the parameter s we have 
dr dtr 
__ds “~ ds? 
ar 
ds? 


b 


(8a) 


Note. The direction of the base vector of the principal normal 
does not depend on the choice of parameter, i.e. it has objec- 
tive geometrical meaning. The base vector of the tangent can 
have either one of two opposite directions, depending on 
parametrization. If for instance we take the time as the pa- 
rameter, then the direction of the vector ¢ coincides with the 
direction of motion of point M along the curve L. If the 
arc is the parameter, then the direction of the vector ¢ coin- 
cides with the direction of reckoning positive arcs. Thus, 
the direction of the vector t does not have objective geomet- 
rical meaning. When the direction of the vector ¢ has been 
established, the direction of the vector 6 is fully defined. 


362. The Centre, Axis and Radius of Curvature of a Space Curve 


In Fig. 397, let the point M’ moving along a space cur- 
ve L tend to a fixed point M where the curvature K is not 
equal to zero. Then the straight line A’B’, along which the 
fixed normal plane Q intersects the moving normal plane Q’, 
tends to coincidence with the straight line AB, which is per- 


pendicular to the osculating plane P and distant MC=z 


from point M. Here, the ray MC is in the direction of con- 
cavity of curve L. 
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The straight line AB is called the axis of curvature, the 
zoint C where AB intersects the osculating plane P is the 
znatre of curvature, and the segment MC is the radius of 
curvature. 

The radius of curvature is denoted by p; the quantities p 
and K are reciprocal: 


p=e. Kat (a) 


For a plane curve (its plane is the osculating plane) the 
centre and radius of curvature may be obtained by a con- 
struction as indicated in Sec. 343. 

A circle with radius CM=p 4 
described from the centre of curva- 
ture C is called the osculating 
circle or the circle of curvature of 
the curve L at the point M. 

Note 1. \f the curvature of L 
at M is zero, then we say that the 
radius of curvature is infinite and 
we write p= (cf. Sec. 343, Note). 

Note 2. The definition of an 
involute given in Sec. 347 refers 
both to plane and twisted curves. 
The twisted curve L’ also has an 
infinity of involutes (all twisted). 
But in contrast to the case of the 
plane curve (cf. Sec. 347), the 
centre of curvature of each one of 
the involutes L describes a curve Fig. 397 
which does not coincide with L’. d 
For this reason, the locus of the centres of curvature of a 
twisted curve is not giver the name evolute. 


363. Formulas for the Curvature, and the Radius 
and Centre of Curvature of a Space Curve 


The curvature K is given by the formula 
_Ve@rxr’y 
pod Vrs . 
In coordinate form, 
K ee ae eae yeh (2) 
V(x reyes 2788 
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if the arc is taken for the parameter, formulas (1) and 
(2) are simplified: 


kay (2) =|2]. (1a) 
c= (8) +) +(B) a 
In accordance with formula (la), the vector eo is called 


the curvature vector. This vector is in the same direction as 


vector MC from point M of curve L to the centre of curva- 
ture C. *~ 
The radius of curvature p is found from the formula 


p= (3) 


One of the expressions (1), (2), (1a), (2a) has to be substitu- 
ted here. 
The radius vector .r¢ of the centre of curvature is 


a|- 


rc=r-+np (4) 

and is expressed (by (2), Sec. 361] by the fotiowing formula: 
“2 

roar tocmllr’ xr") xr’) (5) 


Accordingly, the coordinates xc, yc, Zc of the centre of cur- 
vature are expressed by the formulas 


xox te te (Bz'—Cy’), 


Ate Bt +C? 
“2 “2 73 

yo=yt yt (Cx’— Az’), (6) 
oF 72 42 

eomet tarpon (4y’— Br’) 


For the sake of brevity we use the following notation: 
Asy'2"—2'y", B= 2'x"—x'2", C=x'y’—y'x” (7) 
lt for the parameter we take the arc, then formulas (5) 
and (6) take the form (after simplifications): 
ae 
ds? d3 
i ae oe el OO (6a) 
z) 
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d*x 
ds? 

d*x\3 (o2) ($2)" 
($3) *\ as) *\ae 
dy 
ds? 


d*x 
=*+p7 55. 


=yt+p7a3. (6a) 


eg A sete 9422 
sat (22): (ay Bayt eT ass 
ai) +a) *\asi) 

Note. The formulas for the curvature, the radius and centre 
of curvature of a plane curve (Sec. 344) are obtained from 
the foregoing if we put z=z’=2’=0. 

Example. Find the curvature, the radius and centre of 
curvature of the helix L: 


r={acos t, asint, bt} (8) 
Solution. Taking the arc length for the parameter, we 
have (Sec. 350) 


r={acos a 


. s 
, asin ———— 


Vat+o? Varo? ’ Vat+bi f 
Differentiating twice, we get 
Wee Se egg: se ea gin eS 
r = {apps Vaan aap sin m= of 


Formulas (2a) and (3) yield 


3452 b? 
Regen Berg Ot gt ) 


That is, the curvature and the radius of curvature are con- 
stant. Formulas (6a) yield 


s a? +6? s 
Xc =a COs —————— OS 
. Vai +58 a Vat +6? 
ye s or 
=e COS meee — , 
g a? +6* & 
_é siti 3 _ 6 (10) 
yor — a Be eer =a 
tos os 


Varsos 
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From (10) it is evident that to construct the centre of cur- 
vature it is necessary to produce the radius of the cylinder 
(carrying the helix) beyond the axis of the cylinder to a 


constant distance % . Thus, the centre of curvature of the 
helix L will describe a helical curve Ly (with the same lead 
h=2nb) plotted on a cylinder of radius a,=% (with the 


same axis). The symmetry of the relation aa, —=b* shows that 
the curves L and L, are reciprocal, that is, the centre o 
curvature of L, will describe L. 


364. On the Stgn of the Curvature 


We attach “ah in the following manner to the curvature of plane 
curves lying in the same plane. If the’ vector of the tangent rotates 
counterclockwise as point M moves towards increasing values of the 
parameter u, then the curvature is considered positive; if clockwise, 
it is negative. 

The sign of the curvature is reversed if the. parameter u is repla- 
ced by another parameter u’ which decreases when u increases. When 
the abscissa is taken for the parameter, the increase in the parameter 
is associated with displacement of the point M to the right. In this 
case, the curvature is positive when the curve is concave up, and 
negative when the curve is concave down (Sec. 282). 

Formulas (1) and (1), Sec. 344, are replaced by the following: 


yx 


“ey : 
ey yx 
Seas (1) 


Example. The curvature of the circle 
x=acosu, y=asinu 


computed from formula (1) is + (increasing parameter is associated 


with counterclockwise traversal; the vector of the tangent rotates in 
the same direction) If this circle is represented by the equations 


x=acosu’, y=-asinu’ 


then formula (1) yields Ke-4. 
If the circle is given by the equation 
x?+y?=a? 
and we apply formula (1), then for the upper semicircle we get 
Ke=> (traversai is counterclockwise and concavity is down), for the 


lower semicircle we get K=+, 
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This example shows us that in itself the sign of the curvature is 
devoid of any geometrical meaning. It is only the change in si, 
when passing through some point (point of inflection) or, on the 
contrary, preservation of sign on some segment that is of any signi- 
acance. 

Sign cannot be attached to the curvature of space curves (plane 
curves included) because in space there is no clockwise or counter- 
clockwise rotation. These two directions are distinguished for lines 
in the same fiane, because we can choose the front of a plane and 
nave in mind an observer on that side. Now if (by some criterion) 
we were to distinguish the front and back sides on the osculating 
planes of an arbitrary curve In space, there would not be any posi- 
en from which an observer could perceive all planes from the front 
side. 


365. Torsion 


The torsion of a space curve characterizes the degree of 
deviation of a curve from the plane form (just as the curva- 
we characterizes the degree of deviation from the rectilinear 
orm). 

Definition. The torsion of a curve L at a point M is a 
quantity defined as follows: it is equal in absolute value to 
the limit to which the ratio of the angle w’ formed by the 
binormals MB and M’B’ to the arc MM’ tends when the 
point M’ tends to M on L. The sign of the torsion (and also 
the sign of the angle w’) is considered positive when the pair 
of binormals MB, M’B’ is right-handed (see Sec. 165a) and 
negative when this pair is left-handed. The symbol for tor- 
sion is 9: 

o=lim SS 
MM’ 


Note. The binormal of a plane curve preserves constant 
direction so that the torsion of a plane curve is everywhere 
zero. Conversely, if the torsion of a curve is everywhere zero, 
then the curve is plane. The torsion of a twisted curve can 
equal zero only at special points called planar points. 


Radius of torsion. The quantity t=, the reciprocal of 
the torsion, is called the radius of torsion, by analogy with 
the radius of curvature, P=— . But this analogy is incom- 


plete: the process, similar to the construction of a centre of 
curvature, does not yield any “centre of torsion”. 
Torsion is expressed by the formula 
rrr a) 


o= xr 
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or, in coordinate form, 
voy’! at 
a a 
= yet @ 
ET CE Se ECT eT ) 
If we take the arc s for the parameter, then formulas (1) 
and (2) are somewhat simplified: 
dr d*r d*r 
=i Gp (dearer) 
=Taap\2 ? \ ds dst dst 
(3) 


Oo 


(la) 
or, in coordinate form, 
dx dy dz 


ds ds ds 
d*x dy d3z dtx\2 dty\2 dtz\2 
o=| aa an an L ($3) + ($8) +(%) | en 
dx d*y d3z 
ds® ds? ds* 
Example. Find the torsion of the helix 
x=acosu, y=asinu, z=bu 
Solution. We have 
—asinu acosu 6 
r'r’r’”’ =| —acosu —asinu 0 |=a% 
asinu —acosu 0 
(r’ X 7”)? =a? (a? + 5?) 
By formula (1) we obtain 
b 


= a+b 


0 


From this we see that the torsion of a right-handed helix 
(o > 0) is positive, that of a left-handed helix is negative. 


SERIES 


368. Introductory Remarks 


In order to overcome the difficulties involved in integra- 
tion, Newton and Leibniz expressed the integrand function 
in the form of a polynomial with an infinite number of terms 
see Sec. 270). Applying to such erpreacns the ordinary 
tules of algebra, mathematicians of the 18th century made 
a host of remarkable discoveries. It was observed, however, 
that if one applied the rules of algebra to infinite sums 
without restriction, errors would inevitably crop up. It be- 
came necessary to state in precise form the basic concepts of 
infinite series and prove in rigorous fashion the properties of 
infinite series. This problem was resolved by mathematicians 
of the 19th century, some of whom we will encounter in the 
following sections. 


367. The Definition of a Serles 


Let there be given a sequence of numbers 


Uy, Ug, Ug, .--, Un, -.- (ly 
Let us add these numbers together in the order they are 
given. We obtain a new sequence s;, Sg, Ss, ..., Sy, ... where 
8) =U, 
Sg==U, + Up, 


S3== Uy + Ug + Us, 


ey ee e 


(2) 


The process of its formation is given, in abbreviated fashion, 


as follows: 
Uytugtugt+...+uyt... (3) 


This is called an infinite series or, simply, a series. The 
numbers u;, Ue, tts, ... are called the terms of the series. 


The sum 
Sp=Uy+Uetust...+4y 
is called the partial sum of the series (sj uy is the first 
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artial sum, S,==u,-+-u, the second partial sum, s3 =u + u2+U4,, 
he third partial sum, and so on). 
Example 1. The expression 


I-(—I)FIF(—I+... (Ht +... (4) 
or, as it is usually written, 
1—1+1—14... (4a) 


is a series. The meaning of expression (4) is that from the 
terms 
1, —1, +1, —1,..., (—I"th, ... 


we form the partial sums 


$21, sp=1—1=0, s,=1—14+1=1, ... 


vey SII. HH eta (5) 
Example 2. The expression 
legtat gt t (gy te (6) 


fs a series. It states that the terms 


od 1 \n-1 
Ll+67> orn? (=) bo eee 
go to make up the partial sums 


1 3 1 \n-1 
s=1 g=l>, S=Hlo, sn=2—(=) ee OD) 


368. Convergent and Divergent Series 


Definition. A series is called convergent if the sequence 
of its partial sums has a finite limit. This limit is termed 
the sum of the convergent series. 

If a sequence of partial sums has no finite limit, then the 
series is called divergent. A divergent series has no sum.) 

Example 1. The series 


E94 9444 dee... (1) 


') The word sum is understood in the sense established by the 
definition. The concept of a sum of a series may be extended and 
then some divergent series will also have sums (in the extended 
sense). 
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s divergent because the sequence of its partial sums 
Sy=1, Se=3, sg=6, ..., =, arace (2) 
-as the limit infinity. 


Example 2. The series 


1T—1+1—1+4...+(—1)*t)+... (3) 
4 divergent because the sequence of its partial sums 
s=l, 2=0, s=1,..., 4= AS 4 


.cf. Sec. 367, Example 1) has no limit at all 
Note 1. When the sequence s,, Sz, Ss, ... does not have 
any limit, the divergent series is called indeterminate. 
Example 3. The series 


lb Stt4et. (sy) +e. (5) 


is a convergent series because the sequence 
1 


1 3 n-1 
g=l, g=l>, Hl, os s,=2—(—) ee, 8 


has a limit equal to 2: 
lim s,=2 
now 


The number 2 is the sum of the series (5). 
Note 2. The notation 


Uypugt+...fu,...=S (7) 


means that the series u,+u,+...+u,+... converges and 
that its sum is equal to S, i.e. the notation (7) is equiva: 
lent to the notation 


lim (uj tug+...+u,)=S 
nao 
Example 4. The notation 
1 1 1 \a-l 2 
I-S+7-...+(-F) a 


means that the sequence of partial sums 


1 3 2 1 \a 
3 =1, Ss=> > Ss= a eee =| 1-(->) |: 
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has a limit equal to +, that is, that 


lim I-St..¢(-F)" ]=> 


869. A Necessary Condition for Convergence of a Serles 


The series 
Uytugt...tu,t+... (1) 
can converge only when the term u,, (the general term of the 
series) tends to zero: 
lim u,=0 (2) 
nwo 


To put it differently, if the general term u, does not tend 
to zero, then the series diverges. 
Example 1. The series 


0.4+.0.444-0.4444 0.44444... (3) 
definitely diverges because the general term (it has the 


limit + does not tend to zero. 
Example 2. The series 


1—I+4+1—I14... (4) 


definitely diverges because the general term does not tend to 
zero (and has no limit at all). 

Caution. Condition (2) is not sujficient for convergence 
of a series: a series whose general term tends to zero may 
converge but may also diverge (see Examples 3 and 4). 

Example 3. The so-called harmonic series 


l+5t+atyt.. 6) 


diverges although its general term tends to zero. To con- 
vince yourself of the convergence of the series, consider the 


‘) The name stems from the fact that when a string Is divided 
into 2, 3, 4, even parts, the sounds emitted are in harmony 
with the lundamental tone. 
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partial sums 


se=8t(Stpt--+i) > 6 and so on. 


We see that the partial sum increases without bound, i.e. 
series (5) diverges. 
Example 4. The series 


1 1 ! 1 
Teg ae ee (6) 


which is obtained from the harmonic series by reversing the 
sign of even-numbered terms converges. To see this, take a 


& use S SH 
0 Of 6 @ oo lk Bas 


Fig. 398 


number scale (Fig. 398) and plot points representing Bi 
partial sums s,=1, s,.=-- Fr 3H ; , y= am ss= a5 +5 =i: 

Each of the odd points s,, Ss, ss will be more to left than 
the preceding one, and each of the even points sq, 54, Ss, 
will be to the right; that is, the even and odd points move 
towards each other. It can be proved that this law holds 
true” and that the points sep, Seg+, come closer together 
indefinitely. * This means that both even and odd points 


1) The difference eer Seen tt 
! l 1 on 
+ gaat )-('-et- By rer ta tals negative, the diffe 
rence Seate-Sen=5757 Ona Is positive. 


tends to zero as no. 


*) The difference s.,+,—Ssn= fees 
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tend to some point S (even from the right, odd from the 
left). Hence, the sequence of partial sums of the series (6) 
has as its limit the number S, i.e. series (6) converges and 
S is its sum. 

The partial sums s,, ss, s, yield approximations of S 
that are too large, while so, sq, s, yield approximations that 
are too small. Computing sy=0.745 and s,)>—0.645, we get 
for S one correct digit: S=0.7. Computing Sggg and Syo99, 
we would find that S=0.693 with three correct digits. The 
exact value of S is In2: 


1 1 1 
-Formula (7) Is obtained from the expansion 
oyek eE 
In (l+x)=x 5 + eer + 


for x=1 (cf. Sec. 270, Item 4 and Sec. 272, Example 2). 


370. The Remainder of a Serles 


If we discard the first m terms of a series 
y+uet... tum tumertumtat ss: (1) 
we get the series 
Unt+itumeat--- (2) 


which converges (or diverges) if thd series (1) converges (or 
diverges). Therefore, when investigating the convergence of a 
series we can disregard a few of the first terms. 

When the series (1) converges, the sum 


Rn=Umsitumset--- (3) 
of series (2) is called the remainder (or remainder term) of 
the first series (Ry=u,+u,s+... is the first remainder, 


R,=Ug+ug+... is the second, etc.). The remainder R, is 
the error committed by substituting the partial sum s, for 
the sum S of the series (1). The sum S oL the series and the 
remainder R,» are connected by the relation 


S=s_+Rn (4) 


As m-+oo the remainder term of the series approaches zero. 
It is of practical importance that this approach be “sufficient- 
ly rapid”, that is, that the remainder R,, should become 
less than the permissible error, for m not too great. Then 
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we say that the series (1) converges rapidly, otherwise the 
series is said to converge slowly. Quite naturally, the speed 
of convergence is a relative notion. 

Example 1. The series 


! 1 1 
aaa eos eam a (5) 


converges very slowly. Summing the first twenty terms, we 

get the value of the sum of the series only to within 

0.5-10-1; to attain an accuracy of up to 0.5-10-4, we have 

to take at least 19,999 terms (see Example 4, Sec. 369). 
Example 2. The series 


1 


1 | 
eaten say dear (6) 
(a geometric progression) converges much more rapidly than 
series (5); its fifteenth remainder —pety—gt... is 


5 
already less, in absolute value, than >) < 0.5-10-4 so 


that 0.5-10-4 accuracy is ensured by fifteen terms of the 
series. 
Example 3. The series 


1 1 1 
sy ac TT 
(its sum is equal to e; cf. Sec. 272, Example 1) converges 


still faster; 0.5-10-¢ accuracy is ensured by eight terms of 
the series. 


371. Elementary Operations on Serles 


1. Termwise multiplication by a number. If the series 


Uytugt...+ug+... (1) 
converges and its sum is S, then the series 
WU, + WUg+ ...Wuzt+... (2) 


obtained by term-by-term multiplication of (1) by one and 
the same number w also converges, and its sum is equal 
to wS, i.e. 


Wu, + Wug+...+ Wega... =W(uytuet...tugt...) (3) 
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Example 1. The series 
1,2. 4,23 
gig ats ete (4) 


converges and its sum is equal to 0.693...=1In2 (Sec. 369, 
Example 4). Consequently, the series 


porte eto 6) 
converges and its sum is 0.346...=+ In 2, 
2. Termwise addition and subtraction. If the series 
< Wy tug... Puy bees, (6) 
UtM—t... ++... (7) 


converge and their sums are respectively equal to U and V, 
then the series : 


(uy £0) (ue be) +. +n t On) +... (8) 
obtained by means of termwise addition (or subtraction) is 


also convergent and its sum is equal to U+V (or U—V), 
i.e. 


(u, + Uy) + (ue + 02) + Scare =(u,+u,+ sce Jt(y +02-++ ate .) (9) 
Example 2. The series 
0.11-4+0.0101+0.001001+ ... 


converges and its sum is x. Indeed, this series is obtained 


by termwise addition of the convergent series 0.14 0.12 + 
+0.18+-... and 0.01+0.012+40.013+ ..., and the sums of 


these series are, respectively, + and a: 


Caution. Not all properties of finite sums hold true for 
convergent series. Thus, if the terms of a convergent series 
are rearranged, the sum may be different and the series may 
even become divergent. To illustrate, rearrange the terms of 
the convergent series 

1 1 1 1 t 1 1 1 ! 
oa hg ae ee gS ee ge 
=0.693... (10) 


so that one negative .term follows two positive ones (the 
order of the positive terms remains unchanged; this. goes for 
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the negative terms as well). We get a series 
1 1 1 1 1 1 1 1 1 
eae tg a et era 8 het Ie 
tte. (11) 


which converges but whose sum is one and a half times 
greater than that of the original series. Indeed, we have 
(see Example 1) 

1 1 1 1 ! 1 

(12) 


(inserting zeros does not alter the sum of the series!). Adding 
the series (10) and (12) termwise (Item 2), we get 


1404+ 7—-F44404 2-24 5404...= 
= + -0.693... 


Reducing fractions and deleting zeros, we get series (11) on 
the left. 


372. Positive Series 


A positive series (that is, a series all terms of which are 
positive) cannot be indeterminate (Sec. 368, Note 1). Its 
artial sums always have a limit—finite or infinite. In the 
ormer case, the series converges, in the latter it diverges. 
A positive convergent series remains convergent u 
rearragement of terms and its sum does not change (cf. 
371, Caution); a divergent positive series remains divergent. 


373. Comparing Positive Serles 
To test a given positive series 


Ugp-+uy+us+... (1) 
for convergence, it is frequently compared with another po- 
sitive series 

Yotmr+%+..- (2) 


about which it is known that it converges or diverges. 
If the series (2) converges and its sum is equal to V, 
while the terms of the given series do not exceed the corre- 
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sponding terms of the series (2), then the given series con- 
verges, and its sum does not exceed V. Likewise, the remain- 
der of the given series does not exceed the remainder of the 
series (2). 

If the series (2) diverges, and the terms of the given series 
are not less than the corresponding terms of (2), then the 
given series diverges. 

Example 1. Test for convergence the series 


ltsetgertetodote. (3) 


and if it converges find four significant digits of its sum S. 
Solution.. Compare the given series with the geometric 
progression 


lt¢e+at+.tait.. (4) 


Series (4) converges; its sum is 1.25. The terms of the 
given series do not exceed the corresponding terms of (4) 
Hence, the given series converges, and S < 1.25. The remainder 


1 ! 1 
Ra= aie t Gad Beth +aen gage te. (5) 


of series (3) is less than the nth remainder of the series (4), 
that is 

I 1 1 ! 
Ra < gatcgrar tira te Sg 


For a better estimate, compare the remainder (5) with the 
series 


i I l 


1 
fase t Gan seet teh eeee be =p eet (6) 
Reasoning as before, we get the inequality 
1 


Rn< 4 (n+1) 5"! (7) 
Putting n=1, 2, 3, ... in succession, we find that the expres- 
F 1 a 
sion Tayi Beat becomes less than 0.0005 for n=4. Sum 


four terms of the given series. This yields the following appro- 
ximation (too small) 


| i ! 


(to within 0.5-10-%). 
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Example 2. To investigate the convergence of the series 


1 1 1 i 
tiyrtyptyrt . 


«= compare it with the harmonic series 
1,1, 
lett (9) 


This series diverges (Sec. 369, Example 3), and the terms of 
“=e given series are not less than the corresponding terms of 
“ne series (9). Hence, series (8) diverges. 

Example 3. To investigate the convergence of the series 


l4gtptate tate. (10) 
compare it with the series 
ltcgt+ggtaat- taste (11) 


the terms of which, from the second onwards, are greater than 
the corresponding terms of the series (10). The series (11) con- 
verges and its sum is S=2 because the nth partial sum can 
ve represented in the form 


s=1+(i—4+) +(4—-4) 4.0.4 
+(4 —t)=141-4 ed 


The series (10) most definitely converges and its sum is less 
than 2. The remainder R,, of (11) is equal (Sec. 370) to 


Ry=S—s,p=— 


The remainder of (9) is only slightly less, so that the 
series (10) converges slowly: to find four significant digits of 
the sum, it is necessary to add about 2000 terms. The exact 


value of the sum of the series (10) is x (see Sec. 417, Exam- 
ple 3). 
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374. D’Alembert’s Tost for a Positive Serles 


Theorem. In the positive series 
Uytug+...tu,+... (1) 


let the ratio “+ of a following term to a preceding term 
have the limit ¢ ‘as n—» oo. Three cases are possible: 
Case 1!. ¢ <1. The series converges. 
Case 2. g > 1. The series diverges. ») 
Case 3. q=1. The series can either converge or diverge. 
This theorem is called the D’Alembert's test.?) 
Example 1. Consider the positive series 


2-0.8-+3-0.87+44-0.89+ ...+(n+1)-0.8"+... 


At first we observe an increase in the terms®) (a,=1.6, 
a,== 1.92, ag=2.048, ...). However the series converges be- 
Cause An44: Ap=0.8 (14+) and the .limit of this ratio 
is 0.8, which is less than 1. 

Explanation. Suppose that for some positive series a, + 
+a,+ag+...+a,-+... the limit of the ratiou, 4,:u, is 0.8. 
Then from some term N onwards the ratio u,41:u, will differ 
from 0.8 by less than + 0.1. Hence, it will remain less than 


0.9 so that 
uN 41 < 0.9uy, 
UNnege < 0.9Uy41 < 0.9%uy, (2) 
uN+s3 < 0.9uN +2 < 0.9uy 
and so on. A comparison of the seriesuy 4: tUnyeetUunist..- 
with the series 0.9u,y-+0.92uy+0.98uy+... (decreasing 
geometric progression) shows (Sec. 373) that the given series 
converges, 

In place of 0.9 we can take any number between 0.8 
and |. (It is meaningless to take unity or a number greater 
than unity.) 

The same scheme is used in the general proof of the theo- 
rem for the case g < 1. 


1) Included here is the case when lim un+1:u,=@- 

2) This is a misnomer because the theorem was first stated and 
proved by Cauchy. 

3) A decrease sets in later. 
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Example 2. Consider the positive series 
ee ee (3) 


The initial terms decrease, but the series diverges because 
ae limit of the ratio 


ns Ft ane 1 
ner = (Ia) 1 


:$ equal to 1.1, which is greater than 1. 

Explanation. Since lim (uy, 44:U,)=1.1, it follows that after 
some term N, the ratio u,4 ,:4u, is greater than 1.09. Com- 
pi.icg the series uyoitunveatuneyst+... with the diver- 
gent series 1.09u, + 1.092u,y-+1.098u,;+... and reasoning 
zs i, the preceding explanation, we prove (Sec. 373) that the 
given series diverges. 

In place of 1.09 we can take any number between 1.1 and 1 
(but not unity). 

The same scheme is used in the general proof for the 


case gq > 1. 
Example 3. Consider the series 
I4f4ds...444... (4) 
lt+a+gt.tot-. (5) 


For both we have 
g= lim (Uns4:4n)=1 
now 

But series (4) diverges (Sec. 369) while (5) converges (Sec. 373). 

Note. In Case 1 (q < 1) the convergence is the faster, the 
smaller g. In Case 2(q > 1) the divergence is the faster, the 
greater g. In Case 3(q=1), the series converges slowly if it 
converges at all, and for this reason it is poorly suited for 
computations. 


375. The Integral Test for Convergence 


If every term of a positive series 
Uy tugt...+ugt... (1) 
is less than the preceding term, then in testing for 


550 HIGHER MATHEMATICS 


convergence we can consider the improper integral 
a 
{ F(n) dn @) 
1 


where f(n) is a continuous decreasing function of n, which 
takes on the values u,, ug, us, ... for n=1, 2, 3, .... 
The series (1) converges or diverges depending on whether 
the improper integral (2) converges or diverges. In the case 
of convergence, the remainder R,, of the series (1) satisfies 
the inequalities 
x a eo eo 
y f(n)dn<R, < \f (n) dn (3) 
atl n 
Note. The integral test is convenient in cases when the 
term u, is given by an expression that is meaningful not only 
for integral values of n but for all n greater. than unity. 


Example 1. Let us investigate the convergence of the har- 
monic series 


l4 tate tote. (4) 


This series is positive; each term is less than the preceding 

one, and the general term wu, is given by the expression —, 

which is meaningful for all values of nm (except zero). The 

function f (y=+ in the interval (1, 0) is continuous and 
oo 

is decreasing. Consider the improper integral (2 It diver- 
1 

ges because it has an infinite value: 

x 


lim \ ¢#— lim Inx=0 
Xr@s a x7 @ 


Hence, series (4) diverges too (cf. Sec. 369, Example 3). 
Example 2. Test for convergence the series of inverse 
squares 


l+ptgte tote. (5) 
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Here, f(n)=—,. The corresponding improper integral 
Cd Cd 
an 3 n 
i X~@D i 


zonverges. Hence, so does the series (5). Taking 10 terms, we 
End Sy >=1.5498. The remainder Ryo satisfies the inequality 


Cd Cd ! 1 
n ao, 
(a < Rro <{ i. ie. 77 < Rio <TG 
i 10 
Hence, the error in the approximate equality 


ltatay +... 1.5498 


does not exceed 0.1. 


Explanation. The graph of Fig. 399 depicts a function f (m); the 
terms U4, Uy, ... are indicated by the ordinates P,M,, P_Mg, ...; the 


Fig. 398 Fig. 400 


latter are numerically equal to the areas of the rectangles Py,M,NoP3, 
P3MgN5P3, -.- 


oO 


The divergence of the integral from dn signifies that the area 


1 


of the strip under the curve M,M;M, ... is infinitely great. The area 
of the circumscribed step-like figure is all the more so infinite, that 
is, the series u,+u,t+... diverges. 
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@o 
Now if the integral {rem dn converges, then the area of the 


1 
strip under M,M,M, ... is finite. The area ot the inscribed figure 
shown shaded in Fig. 400 {is all the more so finite, that is, the series 


U,yt+u,gt+... converges. Hence, the series u,+ug+uUs+... converges as 
well. 


Inequality (3) can be explained by an erampls in which a=2. The 
remainder Rg=u,+u,+... is numerically equal to the area of the circum- 
ao 


scribed figure X PyM,N,M,Ng... (Fig. 399); hence, Rs > y f (n) dn (by 


: 3 
hypothesis, this.integral converges). The same remainder is equal to 
the area of the figure XP,.K,M,K,M, ... (Fig. 400); hence, 


@o 
Re< J fnyan 
2 


376. Alternating Series. Lelbniz’ Test 


A series is called alternating if its terms are alternately 
of opposite sign. The series 


Uy—Ug+ug—...+(—)"-1u,4+... (1) 


where uy, Us, Us, ... denote positive numbers, is an alter- 
nating series. 

Leibniz’ test. An alternating series converges if its terms 
tend to zero, all the time decreasing in absolute value. ) The 
remainder of such a series has the same sign as the first 
rejected term, and is less in absolute value than this term. 

The reasoning behind the proof of this test is given for 
a particular case in Example 4 of Sec. 369. 


1) The terms of an alternating series may tend to zero but not 
decrease all the time. Then there is no guarantee that the series 
converges. Thus, the series 

Mg 2 oN ed 2 de 
2°2° 3°3 4° 4 55 
the terms of which tend to zero, but do not decrease all the time, 
diverges. Indeed, grouping the terms in pairs, we find that Sane t 
4 ee ae that (Sec. 369, Example 3) lim sy,=@. 
3 a n+@ 
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Example. The alternating series 
ree eee! 
I\-4+4+3-GH+-.. (2) 


converges because its terms tend to zero, all the time de- 
creasing in absolute value. The fifteenth remainder 


1, 4 
Rp=—ptp-pBt::: 


is negative, so that the partial sum s,, yields an approxima- 
tion in excess for the sum of the series (2). The remainder 


is less than ts in absolute value. 


377. Absolute and Conditional Convergence 


Theorem. The series 


Uy tug+...+u,t+... (1) 
definitely converges if the positive series 
bur|+lael+---+l4nlt+... (2) 


composed of the absolute values of the terms of the given 
series converges. 
The remainder of the given series does not exceed the cor- 
responding remainder of the series (2) in absolute value. )) 
The sum S of the given series is not greater in absolute 
value than the sum S’ of the series (2): 


IS[<S' 


The equality holds only when all terms of series (1) are of 
the same sign. : 

Note 1. The series (1) can also converge when the series 
(2) diverges. 

Example 1. The series 


ltg—-ptpteoat. 3) 


every third term of which is negative converges because the 
following series converges (Sec. 373, Example 3): 


ltetetptetete (4) 


‘) The proof is given below (see Explanation). 
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This series is composed of the absolute values of the terms 
of the given series. The sum S of (3) is less than the sum 
S’ of (4). 

Example 2. The alternating series 


1 1 1 
Ss et 


converges (Sec. 369, Example 4) despite the fact that the 
series composed of the absolute values of the terms of the 
given series diverges (Sec. 369, Example 3). 

Definition 1. A series is called absolutely convergent if the 
series composed of the absolute values of its terms converges 
(in this case, the given series converges as well; cf. Example 1). 

Definition 2. A series is called conditionally convergent 
if it converges while the series composed of the absolute 
values of its terms diverges (cf. Example a 

Note 2. A convergent series in which all the terms are 
positive or all the terms are negative is an absolutely con- 
vergent series. 


Explanation of Example 1. Retain the positive terms in (3) and 
replace the negative terms by zeros. We get a convergent positive 
series: 

1 11 i] ! =U 
lt+aptOt gt ertOtart ae t0t..= (5) 


é convergehce follows from a comparison with series (10), Sec. 373}. 
ow replace the positive terms of (3) with zeros and reverse the sign 


of the negative terms. This yields the following convergent series of 
positive terms: 


1 1 1 
OF04 TF 0F0F ET t0F0t Er t+... =v (6) 


Subtract series (6) from (5) term-by-term. This yields series (3). 
By virtue of Sec. 371 (Item 2), it converges and its sum S is 


S=U-V (7) 


Each of the positive numbers U, V Is less (Sec. 373) than thesum S’ of the 
series (4). Therefore 


s<S’ 


The general theorem is proved in exactly the same way. 
Note. Adding (5) and (6), we get 


S’=U+V (8) 


‘) Here, s=is’ (see Explanation). 
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- the given example we also have (Sec. 371, Item 1) 


111 1 11 is, 
Vegrtgrtort--=37 (Itgetget \=F Ss (9) 


From (7), (8) and (9) it follows that 
7 o 
S=7S 


378. D’Alembert’s Test for an Arbitrary Serles 


Suppose that in the series 
uytugt...+tuat... (1) 


we have some negative terms (or all the terms are negative). 
Let the absolute value of the ratio u,4,:u, have the limit q: 
lim [Uns1iUn |=q 
nwo 3 
Then for q <1 the seriesconverges, for g > 1 it diverges, 
and for g=1 it can either converge or diverge. 
This follows from Secs. 374 and 377. 
Example. The series 


be hee 
tqr-a-atata—amatat 
where any two negative terms are followed by two positive 
terms which are followed by two negative terms, converges 
1 
because | Un+41:Un|=77 : Fea 0 cease hence 


qg= lim ]u,44:u,|=0, ie. g <1 
nwo 


379. Rearranging the Terms of a Series 


In an absolutely convergent series it is possible to rear- 
range the terms in any fashion whatsoever: the absolute con- 
vergence of the series will not be upset thereby and the sum 
will remain unchanged (in particular, the sum of a conver- 
gent positive series is independent of the order of the terns). 

Contrariwise, in a conditionally convergent series not 
every rearrangement of the terms is admissible because the 
sum can change and even the convergence'can break down. 

Example 1. The series 


YHOO o 
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obtained by rearrangement of the terms of the absolutely 
convergent series 


“HHA H(it@ 


also converges and has the same sum S as the geometric 
progression (2). Hence 


s= 


1 
14 Ts @) 
2 


Formula (3) can be verified by considering the partial sum ssp of 
the series (1) as the sum of terms of a geometric progression with 


first term +) yaaa common ratio (z)=7° 
Example 2. The series 
1 1 1 1 1 1 1 
a iar eer CY aga ie oa a ) 


converges conditionally (Sec. 377). The series 

1 4 11 11 14 
[tao rg te ere ta et ere CO) 
obtained by rearranging the terms of (4) converges but its 


sum is one and a half times the sum of the given series 
(Sec. 371, Caution). 


Note. In every conditionally convergent series it is possible to 
rearrange the terms in such a manner that the new series will have 
eT sum any preassigned number (it is also possible to make the serles 

iverge). 


380. Grouping the Terms of a Serles 


In contrast to the commutative property (which holds only for 
absolutely convergent series; cf. Sec. 379}, all convergent series pos- 
sess the property of associativity. : 

Namely, in any convergent series it is possibie to group the terms 
in any way, witheut changing the order of the terms. Combining the 
terms inside all groups, we get a new series, which also converges and 
whose sum is the same. 

Exampiec 1. In the convergent (by Leibniz’ test) series 

1 1 ; I aa 1 
3° 5 0" 8 


we can group the ierms as follows 


(es \e(S:7)(aan)* a ) 


hg F 
ne Wakes q?) 
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Combining terms inside the groups, we get 


2 2 2 
DoT +Sx7T +79727+ ee (3) 


This positive series has the same sum *) as the alternating serfles (1). 
Example 2. In the series (1) we can group the second term and 
‘he third, the fourth and fifth, etc. The resulting convergent series is 


1 -———-- -——- - ——-- ... (4) 


which has the same sum. 

Note. The inverse operation (removal of brackets) ts definitely 
admissible only if after such a removal a convergent series is obtained 
‘then the given series is definitely convergent). However, it is also 
possible for the given series to converge and the series obtained after 
removal of brackets to be divergent. 

Example 3. The series 


(1-0.9)+(1-0.99)+(1-0.999)+ ... (5) 
(the geometric progression 0.1+0.01+0.00!1+ ...) converges and has 
the sum —. 
Removing brackets, we get the series 
1-0.94+1-0.99+1-0.999+ ... (5’) 
which diverges because the even-numbered partial sums have the ort- 


ginal limit of TT while the odd-numbered ones have the limit 1 rs 


Example 4. Consider the series 


i 1 1 i 
Tatra tyatTst see (6) 


{t can be represented as 


('-+)+(4-4)+(4-4)+ ie (7) 


Here the brackets may be removed because the resulting series 


1 1 1 i { 
oto Sat sae (8) 


converges. Indeed, any partial sum Sga_, is equal to unity, while the 
partial sum 


Senet TST 


tends to unity. The sum S=1 of the series (8) is also the sum of (6). 
glad Ls bs =] 
1-2°2-3°3-4° 4-55 7°" | 


1) It Is equal to = see Sec. 398, Example 3. 
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381. Multiplication of Series 


Theorem. Two absolutely convergent series 


uy+ugtug+...=U, (1) 

0, +g +ug+...=V (2) 
can be multiplied together like polynomials. Each term oj 
the series (1) is multiplied by each term of (2) and the pro. 
ducts are added in any order whatsoever. We get an abso- 
lutely convergent series whose sum is UV: 


uy, + U0» Hugh + Uy¥3 + Ug, + Ug ... = UV (3) 


Note 1. So that in (3) no term is repeated twice or omitted, 
it is advisable to group terms u;v, with the same sum of the 
subscripts i, & (this sum is called the weight of the term u,v,). 
Then the series becomes 


W+W2+W3+ «.- (4) 
where 
Q,= Uy2, 
Wy = Ugd, + UyVe, 
Wg = U0, + Ugly + Uy03, (5) 


Wy = Uydy + Uy — Wet Un— 03+... + Uj0q 
This grouping corresponds to multiplication via the scheme 
Ujtue +uy +u, +... 
Ot, +0, +4 +... 
Uy0y Ugh, + gd, -+ Ugd, + ... 
Ug + UgUa-+ Ugdg+ ... (6) 
UyUg + Ugls+ .. 
UyUg+ ... 
M+ +, +H +... 
Example 1. Consider two absolutely convergent series 
1 1 ! 
lty+ptete tert (7) 
(= }y"-3 ‘i 


ee (8) 
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Multiplying them by scheme (6), we get 
I 1 1 1 
Lay a a tag 


—t-4-... (9) 


+0+—+0-+554... 


The law of formation of the resulting series is expressed 
by the formulas 
1 


Wen-1=gmaz» Wen=0 
Dropping zeros, we obtain an absolutely convergent series: 
1 
l+p+agte. tpt (10) 


Its sum is the product of the sum of the series (7) and (8). 
This is easy to verify since the sum of the progression (7) 


is 2, the sum of (8) is 3, and the sum of (10) is >: 
Example 2. The series 
2 
l4t+atate tat (1) 
converges absolutely (by the d’Alembert test). Find its sum 


Solution. The required sum is the product of the sums of 
two identical absolutely convergent series 


l+otatee tate. 
lfotate tat... 


7 

= (12) 
7 

= (13) 


1) The terms in each column of (9) have the same absolute value 
but alternate In sign. The even-numbered column (where the number 
of the terms is even) yields zero. In the odd-numbered column 2n-1, 


the first term Is 55;=¢. the remaining ones cancel out. 
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Indeed, by scheme (6), we get 
lt4e+gtiate. 
ptt. 
srtaete. 
gt... 


littatate. 


Hence, the sum of the series (11) is 


Note 2. If one of the series (1), (2) converges absolutely and the 
other conditionally, then the series (4) found by (6) Is conver rent; 
and its sum remains equal to UV. But it may prove to be conditio- 
nally gonveresnt: then not every rearrangement of terms is permissible 
(Sec. ). 

If both serfes (1) and (2) converge conditionally, then (4) may 
prove to be divergent. ») But If it converges, then its sum is equal to UV. 


1) The series 


jig Sle ale sw, og lle 
Ve’ Vs Wet tm (U) 


is convergent (by the Leibniz test, Sec. 376), but it converges condi- 
tionally; that is, the positive series 


1 gale gl pols, 

vz V3 Ve 

diverges (Sec. 373, Example 2). If we apply formulas (4) and (5) to 
two series, each of which coincides with (U), then we obtain the series 


1 
+...¢—ot... 
Va 


W,+WetWet ... (W) 


in which each term is greater in absolute value than unity. Indeed, 
formula (5) yields 
i} 1 1 
| wo, |= ——— + ————— +... t+-— 
"Vin V2(n-1) Val 


! 


Here each of the a terms is greater than = Hence way does 


an 
not tend to zero, and the series (W) diverges (Sec. 369). 
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382. Division of Series 


Theorem. Suppose we have two convergent series: 
uy t+ugt...tu,+...=U, (1) 
toy +... + +...=V (2) 
Applying to them the scheme of division of the polynomial 
4, +Ug+...+4, by the polynomial v,-+v,+ ...-+u,, we get 


the series 
M+W3+...+0,+... (3) 


If a series (3) is convergent," then its sum W is equal 
to U: V. 
Example. Let us apply to the convergent series 


! ! I 1 
ptt yt---tat--- =U, (1a) 


ee ae 


the scheme of division of a polynomial by a polynomial. 
We have 


1 1 1 1 1 1 1 1 1 
ty totatet:.|yogta cata 
—pipopetyo- flai+t+dt... 


F+Ot H+ 0444... 
aoe 
a re ar ae 

bet eae. 


1 
2 

71 
z 


') It may prove divergent even in the case of absolute convergence 
of the series (1) and (2). Thus, using the indicated scheme, if we di- 
vide the series 1+0+0+0+... (all terms zero except the first) by the 
series 1+1+0+0+0+ ... (all terms zero, except the first two), we 
get the divergent series 1-1+1-—14... 
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In the given example, the terms of series (3) are forme’ 
by the law 


w=, 2605 WD pS as eee (2) 


Indeed, the second remainder is obtained by termwise 


multiplication of the first remainder by + .Consequently, the 
third term of (3) is obtained from the second term by 
multiplication by +. In the third subtraction, all corres- 


ponding terrhs in both the diminuend and the subtrahend are 
one half those in the second subtraction. Hence the third re- 


mainder is obtained from the second by multiplication by 


+: The fourth term of the series ‘(3) is obtained from the 


third by multiplication by +, etc. 
Thus, the terms of the series (3), starting with the second, 
form a geometric progression with common ratio >: Hence, 


the series (3) converges. Its sum W is equal to U:V. 
Indeed, we have 


U=l, V=t, W=14+—7=3 
oa 
2 
so that 
U:V=W 


383. Functional Series 


A functional series (i.e. a series of functions) is an exp- 


ression 
Uy (x) Ue (x) +. hn (X)--- (1) 


where u; (x), ue (x), ... (terms of the series) are the functions 
of one and the same argument x which are defined in some 
interval (a, 6). 

The meaning of expression (1) is explained in Sec. 367. 
The difference is that the terms of the series are now functions, 
whereas in Sec. 367 we considered a series whose terms were 
numbers. That was a numerical series, in contrast to the fun- 
ctional series which we shall now discuss. The partial sums 
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zf a functional series are determined in the same way as for 
2 numerical series. 

If in series (1) the argument x is assigned a-value [in the 
-aterval (a, 6)j, then the functional series gives rise to a nu- 
merical series. 


384. The Domain of Convergence 
of a Functional Serles 


It may happen that for any value of x taken in the in- 
terval (a, 6), the functional series converges. It may also hap- 
pen that the series diverges for any value of x. Typically, a 
iunctional series converges for certain values of x and diver- 
ges for other values. The totality of values of x for which 
the series converges is called the domain of convergence of the 
iunctional series. 

In the domain of convergence, each value of x is associa- 
ted with a definite sum of the series so that the sum is a 
function, of the argument x, defined in the domain of con- 
vergence. Outside this domain the functional series has no sum. 

Example 1. Consider the functional series 


Lex 1-2x?4+1-2-3x8-4 0... +1-2...nx8+... (1) 

Its terms are the functions 
Uy (x)=X, Uy (x)= 2x2, ug (x) = 6x8, ... (2) 
defined in the interval (— oo, -+00). However, only forx=0 
does the series (1) converge; for any other value of x, the 


series diverges. Indeed, assign to x some value xg not equal 
to zero. This yields the numerical series 


Lex 1-2x2-+ 0... 41-2...nxp+... (3) 
The ratio 
| naan =a 1)! ot sal x5 | =(n +1) | x9 | 


has an infinite limit as n— oo. Hence (Sec. 378), the series (3) 
diverges for x #0. The domain of convergence consists of a 
single point x=0. 

Example 2. The functional series 


4¢e 4s tt SH... (4) 


[its terms are functions defined in the interval (— 0, + )] 
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converges for any value x= xp. Indeed, the ratio 


x 
| Up aritt, [= et 


tends to zero as n-+ oo (Sec. 378). The domain of convergence 
is the entire interval (— 0, -++ oo). The sum of the series (4) 
is a function defined in this interval (the function is equal to e*; 
cf. Sec. 272, Example 1). 


Example 3. Find the domain of convergence and the exp- 
ression for, the sum of the series 
245 xix t 5 2(l—-gt.. tye (lag+... (5) 
Solution. Write the partial sum of (5) in the form 
sqp=2tpe— gp poate... pa nt yn 
1 


=245x—-4 xn (6) 


If |x| > 1, then s, does not have a finite limit as n + 0 
(the term— oe is infini- 


tely large ); that is, the 


series (5) diverges. For 
xX=—I the series also 
diverges, because then 


qc" 


1 1 
= 2—4—y (HI = 


From this we see that s, 
alternately takes on the 
values 2 and 1 
The series (5) conver- 
-1 ol +1 X ges for oe other values 
of x (i.e. for-- 1 < xq). 
Page ee Indeed, if x=-+, then ail 
terms of (5), except the first, vanish, and we have 
S(lj=2 (7) 


But if {x| <1, then in formula (6) the term— > x" tends 


o 
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tw zero as n oo for fixed x, as well so that 


Pe 2hyr— ge) =2t ye ; (8) 
“se domain of convergence of the series (5) is the interval 
—1, +1), from which the extremity x=— 1 is eliminated 
rz Fig. 401 the segment ab with the point a deleted). In this 
zamain, the sum S of the series (5) is a function of x defined 
sy the following equations: 


S()=2t4x for —1<x<l, (9) 
S (x) =2 for <=1 


The function S (x) is discontinuous atx=1 and is continuous 
at all other points of the domain of convergence. Outside the 
somain —1<x<.1 the function S (x) is not defined at all. 
ts graph (see Fig. 401) is the segment AB, the extremities 
ci which are removed and to which is adjoined point C (in 
place of B). 


385. On Uniform and Nenuniform Convergence 


Let the functional series 
Uy (x) ug (X) +... Uy (x) +... (1) 


converge at every point of a (closed or open) interval (a, 6)? 
and let it be required to find the approximate sum S of (1) 
to within e (in other words, the remainder R,, should not ex- 
ceed, in absolute value, the positive number e). This require- 
ment is satisfied for every definite value of x, starting with 
some index n=N. As a rule, the quantity N depends on x 
and it may happen that there is no number n that can ensure 
the required accuracy for all x at once.’ Then we say that the 
series (1) is nonuniformly convergent in the interval (a, 5). 
If the required degree of accuracy can always be ensured at 
once for all x starting from one and the same number JN, then 
we say that the series (1) is uniformly convergent in the in- 
terval (a, 6). 
Example 1. The functiona! series 


i + 
242 x(i —x)+-5 x4 (1---ei +. ++ x"-1(}-—x)+... (2) 
a 1) For definition, see Sec. 386. 
3) The series can also converge at points exterior to the interval 
(2, 6), but such points are disregarded. 
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(see Sec. 384, Example 3) converges at every point of the 
closed interval (0, 1). We shall show that it is nonuniforml, 
convergent in this interval. 
We require that the partial sum 
1 : 


a ee (3 


yield the sum of the series (2) to within +01. For x=: 


and also for x=0 this requirement is satisfied by all partia: 
sums (the. exact value is S=2). For the other values of < 
the sum of the series is 


~ S=244 x (4 
so that. the remainder of the series is 
Rz=S—Spy => x” (6 


For x=0.1 or for x=0.2 or for x=0.3, the required accu- 
racy is ensured beginning with N =2; for example, for x=0.3 
we have 


| Rp|=4-0.3? < +-0.1 


But tor «=0.4 two terms do not suffice: we have to take at 
least three. Then 


1 ! 1 


Further trials will show that for x=0.5 the required ac- 
curacy is ensured only from N=4, forx=0.6, beginning 
with N=5, and for x=0.8 we have to take N=11. As x ap- 
proaches 1, the number N increases without bound so that for 
all values of x at once there is no number AN that is able to 
ensure an accuracy up to 0.1 (greater accuracy all the more 
so). Hence in the interval (0, 1) the series (2) is nonuniformly 
convergent. 

Fig. 402 depicts the graphs of the partial sums 

1 


Si (=2, 3 (X)=2+ xf? 


Sg (x) =2+42x—+ 28, Sq ()=24+ 2-4 x4 


The remainder is depicted for x 4 ! as segments of ordinates 
between the corresponding graph and the straight line y=2+ 
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> + x [which represents the sum of the series (2) for all values 


of x except x=1]. 

The convergence of the series (2) is seen from the fact that 
the graphs of the partial sums hug more closely the straight 
tine DB over an ever increasing portion of it. The nonuniformi- 
ty of convergence is evident from 
the fact that near B each one of 
the graphs s, departs from DB. 
But as n increases, perceptible 
departures occur on an ever 
smaller section. 

Example 2. Let us show that 
the same series (2) converges 
auton in the interval (0, 

.9). 

We will require an accuracy 
of up to +01. For x«=0.5 
this accuracy, is ensured begin- 
ning with N=4, because 


[Rel => -0.54= 


= 4.0.06 < 4.0.1 as 
For any other value of x in the Eig. 402 
interval (0, 0.5) the required 
accuracy is definitely ensured from N=4 onwards. 


Let us require an accuracy up to +-0.01. Then for x=0.5, 
it suffices to take N=7 because 


1 1 1 
| Ry |=-0.57 x = -0.0078 < =-0.01 


For any other value of x in the interval (0, 0.5) seven terms 
is all the more so sufficient. Generally, that number N which 
ensures an accuracy up to ¢« for x=0.5 will always ensure 
the same accuracy at once for all values of x in the interval 
0, 0.5). Hence series (2) converges uniformly in this inter- 
val. 

In Fig. 402 the uniformity of convergence is seen from 
the fact that in the interval (0, 0.5) the greatest departure 
of the graph s, from the straight line DB tends to zero with 
increasing n. In the interval (0, 1) this does not occur. 
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386. Uniform and Nonuniform Convergence 
Defined » 


A functional series 

Uy (xX) +g (X) HF... +n (X) +... (hh 
convergent in an (open or closed) interval (a, 6) is called uniformly 
convergent in that interval if the remainder R, (x), beginning with 
some number N, which Is the same for all values of x considered, 
remains less in absolute value than any preassigned positive number e: 
| Ra(x)i<e fornra2N (e) (2) 

(the number N depends solely on e). 

f for some e the condition (2) cannot be satisfied (for all x at 
once) for any value of N, then we say that the series (1) Is nonuni- 
formly convergent in the interval (a, 5). 

For examples see Sec. 385. 


387. A Geometrical Interpretation of Uniform 
and Nonuniform Convergence 


Let AB (Fig. 403) be the graph of the sum S (x) of a 
series convergent in the interval (a, 6), and let the lines 
AnBn, An+1 Bn+. ... be 
the graphs of the partial 
sums Sy, (X), Sy41(¥), --- 
Confine AB to the strip 
A’A"B’B’, in which each 


Fig. 403 Fig. 404 


of the boundaries A’B’ and A”B’ is a constant distance 
& from AB (vertically). In the case of uniform conver- 


1) It Is advisable to read Sec. 385 first. 
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geace of the series, all the lines A,B,, beginning with 
xme number N (ce), are located entirely inside this strip 
within the limits of the interval under consideration). 

This does not occur in the case of nonuniform convergence. 
4 vivid explanation is given in Fig. 404; here, all the graphs 
i, (x) have two “tongues” each that shoot up from the strip 
4'A”B’B’ (they move towards the point C as n increases). 
Yet, after the tongue has passed the point D, the graphs 
:,(x) above every separate point D of the section ab approach 
cre graph S (x) without bound. 


388. A Test for Uniform Convergence. 
Regular Serles 


If every term u,, (x) of the functional series 
ty (4) Me (X) +. +Un (X)+--- (1) 


for any x taken in the interval (a, 6) does not exceed, in 
absolute value, the positive number A,, and if the numerical 
series 


Ays-Ag ek Ay: (2) 


converges, then the functional series (1) converges uniformly 
in this interval. 


Explanation. The convergence of the series (1) follows from Secs 
377 and 373. The remainder of the series }) does not exceed, in 
absolute vajue, the remainder of (2), starting from some number N, 
which ensures accuracy up to e for the series (2) and all the more 
so for all x at once. 


Example. The functional series 


2 33 \ 
tr t+ tee SF+... 
converges uniformly in the interval (—o, + 0) because its 
terms, for any x, do not exceed in absolute value the corres- 
ponding terms of the positive number series 


I 1 1 1 : 
ptpytgat- tate. (4) 


This series converges (Sec. 373, Example 3). Accuracy up to 
0.1 is ensured for the series (4) beginning with n=10. For (3), 
the same accuracy is all the more so ensured, starting with 
the tenth partial sum. 
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In the closed interval (-x, m) the sum of the series (3) is 


1 ra 
enw, 2 oe 
4 (« 9) 


For x=: the functional ue (3) becomes a numerical series (4 
the sum of which is equal to = =e (see Sec. 417, Example 3). 


Note. A functional series which meets the criterion of this 
section is called a regular series. Every regular series con- 
verges uniformly. Nonregular series converge uniformly i> 
some cases and nonuniformly in others. 


389. Continuity of the Sum of a Serles 


Theorem. If all terms of a functional series 


Uy (x) +g (X) + 2. + Uy (xX) +... qn 
uniformly convergent in the interval (a, 6) are (in that in- 
terval) continuous functions, then the sum of (1) is also 2 
continuous function in (a, 0). 

Example 1. All the terms of the series 


cos x | cos 2x se cos 3x 


ye Sao oe ~~ 32 + 2 (= 1)" Set. (2) 


which is aay convergent in the interval (—o, +.) 
(Sec. 388) are continuous functions. Hence, the sum of (2) is 
a function continuous for any value of x. 

Note. The sum of a nonuniformly convergent series oi 
continuous functions is continuous in some cases and discon- 
tinuous in others. 

Example 2. All the terms of the series 


244 x(l—g toe (l—xt... text (ligt... 3) 


which is nonuniformly convergent in the closed interval (0, 1) 
(Sec. 385) are continuous functions. But the sum of the series 
is a function that is discontinuous for x=1 (see Sec. 384, 
Example 2). 

Example 3. The series 


(x — x?) + [(x?— x4) — (x —x?)] + [(x? — x8) — (x? —x4)] +... (4) 
with general term 


Uy (X) = (47 — xP8) — (x71 — x20 2) (5) 
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.erges nonuniformly in the closed interval (0, 1), but it 
-a: a continuous sum S (x) identically equal to zero. 

indeed, we have s,, (x)=x"—x?" and for every separate 
ze of x in the interval (0, 1) this expression tends to zero 
«x that the series converges and has the sum S (x)=0. 

But the remainder R,, (x)=S (x)—S, (x) =x"—x?" of the 
ees cannot be made less than + at once for all values of x 
-csidered because, no matter what n, the remainder is equal 


tf Ld 
uy lor x= > 


Fig. 405 


Consequently (Sec. 385), the convergence of the series (4) 
:s nonuniform. Yet its sum S (x)=0 is a continuous function. 
Geometrically, the graphs of all partial sums s, (Fig. 405) 


nave humps on the straight line y=> so that no graph lies 
entirely within the strip between the straight lines y= + + ; 


This does not prevent the sum of the series (depicted by the 
heavy segment on the x-axis) from being a continuous function. 


390. Integration of Serles 


Theorem. If a convergent series 


Uy (x) + Ue (x) +... +n (4) +... = S (x) (1) 


made up of functions continuous in an interval (a, 6) conver- 
ges in that interval uniformly, then it may be integrated term 
by term. The series 


(ar () det Que (ey de +... + (un dete, (2) 


a a 
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converges uniformiy in the interval (a, 6) and its sum is eq-: 


x 
to the integral i) dx of the sum of the series (1): 


a 
x x x x 
[ar det | ue) det... + J untrdet ...=[Sayace: 
a a a a 


Explanation. The partial sum om (x) of the series (2) is the integ 
rai of the partial sum s,, (x) of the series (1) 


a x 
7 s= J Sp (x) dx 
a 
x 
and is depicted as the area aAyCyx (Fig. 406). The integral { S (x) 


a 
of the sum S(x) of the series (1 
is shown as the area aACx. 
The theorem asserts firstly tha: 
the series (2) converges and tha: 
x 


its sum is equal to fs (x) dx. 
a 


Geometrically, the area aACx 
(Fig. 406) is the limit of the 
area GAy,Cyx as n> @. 

Indeed, in the case of uniform: 
convergence of (1), the graph 
aA,Cyx_ lies inside the strip 
A’ ArE"c (See, 387). Thus, the 
area aA, ies between the 

Fig. 406 areas aAC's and aA’C’x. And for 
both the limit is the area aACx. 

The theorem secondly asserts that the series (2) converges uniformly 

Geometrically, it is at once possible, for all positions of the ordi- 
nate xC”, to make the quantity 


| area GACx—area aAyC,,x | (4) 
starting with some index 2, less than any preassigned given area E. 
Indeed, the strip A’A”B”’A’ may be made so narrow that its area is 


less than E. Then the area of A’A”C’C’ is definitely less than E and 
the quantity (4) is still less. 


Example 1. The series 
[+ 2x4-3x?+ ...-+nxP-14+. (5) 


in the interval (0, q), where q is a proper fraction, converges 
uniformly (by the test of Sec. 388) because its terms do not 
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-::eed the corresponding terms of the convergent (Sec. 374) 
sositive-term series 
14-2¢ +3924 ...-+ng"-14-... (6) 
tere D 


S@)=142x4...-aI pect (7) 


According to the theorem of this section, the series 
x x x 
(det { 2rdet...+{ nemtdet... 6) 
0 0 0 


converges uniformly in the interval (0, g) and its sum is 


x 
Sswde=lGap=Ta— <x<q = 9) 


This is readily verifiable because the series (8) is a progres- 


sion: 
x4x7?+4 x84... 

Note. If the series (1) converges nonuniformly, then term- 
by-term integration in certain cases is permissible but not in 
others (see Examples 2 and 3). 

Example 2. The series 

(x— x9) + [(x? — xt) — (x— x9)]} + [(x? — x8) — (x? - x9) ] +...=0 (10) 


nonuniformly convergent in the interval (0, 1) (see Sec. 389, Example 3) 
may be integrated term-by-term between the limits 0 and 1: 


1 1 1 
fe-otart f at-x)--29) ax +. = fo-dreo 
0 0 é 


Indeed, the partial sum Sy of the series (11) is 


a 


=(¥l) (aa 41) a 


! 
= \ ana ) dx = 
0 


It tends to zero as n+o. 


4) Formula (7) may be obtained by termwise multiplication of 
the series leetett ote (o<x< a) by itself (cf. Sec 381, 
Example 2). 


574 HIGHER MATHEMATICS 


Geometrically, the area bounded by the graph sy (x) (Fig. 405) and 
the interval (0, 1) tends to zero despite the presence of a hump. (The 
hump tapers indefinitely as m increases, but its altitude remains 
constant.) 

Example 3. The series 


(x—x?)+[2 (x? — x4) —(x—x*)] +[3 (x9 — x9) —2 (x? -x4)] +... (13) 
with general term 
Un (x)= A (x= x2) — (2-1) (xB 1 20-2) (14) 


converges in the interval (0, 1) and has a continuous sum S (x)=0 
[this is proved in the same way as for the series (10)]. Hence 


| 
fs (x) dx=0 (15) 
0 


i] 


2° 


Yet termwisé.integration from 0 to 1 yields 
get the series 


1 1 ! 
fee dx+ : f (x?-x4) dx-f (x— x?) a| Hsvgie 
0 0 0 


I 1 
+ > fxm 29™ dx-in= 1) f (ett an—y os +... (16) 
0 0 


not zero. Indeed, we 


with partial sum 
1 
s,=a y (x®—x2") dx= 
0 
n? 


~ (atl) (2a4l) 
Consequently, the sum S’ is 


(17) 


be ae 1 
S's Le => (18) 


The discrepancy between (15) 
and (18) is due to nonuniform 
convergence of the series (13) 
(nonuniformity is proved as in 
Example 3, Sec. 389). 

Geometrically, the graph of 
sn (Fig. 407) tends to coinci- 
dence with the axis of abscis- 
sas over any section of the 
7 interval (0, 1) which does not 

Fig. 40 contain the point x=1. But near 
this point a hump is formed. 
It approaches the extremity x=1 without bound, becoming narro- 


wer horizontally but continuing to grow upwards. 1) Because of 


\) The graphs in Fig. 407 are obtained from the similar graphs 
of Fig. 405 by stretching along the vertical in the ratio a:1. 
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compensation, the area between s, and the interval (0, 1) tends to 


+ and not to zero. 


Note. If the series (13) is modified by taking a series with gene- 
ral term 


Un (x)=n? (x — x2") —(n— 1)? (xP 1 xtM— 3) (14a) 

we will still have i 
J S (x) dx=0 (16a) 

0 


but after termwise integration we get a series with the partial sum 


’ n 
Sn (n+l) (antl) 


(18a) 


It will be divergent since fim si=@ (the hump will grow upwards 
nro 


faster than it will taper horizontally). 


391. Differentiation of Series 


Even in the case of uniform convergence of a series, it is 
not always permissible to differentiate it termwise. The fol- 
lowing theorem offers a criterion for ensuring the possibility 
of term-by-term differentiation. 

Theorem. If a functional series 


Uy (xX) 4- Ug (X) +... + Uy (x) +... (1) 


converges in the interval (a, 6) and the derivatives of its 
terms are continuous in this interval, then the series (1) may 
be differentiated term-by-term provided that the resulting 
series 


ut (x) +4) (x) +... bux)... (2) 


converges uniformly in the given interval. The sum of series 
(2) will be the derivative of the sum of series (1). 


The proof is based on the reciprocal nature o! differentiation and 
integration and rests on the theorem of Sec. 390. 


Example. The series 


xpeet... pert... (3) 
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converges in the interval (0, q), where g is a proper fraction 
Here 


ett... pep ...= ph (0<1<9) (4: 


The derivatives of the terms are continuous in the interva} 
(0, q), and the series 


ee Te eee re ea (6) 
made up of them converges uniformly in that interval (Sec. 
390, Example 1). Hence the sum of the series (5) is a deri- 
vative of the sum >~~ of series (3): 


Ip2e+.tertt.e (lagi © 


Note 1. The theorem does not actually seauire that the series (1) 
converge uniformly. Under the hypotheses of the theorem: this requi- 
rement is fulfilled of itself (by virtue of the theorem of Sec. 390) 

Note 2. Even in the case of uniform convergence of (1) and con- 
tinuity of the derivatives of u,,(x) the series (2) may prove to be 
nonuniformly convergent and then its sum is sometimes equal and 
sometimes not equal to the derivative of the sum of the series (1). 
What is more, series (2) may prove to be divergent. Thus, the series 


sin 24x sin atx 


gi te tat... (7) 


converges uniformly on the entire real line (cf. Example in Sec. 388), 
whereas the series of derivatives 


cos x+2* cos 24x+... +n? cosnixt ... (8) 
diverges for x=0 (and also for an infinity of values of x). 


sin x+ 


392. Power Serles 


In practical applications the most important of the func- 
tional series are power series (see Sec. 270 for a discussion of 
their origin). A power series is a series of the form 


Ag+ GyX + Gx? 4... fp ayxP +... (1) 
and also a series of the more general form 
Gy + ay (X—Xq) + Ag (4% — Xp)? +... + ay (X—%Xp)" +... (2) 


where x, is a constant. Of the series (1) we say that it is a 
series in powers of x, about (2). that it is a series in powers 
of x—Xp. 

The constants ay, a), .--, @,, -.. are called the coeffici- 
ents of the power series. 
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If we denote x—x, by z, then (2) is a series in powers 
:§ 2, which is the same as (1). Therefore, from now on a 
sower series will be understood to be a series of type (1), 
:nless otherwise stated. A power series always converges for 
z=0. As to its convergence at other points, three cases are 
czossible; they are considered in Sec. 393. 


383. The Interval and Radius of Convergence 
ef a Power Series 


1. It may happen that a power series diverges at all 

points except x=0. Such, for example, is the series 
14x 22x24. 38x34... + ntxnt... 

where the general term n”’x™=(nx)" increases in absolute 
value without bound beyond the point where nx becomes 
greater than unity. Such power series are of no practical 
significance. 

2. A power series can converge at all points. Such, for 
instance, is the series 

xn-i 


Ipe+S+S4... 455+... 


the sum of which for all values of x is e* (Sec. 272, Example 1). 
3. Typically, a power series converges at some points and 
diverges at others. 
Example 1. The geometric progression 


l+x+x24+... 4x74... (1) 
converges for |x|< 1 and diverges for |x|==1. Here the 
domain of convergence (Sec. 384) is the interval (—1, +1), 
both end-points of which, x==-+ 1 and x=— 1, are excluded. 
The sum of the series (1) (in the domain of convergence) is 


| 
l-x 


Example 2. The power series 
eee os ee (2) 


converges for |x|<<1 and diverges for |x] > 1 (cf. Sec. 374, 
Example 2). The domain of convergence is the interval 
(—1, +1) with both extremities, x=-+ 1 and x= —1, in- 
cluded. The sum of the series (2) is not expressible in terms 
of elementary functions. 
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Example 3. The power series 
fee pate (3) 
3 qos ao eee 


converges for |x| <1 and diverges for |x| > 1. For x=—1 
it also diverges (Sec. 369, Example 3), for x=1 it conver- 
ges (Sec. 369, Example 4). The domain of convergence is the 
interval (—1, +1), including the point x—1; the point 
x=— | is excluded. : 

The sum of the series (3) (in the domain of convergence) is 
In (1+) (Sec. 272, Example 2). The series (3) is obtained 
by termwise integration of the series 


(ete 


Theorem. The domain of convergence of the power series 
Ay + 44x agx?-+ ...+a,x"+... (4) 


is some interval (— R, R), symmetric about the point x=0. 
Sometimes both extremities, x=R and x=—R, have to be 
included, sometimes only one, and at yet other times both 
extremities have to be excluded. 

The interval (— &, R) is called the interval of conver- 
gence, and the positive number R is called the radius of 
convergence of the power series. If a power series converges 
only at the point x=0, then R=0. In Examples | to 3 the 
radius of convergence is unity. If the series converges at all 
pen, then we say that the radius of convergence is infinite 
(R= @). 


(384. Finding the Radlus of Convergence 
Theorem. The radius R of convergence of the power series 
Ag aX + agx?+ ...+a,x"+... (1) 
is equal to the limit of the ratio | a,,|:|a,41| provided that 
this limit (finite or infinite) exists: 
R= lim |aq:@q411 (2) 
nro 


Example 1. Find the radius and domain of convergence of 
the series 


O.lx 0.01 x? , 0.001 x? (—0.1)%x" 
as fay pt .. (3) 
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Solution. Here a, =o" We have 


0.1" 0.1"+! n+l 
: alle 


lan || @n+a l= S- 
R= lim |ay:an41,|=10 (4) 
nro 


Tne radius of convergence is 10, the interval of convergence 
4 (—10, 10). The series (3) converges inside the interval 
acd diverges outside it. For x= 10, the series (3) takes the 
1 1 1 (-1)" 
soatayo tot... (5) 


Tnis series converges (Sec. 369, Example 4). For x=— 10 we 
get a divergent series (Sec. 369, Example 3): 


Hence the domain of convergence is the interval (— 10, + 10) 
e:th the extremity x=-+ 10 included; the other extremity is 
2tcluded. 

Explanation. We will regard x as a given number and will apply 
13 (3) the d'Alembert test (Sec. 378). We have 
_(—0.1)"x" 


u 
ie n 


n 
lim | 4 tu, (= Um [x |-0.1—— j=|x|-0.1 
Pee nity im, ( | nel 


Sy d’Alembert’s test, (3) converges when |x|-0.1 <1, i.e. when 
x.< 10, and diverges when | x|-0.1> 1; that is, when |x|> 10. 
Repeating this reasoning literally with regard to (1), we get for- 
mula (2). 
Note 1. The sum of the series (3) (in the domain of con- 
vergence) is equal to In(1+0.1x) (cf. Sec. 393, Example 3). 
Example 2. Find the radius of convergence of the series 


1-445 Ft 4... (6) 
(-1)* 
al 


R= lim [_:_ ibe lim (n+l)=o (7) 
nwo 


nao|l 2 (ati) 


Solution. Here a,= . By formula (2) we get 


The series (6) converges at all points. Its sum is e-* 
(cf. Sec. 272, Example 1). 
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Note 2. If series (1) contains an infinity of coefficients 
equal to zero, then the ratio |a,|:|a,41] has no limit and 
formula (2) cannot be employed even if we discard the zero 
coefficients and renumber the remaining ones in a sequence. 

Example 3. Find the radius of convergence of the series 

0.12% 0.01z* , 0.001z* 
Sy gr ge eh 8) 
obtained from (3) by the substitution x=2?. 

Solution. Since the series (3) converges for |x| < 10 and 
diverges for |x| > 10, it follows that series (8) converges 
for |z| < V'10 and diverges for |z| > V10. Hence, the ra- 
dius of convergence of (8) is Y10. Formula (2) is inappli- 
cable: if we take into account the zero coefficients of odd 
powers of z, then the ratio |a,,|:|an41 ! is meaningless for 
even n; but if we discard the zero coefficients and number 
the remaining ones in a sequence, then the limit of the 
ratio [a@,[:[@,41| will be 10 and will not yield a radius 
of convergence. 

The sum of the series (8) (in the domain of convergence) 
is In (1+ 22). 


395. The Domain of Convergence of a Serles 
Arranged In Powers of x— x, 


The domain of convergence of the power series 


Ay ty (X—Xp) +g (X— Xp)? +... Ay (4—%)" +... (1) 
is some interval (xy—R, x9 +R) symmetric about the point 
Xo. Sometimes, both extremities must be included, sometimes 
only one, and sometimes both extremities must be excluded. 

The interval (x»s—R, x 9+) is called the interval of 
convergence, the positive number R is the radius of conver- 
gence of the series (1). If the series converges at all points, 
then the radius of convergence is infinite (R= 0). 

If the ratio |a,|:|a,+,| has a limit (finite or infinite), 
then the radius of convergence is found from the formula 

R=lim | ay:dn+1| (2) 
nwo 


Example. Find the radius and domain of convergence of 
the series 
x+0.2 , (x+0.2)# (x+0.2)" 


ESRC RLE She Wa eee @) 
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Here x)= —0.2, a,=— By formula (2) we have 
R=lim {1-1 |=1 
azeln nt+i 


The domain of convergence is the interval (—1.2, 0.8), 
sae extremity of which, x=0.8, is excluded. The sum of 
tne series (3) (iri the domain of convergence) is 


—In[I—(e+0.2)J=In 


396. Abel’s Theorem ! 


Theorem. If a power series 
Ay + ayx + agx? +... +a,x"4+... (1) 
converges (absolutely or conditionally) at some point x, 
then it converges absolutely and uniformly in any closed in- 
terval (a, 6) interior to the interval (—| xo], .+| 0 |). 

Note 1. The word “interior to” is to be understood in the 
narrow meaning of the word, that is by the hypothesis of 
the theorem neither of the end-points of the interval (a, 6) 
coincides with the point |xy| or the point —|x9|. 

Example. The series 


x x? x 
FtHt..+S+... (2) 


converges (conditionally) at the point «= —1, turning into 
the series (Sec. 369, Example 4) 


l 1 1 1 
Spi a a 


By Abel’s theorem, series (2) converges absolutely and 
uniformly in any closed interval interior to (—1, 1), say in 
the closed interval (—0.99, 0.99). 

If for the left extremity of the interval (a, 5) we take 
the point x,=—1, then the absolute convergence is upset 
(at the point —1 itself). If for the right extremity of (a, ) 
we take the point x)»—1, then series (2) becomes divergent. 


1) Niels Abel (1802-1829), Norwegian mathematician. He lived 
only 27 years but produced works of fundamental importance. The 
assertion of uniform convergence of series (1) is a later contribution 
(the distinction between uniform and nonuniform convergence was 
made by Weierstrass late in the 1840's). 
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Note 2. If for one of the extremities of the closed interval (a, 5) 
we take x,, then the convergence in such an interval remains uni- 
ieee The same goes for the point —x, if series (1) converges at that 
point. 


397. Operations on Power Series 


Suppose we have two power series: 


Ay + 44x + ax? ...+4,x"+ ...=S, (x), (1) 
bp +.6x + box? +... + Onx7-+ ... = Sze (x) (2) 


Let A be the radius of convergence of series (1) and B the 
radius of convergence of series (2). Denote by r the smaller 
one (if they are equal, then 7 is common to both). 

If we add, subtract or multiply termwise (by the scheme 
of multiplying a polynomial by a polynomial, cf. Sec. 381) 
the series (1) and (2), we get new power series, whose radii 
of convergence are at worst equal to r, but may exceed 
r. Their sums are, respectively, equal to S,(x)+S, (x), 
S, (x) — Se (x), Sy (x) Sg (x) (cf. Secs. 371, 381, 396). 

Termwise division of series (1) by series (2) may be car- 
ried out by the scheme given in Sec. 382, provided that 
by #0. If + #0, then the radius of convergence r, of the 
derived series differs from zero but does not exceed A; it 
may even happen that r, is less than either of the radii A, 
B [see Example 4 and the note on formula (4), Sec. 401}. 
The sum of the new series (in the interval of its conver- 
gence) is equal to S, (x): S¢ (x). 

If by=0, then termwise division is impossible for a0 (because 
the quotient of S,(x):S,(x) is infinitely great as x+0 and it cannot 
be represented by a series in powers of x). But if 6.=0 and a ,=0, 
then termwise division is impossible when the lowest power of the 
dividend is less than the lowest power of the divisor dor the same 


reason), otherwise division is possible, and the new series has the 
sum S,(x):S,_(x) 1) in the interval (-7,, 71). 


Example 1. In the interval (—1, +1) we have 


lfxpete+..carh, (3) 

loxfeP—84. =r (4) 
Adding term by term, we get 

24 2x24 24... = re, (5) 


1)’ Ror x=0 this sum (that is, the absolute term of the new series) 
is the limit of the quotient S, (x):S,(x) as x0. 
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Subtracting (4) from (3) term by term, we get 


2x4 2x8 + 2x84... = Ae, (6) 


Multiplying term by term (cf. Sec. 381, Example 1), we get 


lege y.a (7) 


Dividing the series (3) by the series (4) termwise (cf. 
Sec. 382, Example), we find 
14 2x 42x84 9x84 .., = ttt (8) 
By the theorem of Sec. 394, the series (5) to (8) have 
radius of convergence R=1, like (3) and (4). Formulas (5)- 
(8) are readily verifiable: their left sides are geometric prog- 
ressions [in (8) from the second term onwards]. 


Example 2. In the interval (—o, +00) we have (Sec. 
272, Example 1) 


454 F454... 454... 208 (9) 
Replacing x by —x, we get 
I-A (H+... em* (10) 


Since e*-e-*=1, it follows that for termwise multipli- 
cation, all the terms, except the absolute term. must cancel 
out, which is what actually happens. 

Example 3. Termwise division of (9) by (10) yields the 
series 


L42xp 2p 4 Ftp... (11) 


The law of formation of coefficients is not immediately per- 
ceivable, but, knowing that (11) converges in some interval 
and has the sum e*:e-*=e?* there, it is possible to vi- 
sualize the series (11) in the form 


r 3 = e 
ede etapa aD 


Like (9) and (10), the series (12) has (by the theorem of 
Sec. 394) an infinite radius of convergence. 

Example 4. We will consider the binomials 1+ x and 
|—x as power series, the coefficients of all terms of which, 
except the first two, are equal to zero. The radii of conver- 
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gence A and B of these series are infinite. Termwise divi- 
sion of |+x by |1—x yields the power series 


12x + 2x?+4 2x34-24-+ ... (13) 


Its terms, starting with the second, form a geometric pro- 
gression with common ratio x. The sum of the series (13) in 
the interval of its convergence is (1-+-x):(!—x), but the ra- 
dius of convergence r, is not infinite; it is equal to unity. 


398. Differentiation and Integration 
of a Power Serles 


Theorem 1. If a power series has radius of convergence 
R and sum S (x), 


Ay + Qyx + Agx? +... +a,x"+... =S (x) (1) 


then the series derived by termwise differentiation has the 
same radius of convergence R and its sum is the derivative 
function of S (x): 


Qy + 2agx + 3agx?-+ ... + na,x?-1+4 ...=S’ (x) (2) 


Hence, the sum of a power series is a differentiable function, and 
it has derivatives of all orders [because we can again apply Theo- 
rem | to series (2), etc.}. 


Note J. If series (1) diverges at any end-point of the in- 
terval (—R, R), then the series (2) also diverges at that 
end-point. The convergence: of (1) at the end-point of the 
interval (—R, R) may be preserved in (2) or may not. 

Note 2. The convergence of (2) is somewhat worse than 
that of (1) (because na, is greater in absolute value than a,,). 

Example 1. Differentiating successively the series 


bfepetp pap. ac (-l<x<+l) 3) 


in which R=1, we get series with the same radius of con- 


2 F aR 1 
vergence. Their sums are the successive derivatives of —: 


l-x° 
I$ 2e+3e24+484 00a p...=ot, (4) 
246x121... tn(nzl)xP2+...=A=, 6) 
624x420. +A (n—1)(n—2) 7-8. = (6) 
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The series (3) diverges at both end-points of the interval 
of convergence; the series (4) to (6) do likewise. 

Example 2. The series (3) is obtained by differentiating 
the series 


2 N+ 
xt54...$554+...=—In(1—x) (7) 
Series (7) diverges for x=1 and converges for x= —I1, but 
after differentiation the convergence at the end-point x=—1 


breaks down. 
Theorem 2. The series derived by termwise integration 
of series (1) from zero to x has the same radius of conver- 
x 


gence and its sum is { Si) dx: 
0 


x 
age St xt 4 Se oe. Oe entry. =| s(x de (8) 


Note 8. If series (1) converges at one of the end-points 
of the interval (—R, R), then (8) converges there too, and 
formula (8) holds true. However, divergence of (1) at an end- 
point of (—R, R) may or may not be preserved in (8). 
ay aeons of series (8) is somewhat better than that 
Ce) : 

Example 3. The radius of convergence of the geometric 
progression 
1 


latte. f (HI att = 8) 
is unity. Integrating term by term we get (for |x| < 1) 


xen 


e545 SF + H(t tp 


x 


= y 44, = arctan x (10) 


1+x? 


The radius of convergence of series (10) is also unity. At the 
end-point x=1, series (9) diverges and series (10) converges 
(by the Leibniz test), and we have) 


1 1 1 1 
I —st.. HHI at... Saretan bo 


1) This result was obtained by Leibniz. 
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At the end-point x——1, the series (10), like (9), diverges 
(by the integral test). 
Example 4. Integrating termwise the series 


x x x? is 
x—37 ter 7 sink (11) 
(Sec. 272, Example 2), for which R=oo, we get 
x 
ne «oe \ sinxdx=1—cosx 
0 
where x is any number. Whence we find the expansion of the 
function cos x;. 
x? xo. x8 
cosx=l—F+7-At:-: (12) 
Here too, R=o. : 


399. Taylor’s Series?) 


Definition. The Taylor series (in powers of x—x 9) of the 
function f (x) is the power series 


eee 
a AL een ee a ee ee 


For a the Taylor series ma ae of x) is of the form 


FOF ep LO ry 4g PEO nt QQ) 


Example 1. Form the Taylor series for the function 


fW=sy in powers of x—2. 


Solution. Compute the values of the function f (x) and its 
successive derivatives for ae This yields 
1 : 1 
f= 7. i Q=a y x= = 3: 
” 1-2 1. 
Pf Q)=—ro5 |eo =a om (2)= 3) 
a al 
(§=x)R +2 [ab 


1) It is highly advisable to read Sec. 270. 
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The required series is 
1 1 
Tt He) +H —B*t... tae (K—-B" +... (4) 
Example 2. Construct the Taylor series of the same func- 


tion in powers of x. 
Solution. As in Example 1, we find 


(O=+,7O=4. PO=B, ..., PO=Be. 
(5) 
The required series is of the form 
1 
et ptt gett... tap... (6) 


Example 3. The function does not have a Taylor se- 
ries in powers of x—5 because the function is not defined 
at the point x==5 (it becomes infinite). 

Example 4. The function f (x)= = has no Taylor series 


in powers of x because the derivative /f’ (0) is infinite. 
But it has a Taylor series in powers of x—1, which is of 
the form 


I+ 56—-)—F HEV TS et 


tHe e-t+... 


400. Expansion of a Funciton In a Powor Series 


To expand a function f(x) in a series in powers of x— x 
means to construct a series of the form 


Gq + Gy (X— Xq) +g (X— Xp)? +... Ay (X— Xp)" +... (1) 


with nonzero radius of convergence and with sum identically 
equal to the given function everywhere within the interval 
of convergence. 

Theorem. If a function f(x) is expanded in the power 
series (1), the expansion is unique and the series (1) coinci- 
des with the Taylor series in powers of x— xp. 


Explanation. By hypothesis, we have identically, in the interval 
of convergence, 


F (x) Hao tay (X-Xq) +4 (4— Xp)? +... tan (X—X—)™ +... (2) 
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Hence (Sec. 398, Theorem 1), the function f (x) has derivatives of 
all orders, and at all points of the interval of convergence we have 


I’ (x) =a, 42a, (x- Xo) + Bay (x — X%—)?+ 4a, (X — Xo)? +..--, 
"(x)= 2a; +2-3ay (x—Xq)+ 3-404 (x— Xq)*+... , (3) 
PP" (x= 2-3a, +2-3-4a4 (x-Xo) t+... 
and so on. For x=X 9, formulas (2) and (3) yield 
Go=f (x), a1=f" (Xo), a= ee) , agate) re ()) 


That is, the expansion (2) is unique and coincides with Taylor’s series 
for the function f (x). 


Example 1. Find the value of the fifth derivative of the 
function f®)= ta for x=0. 


Direct computation is tiresome. But the function f (x) can 
easily be expanded in a series of powers of x by performing 
the division x:(1—.x?) (Sec. 397). We get the expansion 


por ttt otat+... (5) 


in the interval (—1, +1). But (5) is Taylor’s series of the 
function f (x) in powers of x. Hence, the coefficient a,=1 


Vv - 
gives the value LO or f¥(0)=5!=120. Similarly, we find 
forth (0)=(2n+1)1, f2 ()=0 6) 


Definition. A function f(x) that can be expanded in a po- 
wer series in x—x, is called analytic at the point xp. 


Example 2. The function 3/x is not analytic at the point 


x=0 (Sec. 399, Example 4); the same function is analytic at 
the point x=1 (and at any point x» # 0). 


Note. The function f (x) defined at the point x=x, may be non- 
analytic at that’ point for one of three reasons: 
(1) For x=x, it may not have a finite derivative of any order; 


thus, the function 3 x is not analytic at x=0 because the first deri- 


vative here is infinite. 

(2) The Taylor series of the function f (x) may have a nonzero 
radius of convergence and a sum not equal to f (x). 

(3) The radius of convergence of the Taylor series of the function 
f (x) may be equal to zero. 

Only the first type is of practical importance. In Example 3 
we considered a function of the second type. 

The presently known examples of functions of the third type are 
too involved. 
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Example 3. va us define the function @ (x) (Fig. 408) by the for- 


3 
mula @ (x) =e % (for x = 0). For x=0, we put p(0)=0. All the de- 
rivatives of this function are zero at the point x=0. ') Hence, for the 


function | (x)=e+@ (x) all the derivatives f’ (0), f” (0), ..., pm (0)... 


0 


Fig. 408 


will have the same values as the corresponding derivatives of e?; that 
is, the Taylor series of the function f (x) will be 
J eae i 
I+ap2t+a* haar mie Pline, 


This series has a nonzero radius of convergence (R=), but its sum 
(it is e%) is not equal to f (x). 


401. Power-Serles Expansions of Elementary Functions 
Preliminary remarks. In order to expand a function f (x) 


in a series of powers of x—x, we can seek the successive 
derivatives f’ (x), [f’ (Xo), ..-, f& (Xo), .... If they exist 


1) For x # 0 we have i 
2 2 x 
@ (x) =e 


For x=0 this expression Is not suitable; here 


h 

@ (h)—@ (0) e 
"(= lim tt! = tim ——=0 
mul) h-+0 h hoo A 
(by I’Hospital’s rule). Further, 
1 
; i, ® (h)- 9" (0) 2° 
" (0)= lim —-—_———= lim_ ~~e =0 and so on. 
eg SB hoor 
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and are finite, we get a Taylor series: 


F (9) + DD (x — x9) + GR (xg) + 
(ne 
LO eo) (gx tt or 


nl 


Because of what was said in Sec. 400, we also have to 
prove that this series has a nonzero radius of convergence and 
ields the precise sum of f(x), and not some other function. 
t is sometimes possible to estimate the “remainder term” 
R=! (x)—S, (x) and to prove that lim R,=0. For this pur- 


. nae 
pose, R, is.given in the Lagrange form (Sec. 272, Examples 
1 and 2) or in other forms. 

In most cases this is difficult to do (or practically impos- 
sible). Then we can obtain the expansion in other ways, by- 
passing the computation of the derivatives of f (xo), f’ (xo), ... 
(the derivatives are obtained automatically from the expan- 
sion, as in Example | of Sec. 400). 

Below we give the power-series expansions of the simplest 
functions in x. The general term, when its form is easily re- 
cognizable, is omitted. 


Exponential functions. 


e=l+h+otot... (R=), (1) 
e*=I—- 4+ F_—F 4... (R=0) (1a) 


Both expansions may be obtained by estimating the re- 
mainder term (Sec. 272, Example 1). Formula (la) is obtained 
from (1) by replacing x by —x. 

Trigonometric functions. 


sinx=Z—F45—F +... (R=0), (2) 


cosx= I-E+ FF 4... (R = @) (3) 


Both expansions may be obtained by estimating the re- 
mainder term (Sec. 272, Example 2). One of them may be 
obtained from the other by termwise differentiation (or inte- 
gration). : 

Dividing (2) by (3) term by term, we get 


tanx=x+4 e+e oat xT goa xP hie (R=7) (4) 
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The law of the formation of coefficients cannot be expressed 
by an elementary formula and for this reason it is difficult 
to seek the radius of convergence via the theorem of Sec, 394. 
But it is clear that R does not exceed oF the series (4) already 
diverges when x= + > since tan { + =) =o. 


Note. The radius of convergence of series (4) proves less than each 
of the radii of convergence of the series (2), (3), which produce (4) by 
termwise division. Cf. Sec. 397, Example 4. 


The function cotx cannot be expanded in powers of x 
(because cot 0= 0). 
Hyperbolic functions. }) 
et—e-2 3 5 7 
= ftntHtat.. (R=) (2a) 
(hyperbolic sine; symbol: sinh x), 
et4e7F 


F—=14Ft+FtHGt-. R=~) — Ga) 
(hyperbolic cosine; symbol: cosh x), 


ez-e-7 


i 2 17 62 1 
epee t yO Taig tt gagg th «(R= FZ) (4a) 


(hyperbolic tangent; symbol: tanh x). 

The expansions (2a) and (3a) are obtained by subtracting 
and adding (1) and (la); the expansion (4a) is obtained by 
termwise division of (2a) by (3a). Cf. note on formula (4). 

The expansions of the hyperbolic functions differ from 
ie expansions of the similar trigonometric functions in signs 
alone. 


Logarithmic functions. 


In(lt¢y=t—S 45S 4... (R=)), (5) 
In(l—sy)= —2 5-4 FE _... (R=1) 


Firmulas (5) and (6) are obtained by termise integration 


of the expansions = =1Fx + x? Fx8+.... Via term- 


wise subtraction we get 


l+x 


Invt#—2 [e+ot+StFt- | (R=1) (7) 


4) Hyperbolic functions are discussed in Sec. 403. 
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Series (7) is convenient for computing the logarithms of 
whole numbers. For example, when kat we get a rapidly 
convergent series for !n 2. 

Binomial series. 


(1 x)™@= 1 mx + SD yop BOO) 4... (R=!) 
(8) 


For positive integral m, the series terminates with a term 
of degree m (the subsequent coefficients are zeros). The result- 
ing formula is called the binomial expansion. !) The expan- 
sion (8) holds for any real m. 


For —+< x < 1 we can use the Lagrange remainder term 


in the proof. 

Using other devices» it is possible to prove the validity 
of formula (8) for the entire interval (—1, 1). 

The following expansions are particular cases of (8): 


| 


(l+x) = pg Hl—x 4+ 8-8 +..., (9) 
(Lx)? = 1-2 $384 4 St, (10) 
(+= T= 22 petit... a) 


(Ipx)I= pt laoxtp tit xt—..., (12) 


(+x) *=VifFeal+ prepay a 


—sreett--. (13) 


1) The name {s more aptly applied to the general formula (8) 
(cf. Sec. 270, Item 1). 

2) For the function f(x)=(1+x)™ we have, identically, mf (x)= 
=(1+x) f’ (x). Direct verification (termwise differentiation and multi- 
Picstion) shows that the same relation [mS (x)=(1 +.) S’(x)] holds for 
he sum S(x) of series (8). Hence 

S(x)_ F(x) 
aaa ‘x))’=[l if 
3) Fe) that is [Inf (x)]’=[In S (x)] 


Since the functions In S(x) and Inf (x) have the same derivatives and 
the same values for x=0, they are equal. Consequently, S (x)=f (x), as 
we had to prove. 
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5 1-3-5-7 
pee t pep uy) 
yy j 1 -1-3 
ease AM cr Coe aT ee 
1-3-5 1-3-5-7 
eae tear Fee (15) 


Inverse trigonometric functions. 
Fl 1 x8 1.3 x8 1-3-5 x7 

arcsin s=4+5 7+70 F time Tt oes (R=)), (16) 
arctan x=x—S 42 _—L4%_... (R=1) (17) 


Expansions (16) and (17) are obtained, respectively, from (15) 
and (12) by termwise integration from zero to x. 
The expansions 


arccos x= —arcsin x and arccot x= — arctan x are 
obtained from (16) and (17). 
Inverse hyperbolic functions. ) 


In(x+ Vx@pl)ax—p SRR eet (R=) 


74-6 
(16a) 
(inverse hyperbolic sine; notation: sinh-!x, or arcsinh x). 
singPaxt SSS... (R=I) (17a) 
(inverse hyperbolic tangent; notation: tanh-! x, or arctanh x). 
The functions 
In (x-+ Vx? —1) =arccosh x 
(inverse hyperbolic cosine) and 
Jy x+l 


x In =arccoth x 


(inverse hyperbolic cotangent) cannot be expanded in a series 
of powers of x [they are not defined at any point of the 
interval (—1, 1), in particukar at the point «=0). 

The expansions (16a) and: (17a) differ from the expansions 
(16) and (17) in signs alone. 


4) Inverse hyperbolic functions are discussed in Sec. 404. 
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402. The Use of Series in Computing integrals )) 


There are many integrals that cannot be expressed in 
terms of elementary functions in closed form and are repre- 
sented by rapidly convergent infinite series. There is also 
sense in expanding in series such integrals as may be repre- 
sented by finite expressions (if these expressions are compli- 
cated). The point is that errors arise also when using “exact” 
expressions because the values of these expressions are, as 
a rule, found with the aid of tables. 

x 


Example 1. The integral [ens*dx cannot be expressed 


’ 0 
in closed form in terms of elementary functions. Let us take 
advantage of the series 


Syses x x xen 
e Vel—Tts—--- tI st... (1) 

convergent in the interval (—o, +00). It yields 
x 

= ae 1 x 1 xe 1 xt} 
y e ®de=x—T Sty vee Pl) ee eee aes (2) 
0 
The interval of poner ents is also (—oo, +00) (Sec. 398). 


Example 2. Evaluate y e-** dx to an accuracy of 0.5: 10-¢. 


0 
Solution. Substituting into (2) the value x=1, we get 
1 


Segoe ae ee hg he 
fe dx=1—> +7995 216 1320 + 5360756001 °° 


0 
; @) 
The term —zz555 and subsequent terms are rejected 
since the error committed is much less than 0.5-10-4 [series 


(3) is an alternating series with decreasing terms, Sec. 376]. 
Calculating to five or six decimal places, we get 


1 
y e- 4? dy —0.7468 
0 


1) Infinite series eppesred historically in connection with the pro- 
blem of integration (cf. Sec. 270). 
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sink 


Example 3. Evaluate the integral \——-dx to an accu- 


on nls 


sacy of 0.5 10-8. 
Solution. The indefinite integral ( tt de is not expres- 


uble in closed form. Expanding sinx in a series and divi- 
zing termwise by x, we get the series 
sinx xe, xt xt 
S=l-y_7t+A-7t (4) 
shich is convergent for any value of x (by the theorem of 
Sec. 394). Integrating, we obtain 


f sinx x x x? 
\ dx=x—sat sera tt 
0 


r 

yo sink x 1 nm\s 1 m\d 1 m\7 
ge ae 8 (4) +a0 (F) — 35280 (+) Tet 
a 


(5) 
The first rejected term = Ey is (by rough computation) 
much less than 0.5-10-8. We find 
1.5708 4, (4) =0.2183 
+, n\8 , f m\? 
600 (+) =0.0159 35280 (4) = 0.0007 
1.5867 0.2160 


x 

2 

y SRS dy — 1.5867 — 0.2160 = 1.371 
0 


403. Hyperbolic Functions 
The power series 
r+ +Ht+HtT+ (R=), (1) 
14545454254... R=0) (2) 
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similar to the expansions of sinx, cosx, have sums that a:: 
A eT—-e~7 eT +e-* : 
respectively equal to Tae eae Re These functions a-= 
called, respectively, the Ayperbolic sine (sinh) and the hyper- 

bolic cosine (cosh): 


et—e-® 


sinh x= —— (3: 
cosh xafte’ (4 


The Ayperbolic tangent (tanh) and the hyperbolic cotangen: 
(coth) are the functions 


x 


sinhx  e7-e~® 


tanh x= hy etpens (5: 
coshx  et+e-* ‘ 
coth «= Sinhx eF-e># (6; 


The functions sinhx, coshx, tanhx, cothx are called 
hyperbolic functions.’ The graphs are given in Figs. 409 to 412. 


ht 2 2% 
Fig. 409. y=sinhx Fig. 410. y=coshx 


The hyperbolic functions have definite values for all va- 
lues of x (except cothx for x0, where this function beco- 
mes infinite). 

The function sinhx takes on all possible values, cosh x 
takes on those not less than unity (coshO=1), the values 
of the function tanh x lie between —1 and +1, the values 


') The connection with the hyperbola is disoussed in Sec. 405. 
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- cothx exceed | for x > 0 and are less than —1 for x <0. 
“1e straight lines y=+1 and y=—1 serve as asymptotes 
cx both lines y=tanhx, y=cothx. 

The hyperbolic functions are connected by the relations 


rash? x — sinh? x= 1, (7) 
tanhx-cothx=1, (8) 


sinhx 


coshx ’ coth x= 


‘anhx= 


__ coshx (9) 


~~ sinhx 


Fig. 411. y=tanhx Fig. 412. y=coths 


ad others, similar to trigonometric functions. Thus, 


sinh (x + y) =sinh x cosh y+ cosh x sinh y, (10) 
cosh (x + y) = cosh x cosh y+ sinh x sinh y, (11) 
tanh (x+y) —_tanhx+tanhy (12) 


~~ 1+tanh xtanhy 


They all follow from the formulas (3) to (6). 

Generally, every trigonometric formula that does not con- 
tain constant quantities under the signs of the trigonometric 
‘unctions)) is associated with an analogous relation between 
the hyperbolic functions. The latter relation is obtained if 
we replace cosa everywhere by cosha and sina by isinha 
i is the imaginary unit); the imaginaries cancel out by 
themselves. 

Example 1. From the trigonometric formula 


sin (x+y)=sinx cos y+ cosxsiny 


') This proviso Is essential. Thus, formula sin (4-2) =cosa 
cannot be transformed by the rule given here. 
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we get, with the aid of the indicated substitution, 
i sinh (x + y)=i sinh x cosh y-++cosh x i sinh y 


Dividing both sides of the equation by i, we get (10). 
Example 2. From the formula 


cos? x-+ sin? x=1 
we obtain 
cosh? x + i? sinh? x= 1 
Setting i2—=—1, we obtain (7). 
Formulas for Differentiation and Integration 


dsinh x= cosh x dx, | coshxdx=sinhx+C, (Ie 


d cosh x=sinh x dx, | sinh xdx=coshx+C,  (I4 


dx dx i 
d tanh x= =F; | ccanra = tanh x +C, (15 


dx dx 
dcoth *=— Sinh?x? iy Gah?x— —~cothx+C (16: 


These formulas are obtained from the corresponding trigonometric 
formulas if we make the above-indicated substitution and, besides. 
write idx in place of dx. 


404. Inverse Hyperbolic Functions 


The hyperbolic functions sinhx, coshx, tanhx, cothx 
have the following inverse functions: 


arcsinh x (inverse hyperbolic sine, Fig. 413), 
arccosh x (inverse hyperbolic cosine, Eig. 414), 
arctanh x (inverse hyperbolic tangent, Fig. 415), 
arccoth x (inverse hyperbolic cotangent, Fig. 416). 


a the graphs of the hyperbolic functions in Figs. 409 
to 412. 

The function sinh-!, or arcsinhx, is uniquelly defined 
over the whole real line. The function cosh-*, or arc cosh x, 
is defined only on the interval (1, 0) and is here double- 
valued (its values are equal in absolute value and differ in 
sign). Ordinarily, only the positive values are considered; 
the corresponding branch of the graph (principal branch) is 
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:#z.cted in Fig. 414 by a heavy line. With this proviso, the 
-r¢tion arccosh x becomes single-valued. 

The functions tanh~!, or arctanh x, and coth—', or arccoth x, 
wee single-valued, the first is defined only in the (open) 


‘ 

I* x 

Iss 
» 

| ‘s 

| 


- 
- 
a 
- 
"mene 


Fig. 413. y=arcsinh x Fig. 414. y=arccosh x 


terval (—1, 1), the second only exterior to the interval 
—1, 1). The straight lines x=+1 serve as asymptotes for 
oth lines y=are tanh x, y=arc coth x. 


af 


Fig. 416 y=arctanh x Fig. 416. y=arccoth x 


The inverse hyperbolic functions are hoe in terms 
of the basic elementary functions in the following manner: 


arcsinh x= In (x+ V x?+ 1), (Ql) 
arccosh x=In(x + V—1)=41n (x+ Vx?—1) (x1) (2) 
the upper signs in formula (2) correspond to the principal 
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value of arc cosh x; 


arctanh x= In To ¥ (|x[ < 1), (3) 


arccoth => In (lx{ > 1) (4 


Formulas for Differentiation and Integration» 


darcsinh x= —2_, (5 
Vxt4+1 

d arccosh x= = (x= 1), (6 
d arctanh x= — (jx1 <1), (7 
d arccoth x=7—> (|x| > 1), (8: 
y = aesinh =+6, (5a! 
y Fe = arccosh =+ c (x => a), (6a; 

dx 1 x 
y wor Sa arctanh —+C ([x] <a), (7a) 

d 

{ woar=e arccoth =+C (|x| > a) (8a) 


405. On the Origin of the Names of the Hyperbolic 
Functions 


Consider the equilateral hyperbola (Fig. 417) 
xt—yt=a? qd) 
Denote by + the area of the hyperbolic sector AOM and prefix to the 


uantity s (i.e. to the area of the double sector MON) that sign which 
the angle of rotation has from OX to OM. Then the ratios of the di- 
rected line-segments PM, OP, AK (constructed for the point M of the 
hyperbola in similar fashion to the lines of the sine, cosine, and tan- 
gent, cf. Fig. 418) to the semiaxis a are expressed in terms of s as 
tollows: *) 


BM can 2. posh a AX tanh & (2) 
a a a a a 


1) arecosh x stands for the positive value of the function. 
*) We have (Sec. 333, Example 4) 


s=2 area AOM=a? In xty 


an (cont'd on p. 601) 
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Now in place of the hyperbola (1) let us take a circle (Fig. 418): 
x?+y?=a? 

Retaining the original fotations, we see that the quantity = taken 


with the proper sign (s is the area of the circular sector MUNA) wii 


Fig. 417 Fig. 418 


yield the angle a=Z AOM so that in place of (2) we will have to 
write 


PM_ s OP _ s AK _ s 
asin ar’ gOS are =a tan ar (2a) 


A comparison of the formulas (2) and (2a) explains the names hyper- 
bolic sine, hyperbolic cosine, and hyperbolic tangent. 


406. Complex Numbers 


The complex numbers ') became full-fledged members of the “mathe- 
matical society” when it was established that the finding of many 


Solving Eq. | and this equation simultaneously, we find 


s s s s 
a "a a a 
220 =cosh — woe" =sinh + 
a 2 7 a a 2 ~ a 
From the similarity of the triangles OAK, OPM we have 
3 AK_PM_y_ s 
“a OP tanh oF 


1) Operations on complex numbers and the eae interpre. 
tation of such operations may be found in handbooks of elementary 
mathematics. 
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yea tionships between real quantities Is greatly facilitated with 
eir ald. 

Example 1. Multiplying successively the complex number 
cos @+i sin @ by itself, we get de Moivure’s theorem (formula) 


(cos p+i sin p)*®=(cos AaM+i sin 2g) (1) 


for positive integral a. ') Let us apply to the left member the binomial 
formula and equate the ‘corresponding coordinates of both sides (two 
equal complex numbers have the same abscissas and the same ordi- 
nates). We obtain expressions of cosn@ and sinngin terms of the 
powers of cos q@ and sin m. For example, for n=4, we have 
cos 4p=cos* p- 6 cos? @ sin? g+sin‘ @, (2) 
sin 4~=4 cos’ @ sin p—4 cos @ sin* @ (3) 
Only réal quantities are involved here. 
. Example 2. Using the formula for the sum of a geometric progres- 
sion, we find 
1+(cos p+i sin mp) +(cos +i sin m)*+...+(cosg+i sin g)®= 
_1—(cos p+i sin gt! 
1-(cos @+é sin @) 


Applying formula (1) to both sides of (4) and performing a division 
in the right member, we get two formulas: 


sin (ato, 
cos p+cos 2p+cos 3+... +cosng= 


(4) 


® 
2 sin 77 


cos = — cos Grebe 


sing +sin 2g+sin 39+... +sin 2g= 


(6) 
2 sin = 


Introducing complex variables and defining for them the concepts 
of function, limit, derivative, etc., we find many new relationships 
between real variables. 

Sections 407 to 410 represent a departure from the generai plan 
of this book: we consider the complex functions of a real argument 
(we do not discuss the functions of a complex argument at all). 


407. A Complex Function of a Real Argument 


The complex quantity 
zax+ly qd) 


(x, y are real numbers) Is called a funeiion of the real argument t If 
to each of the values of ¢ (in the domain under consideration) there 


1) A negative power of a complex number may be defined in the 
same way as for real numbers; then formula (1) can be extended to 
negative exponents as well. Formula (lt) may be taken as a definition 
for fractional and irrational exponents. The result is then multiple- 
valued (because the angle @ is multiple-valued: p=q@,+2kn, where & 
is any integer). The rules for operations on powers are the same as 
for a real base. 
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corresponds a definite value of 2 (i.e. a definite value of x and a de- 
finite value of y). 

Here, each of the coordinates x, y is a (real) function of the 
argument ¢. 


Notation: ; 
2=f (t) +i (t) (2) 
is equivalent to the following two equations: 
x=f(t), y=@ (1) (3) 


lf the complex number x+iy is denoted by a point (x, y) in the 
xy-plane, then the function z will be depicted as a set of points either 
isolated or filling the line [this line is parametrically represented by 
the equations (3)}. 


Fig. 419 Fig. 420 


The concepts of limit and infinitesimal quantity for complex fun- 
ctions are defined in the same way as for real functions (the absolute 
value of the complex number x+iy is its modulus | x+iy |=V xt 493). 
Points depicting the values of the function approach without bound 
the point depicting the limit when the argument ¢ tends to the given 
value (or to inenity) To find the limit ¢ of a complex function z, it 
ecsulbclent 10 find the limits a and 6 of its coordinates x and y. 

en c=a+0bi. 


Example 1. The sequence 


be les ae 1 a-1 
z=1, aaa tyh aastzh aerate a= tA ty... = (4) 
is depicted (Fig. 419) as a set of isolated points (Xn, yn): 
1 a-l 
me one (6) 
They lie on the straight line x+y=1. We have 
lim x,=0, lim ya=l, (6) 


nw>@ noo 


lim 2,= lim (xqatiy,)=0+li=t (7) 
Qn~e noe 


604 HIGHER MATHEMATICS 


The relation (7) means that the modulus |z,-é| of the difference 

Z,-4 decreases without bound as n-+ ow. 

é ree the points z, approach without bound the point 
(0, 1). 


Example 2. The complex function 


—o1-t 
z=e (cos t+i sin ¢) (8) 
of the argument ¢ is shown in Fig. 420 by the line 
—o.1t —0.1b 
x=e cost, y=e sin ¢ (9) 
(logarithmic spiral). We have 
lim x=0, lim y=0,; 
tao t+o 
ny lim z= lim (x+iy)=0 
. L+o@ oo) 


As t+, a variable point in the complex plane moving along the 
spiral in the direction of the arrow approaches unboundedly the point 
O which depicts the limit of the function. 


408. The Derivative of a Complex Function 


Definition. The derivative F’ (t) of a complex function 
F (=f (t) +i (t) (1) 
AF (t) 
at as At +0. 
The coordinates of the derivative are the derivatives of the coor- 
dinates f (t), @ (t) of the given function: 
F’ (t)=P (t) +i’ (2) (2) 
The vector depicting F’ (t) is the vector of the tangent at the 
corresponding point of the grap 
x=f(t), y=@ (t) (3) 


if ¢ is the time, then the modulus of the derivative is equal to 
the absolute value of the velocity of the point along the graph (3). 

The differential of a complex function is defined in the same way 
as that for a real function and has the same properties. 

If a complex function F (t) is represented by a polynomial 


of a real argument ¢ is the limit of the ratio 


F (t)=G@9+a,2+G_27 +... +ap2" (4) 
where z is a complex function of a real argument ¢, then 
F’ (t)=(a, 4 2agz+...+NAnz"—") 2’ (t) (5) 


The formulas for the derivative of a product and of a quotient are 
the same as for real functions. 


Example 1. The derivative of the function 


t boi t 
F (th=a (cos ee +i sin ans ) (6) 
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is equal to 


oy 20a 4. t 
F (==> -sin an ti cas 27 r) (7) 


The function (6) is depicted by the set of points of a circle (Fig. 421) 
of radius a: 


t t 
x=a cos In »  y=asin 2 (8) 
The derivative (7) is portrayed as the ve- 
ctor of the tangent MK with coordinates 
, 2a t ,_2na ft 
ve sin an. y= T cos 27 7 
(8) 


The modulus of the derivative (which 
expresses velocity if ¢ is time) is 


[F(t |=Vrrey? = (10) 


Fig. 421 


Thus, the velocity of motion of a point 
along the circumference is constant so 


that |F’ (t) | is the arc traversed in unit time. Hence T is the period 
of one complete revolution about the circle. 
From (6) and (7) it follows that 


F'(th=F(t) ai qd) 


Geometrically, the vector MK is obtained from the vector OM by 


stretching (compressing) by a factor of 2 and by rotation through 


90° (multiplication by ¢ is equivalent to a rotation through 90°). 
Example 2. The derivative of the function 


F(th=(x+ly)* (12) 
where x and y are functions of ¢t, is 
Fo (t)=2 (x+dy) (x’ +ly’)=2 (xx — yy’) +21 (xy’ + yx’) (13) 
We get the same result if we first represent (12) in the form 
F (t)=(x?-y*) + 2xyi (14) 


409. Ralsing a Positive Number to a Complex Power 


For all real values of u, the series 


uoiu® ui ue 
lttrtop tgp te tap tee (1) 


converges everywhere and has the sum e¥. 

The series (1) also converges for any complex value of u, i.e. its 
partial sums sy (which are now complex numbers) tend to a finite 
imit (also a complex number). 
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This is the basis for the following definition of a new operation: 
the raising of a positive number to a complex power. *) 
Definition. To raise the number e (the base of natural logarithms) 
to a complex power u=x+ly means taking the sum of the series (1). 
For the copies power u of any other positive number a we take the 
ulna 


quantity e m (for real values of uw it is identical with a¥). 


Note. All rules involving operations with powets may be extended 
to complex powers of positive numbers. But they have to be pro- 
ved separately. 

Example 1. Raise e to the power mi. 

Solution. By definition 


wea FLL ES AC = 
a7 Ww 2 3! 4t 5t 
ie Ff i) St GO Oo SS 
“la ar tat rei at 
The abscissa of the sum is equal to 
1! nt ont x 1 
tn at 008 TE 
(cf. Sec. 272). The ordinate of the sum is 
aap pai sin n=0 
it 3!) St 67! 3 ~ 
Hence 
| 
In this case we obtained a real number. 
Example 2. Compute 104. 
Solution. By definition 
Ee 
Gola! 219M 
where ut 2.3026 (see Sec. 242). 
1 1 1 1 1 1 
te pe oe a pa 
10'S 1 +g! arm ~ ime + ate Sims! ime 
ty = ft ef + 
71M? = ( 21M?” 41M* GIM® ~) 
ia cosa ee 
(Tm 31M? 51M®> 71M? ~)= M M~ 


= cos 2.3026 +i sin 2.3026 = cos 131°56’+ié sin 131°56’= 
=-0.6680+/-0.7440 


1) See footnote on p. 602 for the laa 4 of a complex number 
to a real power. It is also possible to define the raising of a complex 
number to a complex power, but that is more complicated. 
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Example 3. Compute 107+ 
Solution. We have (cf. Example 2) 


10?+4= 102-106 =-66.80+74.40¢ 


410. Euler’s Formula 


The relation 
ig 
e* =cospti sing qd) 
is called Euler’s formula. it is a consequence of the definition of 
Sec. 409 (and is derived as in Example ! of Sec. 409). 

If one defines cos q, sing for complex @ by means of the same 
series whose sums, by what has been proved, yield cosq, sing for 
real g, then formula (!) will hold true for any complex g. 

From formula (1) we get 


ig 


e  ‘=cosg-i sing (2) 
and from (1) and (2) we find 
ig _-ig ig  -lg 
+e ee 
cos g= 3 ; sin p= 7] (3) 


These formulas are very much like the expressions of the hyperbolic 
functions 
@. o_o 


9 
ud sinh g= : 


+e 


cosh g= 7 ‘ 


From (1) there also follows the formula 


e&+ Y= e* (cos y+ sin y) (4) 


(cf. Sec. 409, Note). 
If x and y in formula (4) are functions of the argument ¢, then 
(4) may be differentiated In the same way as if i were a real constant: 


e@ +89 (x’ +1y’)=x'eT (cos y+i sin y) +y’e7 (—sin y+i cos y) (5) 


Verification of the validity of formula (5) is straightforward. 
Example. Find the derivative of the function 


F(t)=e-'# (cos 2¢+/ sin 2t) 


Solution. Represent F(f) in the form 
o-1+4 siyt 
Fiyee! 
We then get 
F°(t)= (0.1421) (0-1 +28) 6= (0.1422) e9°4 (cos 2447 sin 2¢)= 
=eetl ((0.1 cos 24-2 sin 2t)+é (0.1 sin 24+2 cus 2t))} 
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411. Trigonometric Series 
A trigonometric series is a series of the form 
So +a, cos x-+ 6, sin x-+ a, cos 2x-+6,sin 2x-+...+a,,cos nx+ 
+6, sinnx+... (1) 
where po, @, dz, ..., 6;, bg, ... are constants called the 


coefficients of the series. 


2 


is denoted by = (and not by ay) so that the formulas for the coefficients 
(cf. Sec. 414) are uniform. 


Note f. The constant term (whieh may be written as 2e cos ox) 


Note 2. All the terms of (1) are periodic functions with 
period 2x. This means that when the argument x increases 
by a multiple of 2n, all the terms retain their values. 

Note 3. The term trigonometric series is also applied to 
the more general expression 


e Fis 4 . 
Z+a, cos = +b, sin +-a, cos 2 +.b, sin ome + wat 


mx 


.+.--a,cosn +b, sinn ae Bee (2) 


where | is a positive constant called the Aalf-period [all terms 
of (2) are periodic functions with period 2(; cf. Note 2]. Se- 
ries (1) is a particular case of series (2) when the half-period 
=n. 


412. Trigonometric Sertes (Historical Background) 


Trigonometric series were introduced by D. Bernoulli in 
1753 in connection with studies of the vibrations of a string. 
The problem which arose of the possibility of expanding the 
given function in a trigonometric series gave rise to hot 
debates among the outstanding mathematicians of the day 
(Euler, d’Alembert, Lagrange). The differences were due to 
the fact that the concept of a function had not yet been 
clearly established. These debates contributed much to a 
clarification of the concept of a function. 


1) Daniel Bernoulli (1700-1782), noted Swiss mathematician and 
mechanician, one of the founders of hydrodynamics. 
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Formulas expressing the coefficients of series (1) in terms 
of a given function (Sec. 414) were given by Clairaut" in 
1757, but did not attract any attention. Euler obtained these 
formulas again in 1777 (in a paper published posthumousl y 
in 1793). Their rigorous derivation was outlined by Fourier 
in 1823. Developing the ideas of Fourier, Dirichlet 2) esta- 
blished (in 1829) and rigorously proved a "sufficient criterion 
for expansibility of a function in a trigonometric series 
(Sec. 418). 

Other sifficient conditions were subsequently established, 
and functions not satisfying these conditions were investi- 
gated. The following Russian and Soviet mathematicians have 
made significant contributions to the theory of trigonometric 
functions and their ee ees N. Lobachevsky, 
A. Krylov (1863-1945), ernstein (1880- ), N. Luzin 
(1883-1950), D. Menshov 1808. ), N. Bari (1901-1961), 
A. Kolmogorov (1903- ) and others. 


413. The Orthogonallty of the System of Functions cos nx, sinnx 


Definition 1. Two functions @ (x), (x) are called orthogo- 
nal in an interval (a, 6) if the integral of the product 9 (x) p (x) 
taken between the limits a and 6 is zero. 

Example 1. The functions 


@ (x) =sin 5x 
and 
{p (x) =cos 2x 
are orthogonal in the interval (—x, m) because 
n a 
y sin 5x cos Qxdx= { (sin 7x-++ sin 3x) dx= 
x -n 
1 1 n 
=—77 cos 7x— => cos 3x | oe =0 
Example 2. The functions 
@ (x) =sin 4x 
and 
%p (x) =sin 2x 


1) Alexis Claude Clairaut (1713-1765), outstanding French ma- 
thematician, astronomer and eophysicist Elected member of the 
Paris Academy of Sciences at the age ol 

3) Peter Gustav Lejeune-Dirichlet t 180S- 1859), celebrated Ger- 
man mathematician. 
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are orthogonal in the interval (—x, x) because 
n ff 
y sin 4x sin 2x dx = + y (cos 2x —cos 6x) dx=0 
~x x 


Theorem. Any two distinct functions taken from the system 
of functions 


1, cos x, cos 2x, cos 3x, ..., sin x, sin 2x, sin 3x,... (1) 


are orthogonal in the interval (—x, x), that is, 


x x 
y ‘1+ cos mx dx=0(m # 0), y l-sin medx=0, (2) 
x “1 


x £9 
y cos mx cos nx dx=0, y sin mx sinnxdx=0 (3) 
7 -x 


(for m # n), 


a 
sin mx cos nx dx=0 (4) 
-n 


(m and n any natural numbers). 

Proof: follow the pattern of Examples 1 and 2. 

Note 1. If in place of two distinct functions of system (1) 
we take two identical functions, then the integral between 
—ax and x is equal to x for all functions (1), except the first, 
for which it is double: 


n 


y 1-1 de=2n, (6) 
1 
n n 
y cos*nx ax=nX, iy sin? nx dx=n(n=1, 2, 3, ...) (6) 
-n nT 


Formulas (6) are obtained with the aid of the transformations 
cos? nx= (1+ cos 2 nx), sin? n= (l[—cos 2nx) 
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Note 2. Formulas (2) to (6) remain valid for any inter- 
val of length 2x. For example, 


3 
ipa Qn 
{ sin 4x sin 2x dx= y sin 4x sin 2x dx=0, 
x 0 
a | 
5 
>7* 


| 


cos? 3x dx= { cos? 3x dx—=n 
a x 


2 


Definition 2. If in some system of functions every two fun- 
ctions are orthogonal, then the system itself is termed ortho- 
gonal. By virtue of the theorem of this section, the system (1) 
is orthogonal in the interval (—x, x) (and also in any inter- 
val of length 2x). 


414. Euler-Fourler Formulas 
Theorem. Let the trigonometric series 
“+ +4, cos x-++-b, sin x-+a, cos 2x-+6, sin 2x4 ... 
..- +a, cos nx-+6, sinnx+ ... (1) 


converge for all values of x to some function F@) (this fun- 
ction is periodic with period 2m). If for this function 
(which may also be discontinuous) there exists a (proper or 


rig 
improper) integral If (x)| dx, then for the coefficients of 


-x 
the series (1) the following Euler-Fourier formulas hold true 
(see Sec. 411): 


n 


ay=t | Fe) dx, 


a=t f (x) cos x dx, b= f (x) sin x dx, 


Jey 
a ag 


bess 
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a= — f (x) cos 2x dx, by ==- 


1 
a3= = 


ee © © © 


and, generally, 


nx n 
a, = { f(x) cos nx dx, by=— f(x)sinnxdx (2) 
at) 9 7 


Note. The expression for a, is obtained from the general formula 
for a, if we put 2 = 0 in the latter. This uniformity is upset if by a, 
we denote the constant term of series (1) and not its doubled magni- 
tude. Cf. Sec. 411, Note 1 

Explanation. We have 


fixy= 2 taycose t+ by sinx +. .+ dqcosnx + by sinnx+... (3) 


Integrating this equation from -— to x and assuming that the given 
series admits termwise integration.') we get 


n n n n 
y f(x) dx = | fara ( cosxdx + by [ sinx dx +... (4) 
-n -n -n -1 


All integrais on the right, except the first, are equal to zero by (2), 
Sec. 413, and we obtain 


n n 
( Ff (x) dx © Ndp, i. €. ao = F (x) dx 
“1 -n 


We obtained the first of formulas (2) for the case n=0, the 
remaining formulas are obtained by the same method if we first mul- 
tiply (3) by cos ax or sin ax. 


n 
1) If the integral { if (x) dx is convergent, the trigonometric 
-n 


series (1), which converges to the function f/ (x), admits term-by-term 
integration. 
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Thus, multiplying (3) by cos 2x and integrating term by term, we 


get 
1 n 1 


( f (x) cos 2x dx =? y cos 2x dx + a, cos x cos 2x dx + 
—n -x nT 
x n 
+ bd, y sin x cos 2x dx + a, y cos” 2x dx + 
-n -n 
n 
+b, y sin 2x cos 2x dx + (5) 
-% 

On the right, all the integrals are equal to zero except the fourth, 
by virtue of (2), (3), and (4), Sec. 413. The fourth one is equal to 
by (6), Sec. 413. Hence 

x 
a, =t y f (x) cos 2x dx 
-n 
Trigonometric series with arbitrary period. Let the trigono- 
metric series, with period 2I, 


2 + a, cose + by sin=* + ay cos 2 + b, sin 2+... 


= + bq sin n= +... (6) 


converge for all values of x to some function f (x) (this fun- 
ction also has the period 2/). If there exists a (proper or 
l 


+++ @,cosa 


improper) integral y | f (x) | dx, then for the coefficients of the 


-l 
series (6) the following Euler-Fourier formulas hold: 
l 


an=+ | FQ) cos n= dx (n=0, 1, 2, 3,...), 


t 


7 (7) 


ba=+ § F(x) sinn# dx (n=1, 2 3,...) 
-l 
Formulas (2) are obtained from (7) for i=nx. 
416. Fourler Series 


In Sec. 414 we considered the sum [ (x) of a given con- 
vergent trigonometric series Of practical importance is the 
following converse problem: given a function / (x) with period 
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2n;)) required to find the trigonometric series, convergent 
everywhere, 


S44, cos x-+ 6, sinx-+...+a, cos nx+6,sinnx+... (1) 


having the sum f (x). 

If this problem has a solution, then it is unique, and the 
coefficients of the required series (1) are found from the Euler- 
Fourier formulas (Sec. 414): 


x n 
a,=+ A (x) cos nx dx, ba =e { f(x) sinnx dx (2) 
-1 1 


The series obtained is called the Fourier series of the 
function f (x). 

It may happen that the problem posed here does not have 
a solution: the Fourier series [even if the function f (x) is 
continuous] may prove to be divergent at an infinity of 
points on the interval (—zx, x). Therefore, the relationship 
between the function f(x) and its Fourier series is denoted 
as follows: 


fi) - B+a cos x-+b, sinx+-a, cos 2x-+-bp sin2Qx+... (3) 


avoiding the equals sign. 

However, for all continuous functions of practical impor- 
tance the problem has a solution, that is, the Fourier series 
of a continuous periodic function f(x) actually turns out to 
be everywhere convergent and its sum is equal to the given 
function and not to any other one. This is evident from Sec. 
416, where a sufficient condition is given for the expansibi- 
lity of a continuous function in a Fourier series. 

What is more, discontinuous periodic functions which are 
of practical importance can also be expanded in a Fourier 
series, but with one proviso: at the points of discontinuity 
of the function f(x), its Fourier series can have a sum diffe- 
ier from the corresponding value of the function itself (see 

. 418). 


‘) It is assumed that for this function there exists a (proper or 
n 


improper) integral { | F (x) | dx. 
-x 
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Note. Nonperiodic functions defined in the interval 
(—x, m) can also be expanded in a Fourier series, but with 
the following proviso: exterior to the interval (—x, x) and 
at its end-points the Fourier series of the function f (x) 
will have a sum that, as a rule, will differ from the corres- 
ponding value of the function itself [this is natural, since 
the sum of a trigonometric series is a periodic function (see 
Sec. 417, Example 2)]. This is inessential, however, since we 
are interested in the values of the function only interior to 
the interval (—n, 2). 


416. The Fourler Serles of a Continuous Function 


Theorem. Let a function f(x) be continuous in a closed 
interval (—x, x) and either have no extrema there or have 
a finite number of them.1) Then the Fourier series of this 
function is everywhere convergent. Its sum is equal to f (x) 
for any value of x interior to the interval (—n, x). At both 
extremities the sum is equal to 


+ (am) +F 


i. e. the arithmetic mean between f(—zx) and f (+7). 

Example. Let us consider the function f (x)=x; it is con- 
tinuous in the closed interval (—z, x) and does not have 
any extrema. The coefficients ay, a), ag, ... of its Fourier 
series are zeros. Indeed, 


n 0 


an =— ( xcos nx dx ( x cos. nx dx + 
—n a nN 
+z | xcos nx dx (1) 
0 


After the substitution x=—x’ the first term becomes 
0 


~ y x’ cos nx’ dx' and, combined with the second, yields zero: 
nm 

a,=0, (n=0, 1, 2, 3, ...) (2) 

1) An instance of a continuous function having an infinite number 

of maxima and minima on a finite interval is f (x)=x sin — conside- 


red in any interval about the point x=0 (at this point the function 
is assigned the value 0; cf. Sec. 231). 
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The coefficients b, are found by integration by parts: 


a x 
by=— y x sin nx dr=— 3 xcosnx[" + ( cos nx dx = 
—n ~X 
_.__ 2a cosan 1 
caasamiaa 7 aseres, ) oae | ela om (3) 


The Fourier series of the function x is of the form 


2 [ q-sinx—- sin 2x44 sin 3x— sin 4x+...+ 
(=08+! 


i +-—— sinax+... | (4) 


By the theorem, the series (4) converges everywhere; for 
—n <x <a its sum is 
i sin 2 in 3 Sf 
2| 4-5 54 Se pty |= “ 
(—n<x<x) 6) 
For x= +42 the sum is 


1 
= I-a+n]=0 (6) 
This is obvious because all the terms of the series vanish. 


For r=> formula (5) yields the Leibniz series (Sec. 398) 
11 x 


1 1 
Loe ies pew (7) 


Fig. 422, which depicts the graph of the 5th partial sum 
of the Fourier series of the function f (x)=x 


sinx sin 2x , sin 3x sin 4x , sin 5x 
55 =2 ( i 2 + 3. 4 +52) (8) 


gives some idea of how close the partial sum s, of the se- 
ries (4) inside the interval (—n, x) is to the function f (x) 
itself. The graph of y=sg(x) oscillates about the straight 
line y=x; for some values of x we get values that are too 
small, for others, values that are too large. 

The curve y=s,(x) passes through the points (—x, 0), 
(x, 0) and therefore departs sharply from the straight line 
y=x near these points. 

The pattern is the same for subsequent partial sums s,, 
as well. But the size of the interval of sharp departure 
decreases unboundedly with increasing n. At the end-points 
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of the interval (—nx, x) all partial sums are equal to zero 
and, hence, do not approach the values of the function 
f(x)=x at the points x=-+n. However, in any interior 
interval whose end-points do not coincide with the points 


Fig. 422 


X==+n, the series (4) converges (and converges uniformly) 
to the function f(x)=x. But the convergence is bad; thus, 


taking the value xia , we get the series (7), which (by the 
Leibniz test, Sec. 376) converges very slowly. 


Fig. 423 


Note 1. The function f (x)==x is defined outside the inter- 
val (—x, 1) as well, but since it is not periodic, then for 
xn and for x <—xz the sum of the series (4) is not equal 
to x (cf. Sec. 415, Note). The graph of the sum of (4) con- 
sists (Fig. 423) of many segments obtained by horizontal 
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displacement of the segment AB by the amount +2kn (k=0, 
1, 2, 3, ...). All the segments A_,B_,, AB, A,B,, ... are 
devoid of end-points, which are replaced by the points C_,, 
C,, Cy, ... which bisect the segments B_,A, BA, B,A, and 
so forth. 

Note 2. 

Consider the periodic function f, (x)==2 arctan ( tan +) ; 


it has a period of 2x. Inside the interval (—zx, x) it coin- 
cides with the function /(x)=x (Fig. 423). The function 
is not defined at the points +x and has a discontinuity. The 
Fourier series of-f, (x) coincides with the Fourier series of f (x), 
and now the sum of the Fourier series is equal to f, (x) not 
only inside the interval (—x, m) but everywhere as well, 
except of course at the points of discontinuity x=-+2, 
x=43n, etc., at which it is zero. 


417. The Fourlor Series of Even and Odd Functlons 


Definition. Let the function f (x) be defined in the inter- 
val (—a, a). It is called even if the value of the function 
does not change upon a reversal of the sign of the argument: 


I (—*) =! (*) (1) 


Such is the even power x?" (whence the term “even function”), 
such also are the functions cos nx, x8 sin nx, etc. 

A function is called odd if only the sign of the function 
changes upon a reversal of the sign of the argument, whereas 
the absolute value remains the same: 

f(—x)=—f (x) (2) 
An instance is the odd power x?”-, such also are the func- 
tions sinnx, xcos nx, tan x and others. 

The graph of an even function is symmetric about the 
y-axis, the graph of an odd function is symmetric about the 
origin O. ; 

Note 1. For an even function, the integrals y f (x) dx 

—a 


a 
and fre dx are equal, for an odd function, they differ ‘in 
0 


SERIES 619 


sign. Therefore, for an even function we have 


j jaro (soyde (3) 
-a 0 


and for an odd function 
a 
| f (x) dx=0 (4) 
-a 
Note 2, The Fourier series of an even function does not 
contain sines; the Fourier coefficients are 


x 
a= f (x) cos nxdx, 6,=0 (5) 
0 


(cf. Note 1). The Fourier series of an odd function does not 
contain cosines and a constant term; the Fourier coeffi- 
cients are 


a 
a,=0, bn=z | ie) sin nx dx (6) 
0 


Example 1. The function f(x)=x considered in the 
example of Sec. 416 is odd. Its Fourier series does not con- 
tain cosines and any constant term. The coefficients 6, are 

a 


by = { x sin nx dx=2 (—1)"+1. 
0 


Example 2. The function f(x)=|x| is even; that means 
that its Fourier series does not contain sines. The coeffi- 
cient a, is equal to 


ols 
n 


x 14 
2 2 
a =z \lxlde=z | eden (7) 
0 0 
For n # 0 we get 
a nu 
G,=— y xcos nx dx= = x sank im y sin nx dx= 
0 0 


aan 
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that is, 
4 
Q3,==0, [3k-1=— k-1) a (k=1, 2, 3, ios) (9) 


Hence, the Fourier series of the function f(x)=|x| will be 
4 (3 cos 3x cog (2n—1) x 


rt Se PSR +...) (10) 


The function f(x)=|x| satisfies the hypothesis of the 
theorem of Sec. 416. Hence, the series (10) is everywhere 
convergent. Its sum is equal to |x| for any value of x in- 
side the interval (—x, x). What is more, since the function 
f (x)=|x| is even, the sum of its Fourier series is f (x) at 
the extremities.of the interval (—x, 2) as well. Indeed, for 
an even function we have f (—x)=f (x) so that the arithme- 
tic mean between the values f (—x) and f(x) coincides with 
each one of these values. Thus, we have 


aS: 
2 n 


cosx , cos 3x 


jxJ=a—4 tS +...) (—n<x<n) (10a) 


In particular, substituting into (10a) one of the values 
x=-+2 or x=0, we find that 


1 1 1 i . 
atatertat HF (11) 


The series (11) [and, generally, the series (10a)] converges 
rly, though better than (4), Sec. 416 (cf. the graphs in 
igs. 422 and 424). 


th go! RX 
Fig. 424 


Fig. 424 shows the graph of the partial sum s, of the 
series (10), 


1 4 fcosx , cos3x , cos 5x 
$4 (S44) 
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in the interval (—z, x). The broken line about which the 
curve y=sy, (x) oscillates is the graph of the sum f, (x) of 
the series (10). Fig. 425 depicts the graph of the sum f, (x) 
in the interval (—3x, 3x). Also shown (as two rays emanat- 
ing from the point O)-is the graph of the function f (x)=|x|. 


Fig. 425 


The functions f (x) and [, (x) coincide in the closed interval 
(—a, n). 
Note 3. The function [,(x) may be represented by the 
formula 
f, (x) =arccos (cos x) 


Example 3. Expand the function f(x)=x® in a Fourier 
series (Fig. 426). 


-5n -40 -3n —2n —-u 8|0 a 2 3a 4% SUX 


Fig. 426 
Solution. The function is even, and so we have 


2 - 
ede 


ag 
eo 
I 
aly 
Sel 
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To compute a, for n #0 we integrate by parts twice: 


nm 


2 2 sin nx 4 : 
= 2 — 2 x2 SO ae = 
a,= x? cos nx dx x as ( x sin nx dx 


n 
— y cosnxdr=(— 1)" (12) 
0 


4 cos nx |* 
x 
an n 


0 


In the interval (— x, 1), including the end-points (cf. Ex- 
ample 2), we have 


eats [Seca Pe a tee | (13) 


For x= and x=0, we get, respectively, 
1,1 1,1 1 
REA a recat (14) 
7 —y+y— pt. toe 4...=%5 (15) 
Adding (14) and (15) term by term, we again get (11). 


418. The Fourler Series of a Discontinuous 
Function 


The theorem of Sec. 416 admits the following generaliza- 
tion. 
Dirichlet’s theorem. Let a function f(x) be continuous at 
all points of the interval (— x, 2) except at %, xg, Xs, ... 
ee) Xp (a finite number) where it has jumps (Sec. 219a). Tf 
in the” interval (— x, x) there are then only a finite number 
of extrema (or none), then the Fourier series of the function 
f (x) is everywhere convergent. Then») 

(1) at both end- ee —n, a, the sum of the series is 


sla +h) (1) 

(2) at every point of discontinuity xx; the sum of the 
series is 

SUF —O+F (H+) (2) 

where the symbol f (x;—0) denotes the limit to which f (x) 


1) What follows may be stated more succinctly (see Note 2) 
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tends when x approaches x; from the left and f (x;-+-0) denotes 
the limit of f(x) as x — x; from the right; 
(3) at the remaining points of the interval (— x, x) the 
sum of the series is equal to f (x). 
Note 1. The integrals 
e4 
y f (x) cos nx dx, 
-x 
1 
y f (x) sin nx dx 
x 
which enter into the Fourier coefficients are improper in the 
case at hand (Sec. 328). 


Example. Consider the function f (x) defined in the interval 
(— a, m) as follows: 


f@)=— > for —nax <0, 


3 
F@)=t for Ocean ©) 


This function is discontinuous at x=0, where it has a jump. 


Fig. 427 


Indeed, we have [see Fig. 427, which shows the function f (x) 
periodically continued beyond the limits of the interval 
(— a, n)): 


K-Q=—4, K+Q=4 (4) 
We find the Fourier coefficients [the function f (x) is odd]: 
a,=0, 


(5) 


ey 1 
= sin nx dx=5-[1—(— 1)"] 


= 

I 

ur 
ce ay 
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Fig. 428 


Hence 


1 
bsp-1=35-4° } (k=1, 2, 3, ...) (6) 
bep=0 


At all interior points of the interval (— x, x), except at the 
discontinuity x=0, the sum of the Fourier series is equal to 
f(x); that is, for —x < x <0 we have 


‘ sin 3x , sin 5x sin (2a—1) x ae 1 
sinx-+-—y- + ert ee tot Se (7) 
and for 0 < x < 1 we have 
sin 3x , sin 5x sin (2n-1)x 


sinx pV pt... Sy Ht 8) 
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At the discontinuity «=0, the sum of the Fourier series is 
i n n 
z(-4+7)=0 


(all terms of the series are zeros). At the end-points of the 
interval (— x, x) the sum is also 


=a ta) 


Fig. 428 shows how the partial sums s, (x), Sg (x), Ss (x), 
Sq (x) gradually approach f (x). The top band shows the graph 
of $1 oY the next from the top depicts the graph of s, (x) as 
a solid line: 


2 (x)=, (x) + 
sin 3x 


Here also (dashed line) is the graph ‘of —z— and likewise 


(dotted line) the graph of s, (x). This is followed (below) by 
the graph of sgs(x), the dotted and dashed lines depicting 


Sq (x) and me . The bottom graph is similarly constructed. 


Note 2. Items 1 and 3 of the Dirichlet theorem are actually par- 
ticular cases of Item 2. Indeed, if f(—m)#«f(n), then the end-points 
of the interval are points of discontinulty of the periodically continued 
function f(x). But if x is an interior point of continuity, then both 
limits, left f(x-0) and right f(x+0), are equal to f(x), so that 


FeO) 4 e+ OJ =f (0 (9) 


We can thus formulate the Dirichlet theorem more briefly: 

Let a periodic function f(x) be continuous at all points of the 
interval (—2, m) except a finite number of points x1, x3. Xs, .. -» Xs 
where it has jumps. If in the interval (~x, x) there are then only a 
fnite number of extrema (or none at all), then the Fourier series of 
the iunerion f(x) is everywhere convergent and its sum is everywhere 
equal to 


+ (f (x-0)+/ (x+0)) 


DIFFERENTIATION AND INTEGRATION 
OF FUNCTIONS 
OF SEVERAL VARIABLES 


419. A Function of Two Arguments 


Definition. A quantity z is called a function of two variable 
quantities x and y if every pair of numbers that may (by the 
conditions of the-problem) be the values of the variables x 
and y is associated with one or several definite values of z. 
The variables x and y are called arguments (cf. Sec. 196, 
Definition 1). 

Single-valued and multiple-valued functions are distingui- 
shed as in Definition 2, Sec. 196. 

Example 1. The height h (above sea-level) of a point on 
the earth’s surface is a function of the geographic coordinates 
of latitude p and longitude wp. The latitude can vary between 
— 90° and + 90°, the longitude, between — 180° and +-180°. 

Example 2. The product of two factors x and y is a func- 
tion of the two arguments x and y. The values of the arguments 
x and y may be arbitrary. 

Number plane. For pictorialness, the pair of values x, y 
can be depicted geometrically by a point M (x, y) referred to 
a rectangular coordinate system XOY. The plane embodying 
this system is called the number plane. 

The expression “pon M (x, y)” is equivalent to the ex- 
pression “the pair of values of the arguments x and y”. For 
example, the expression “the point M(1, —3)” is the same 
as “the pair of values x=1, y=—3”. Accordingly, a func- 
tion of two variables is called a point function (see Sec. 457). 
It often happens that the value of a function is physically 
determined by the choice of a point in a plane or on a curved 
surface (cf. Example 1). 

Domain of definition of a function. All pairs of those 
numbers which (by the conditions of the problem)-can be values 
of the arguments x, y of the function f(x, y) constitute the 
domain of definition of the function. 

Geometrically, the domain of definition is depicted as 
some collection of points in the xy-plane. 

In Example 1, the domain of definition of the function h 
of the arguments @ and p is the set of points of the number 
plane lying within and on the boundary of some rectangle 
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which has 360 scale units in length and 180 in width, whose 
sides are parallel to the coordinate axes and whose centre 
coincides with the origin. In Example 2, the domain of defini- 
tion of the function is the entire number plane. 

Notations. The notation 

z=f (x, y) 
(read: “z equals f of.x, y”) means that z is a function of the 
two variables x and y. The notation f (3,5) means that we 
consider the value of the function f (x, y) at the point M (3, 5); 
it is that value of the function which corresponds to the 
values of the arguments x3, y==5 (see Sec. 202). Other 
letters may be used in place of f. 

Sometimes the same letter is used for the function symbol 
as is used to denote the function itself, that is, we write 
z2=2 (x, y), w=w(u, v), and so on. 

Note. It may happen that the value of the function f (x, y) 
varies with x but remains the same when the argument y 
varies. Then the function of the two arguments may be regarded 
as a function of one argument (x). If the value of f(x, y) 
remains the same for any values of the two arguments, then 
the function of the two arguments is a constant quantity. 

Example 3. The daily amount of precipitation (A milli- 
metres) within Moscow Region is a function of the latitude @ 
and the longitude » of the point of observation. However it 
may happen that the daily amount of precipitation remains 
constant from south to north and only varies from east to 
west. Then A may be regarded as a function of the one ar- 
gument %p. 

If there has been no precipitation throughout the region 
during one 24-hour period, then A is a constant (equal to 
zero). 


420. A Function of Three and More Arguments 


The concepts of a function of three, four, etc., arguments 
and the domain of its definition are introduced in the same 
way as for the case of two arguments (Sec. 419). , 

The domain of definition of a function of three arguments 
may be depicted as a certain set of points in space. Accor- 
dingly, a function of three variables (and, by analogy, of 
a greater number of variables) is called a point function. 

Notaton: 

u=f (x, y, 2) 
signifies that u is a function of three arguments: x, y, z 
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Note. It may happen that the value of the function 
f(x, y, 2) varies with x and y but remains the same when z 
varies. Then the function of three variables f(x, y, z) is, 
at the same time, a function of two variables: x, y. A func- 
tion f(x, y, z) can also be a function of a single variable; 
it can even be a constant (cf. Sec. 419, Note). 

Generally, a function of n variables may prove to be 
a function of a smaller number of variables. 


421. Modes of Representing Functions of Several Arguments 


1. A furfetion of two or more arguments may be specified 
by a formula (or several formulas). A function given by 
a formula may be explicit or implicit (cf. Sec. 197, Item c). 

Example 1. The formula 


pu= A (273.2+1t) (1) 


where A=0.02927, os abogy) a relationship between the volume 
v of one kilogram of air (in cubic metres), its pressure p 


in fons and its temperature ¢ (in degrees Celsius). Each 


of the variables p, v, t is an implicit function of the other two. 
The formula 


A(273.2+1) 
Aaa (2) 


specifies v as an explicit function of the two arguments p and ¢. 
The domain of definition of this function is the collection 
of physically possible values of the pressure and temperature 
(t can take on only those values which exceed —273°, p, only 
positive values). 

Note. A function of several arguments is frequently rep- 
resented by a formula without any indication of the physical 
meaning of the quantities involved. If there are no indica- 
tions about the domain of definition of the function, then 
it is assumed that the domain embraces all those points for 
which the formula is meaningful. 

Example 2. Let a function of the two arguments x, y be 
given by the formula 


z=V R?— (x? + 9?) (3) 
without any indication of the domain of the function. For- 


mula (3) is meaningful only when «?-+y?< R*. Hence, the 
domain is the collection of all points !ying inside and cn 


uv 
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the boundary of a circle of radius R with centre at the 
coordinate origin. 

Example 3. The formula u= V a?—(x?+-y?+-23) specifies 
a function of three variables. The formula is meaningful pro- 
vided that x?-+-y?+-22 <a?; the domain of definition is the 
collection of polis lying inside and on the surface of 
a sphere of radius a with centre at the origin. 

2. A function of two or more arguments may be repre- 
sented by a table. In the case of two arguments, the table 
is conveniently arranged in the form of a rectangle. The 
values of one of the arguments are specified in the top row, 
the values of the other in the left column. The value of the 
function is read at the intersection of the appropriate row 
and column (table of double entry). 

Example 4. The following table gives the volume of | kg 
of air as a function of pressure and temperature (see Example 1): 


3. A function of two arguments may be represented by 
a spatial model (bar diagram). A spatial model of a function 
f(x, y) is some surface S referred to a rectangular coordi- 
nate system OXYZ; the projection of a point of the sur- 
face S on the xy-plane serves to represent pairs of values 
of the arguments x, y, the z-coordinate of M depicts the 
corresponding value of the function f(x, y). 

This method is not applicable to a function of three and 
more arguments. ; 

Example 5. A function specified by the formuia 


z= Va—xv— yt 


is represented by a hemisphere (Fig. 429; cf. Example 2), 
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4. A function of two variables may be represented in the plane 
by means of level curves (level-curve representation). A pair of values 
of x andy is depicted by a point M(x, y) and the value of z by 
a numerical label. (This method is employed in cartography to indi- 
cate altitude.) Points of the same value of z are connected by a line 
(a level curve — contour line — with the elevation indicated). When 
a point (x, y) lies on one of the level curves, the value of the func- 
tion is read off in straightforward fashion; if it does not lie on one, 
we take the two closest level curves between which the point (x, y) 
lies and interpolate by eye. , 


~-[r---— 


Lig. 429 Fig. 430 


Example 6. Fig. 430 gives the level curves of the function 
z=Va?—x?= y? which correspond to function increases of 0.2a (OB=a). 
The value of z at the point M(0, —0.8a) is read from the label 0.6a. 
To find the value of z at the point N (+ a, + a) , take the labels 


0.6a and 0.8a for the nearest level curves. Since N is roughly mid- 
way between the curves, z = 0.7a. 

Note. If we cut the surface z=f (x, y) with a plane z=k and pro- 
Ject the section on the xy-plane, we get a level curve with the label &. 
Thus, if we cut a hemisphere z=Va?—x?—y? with a plane z=0.8a. 
we get a sectionA’B’C’ (Fig. 429). Its projection A”B’C” (Figs. 429 
and 430) on the xy-plane is a level curve with label 0.8a. 

Similarly, a function of three variables u=f (x, y, z) may be rep- 
resented by the level-curve method in space. The role of level curves 
is played here by level surfaces. 


422. The Limit of a Function of Several Arguments 


The concept of a limit of a function of several arguments 
is established in the same way as for a function of one argu- 
ment. For definiteness, consider the case of a function of two 
arguments. 
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The number / is called the limit of the function z=f (x, y) 
at the point M,(a, 6) if z approaches / without bound every 
time that the point M(x, y) approaches My, without bound 
wef. Sec. 204). 


Notation: 
lim f(x, y)=l 
M-~M, 
or 


lim f(x, yy=l 
x7a- 
y+b 


Note 1. It is assumed that the function f(x, y) is defined 
at all points not coincident with My inside a circular neigh- 
bourhood of My; at the point Mp itself the function f(x, y) 
is either defined or is not defined (cf. Sec. 204, Note 1). 

Note 2. The mathematical meaning of the expression “ap- 
proaches without bound” becomes clear from the following 
exact definition. 


Definition. A number ! is called the limit of a function 
f(x, y) at a point My (a, 6) if the absolute value of the 
difference f (x, y)—/ remains less than any preassigned posi- 
tive number e whenever the distance MyM =Y (x—a)?+(y—b)* 
from point Mg(a, 6) to point M (x, y) (distinct from Mo) 
is less than some positive number 5 (dependent on e). 


Geometrical meaning. The z-coordinate of a surface z= 
= f(x, y) differs from J by less than e whenever the projec- 
tion of a point lying on the surface falls within a circle of 
radius 5 with centre at the point Mg (a, 5). 

Note 3. For the case of a function of three arguments, 
f(x, y, 2), the distance M)M is represented by the expression 
V «—a)? + (y—b)? + (z—c)?. For the case of four arguments, 
when a_ geometrical interpretation of the expression 
V (x—a)? + (y—b6)? + (z—c)?-++(u—d)? becomes impossible, 
it is still called (by analogy) the distance between the points 
M (x, y, z, u) and Mo(a, 0, c, d). 

The concept of an infinitely small and infinitely large 
quantity is established in the same way as for a function of 
one argument (Secs. 207, 208). The order of smallness is 
co in Sec. 423. The concept of a limit is extended as 
in Sec. 211. 
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423. On the Order of Smaliness of a Function of Several Arguments 


In Sec. 217, when comparing two infinitesimal functions 
a and 6 of a single argument, we distinguished the following 
cases: 


(1) the ratio = has a nonzero finite limit; then the infi- 
nitesimals a and f are of the same order; 
(2) lim $=; then a is of higher order than 6; 


(3) lim Fae: then a is of lower order than B; 


(4) the.-ratio a has no limit; then a and B cannot be 


compared. 

se 4 is an exceptional case in the study of elementary 
functions of a single argument. For functions of two and 
more arguments, Case / is exceptional. Cases 2, 3, and 4 
are of practical significance. 

Thus, the ratio of two infinitesimal functions of several 
arguments typically has no limit (see Example 1). In other 
cases,.one of the two infinitesimals (say a) is of higher order 
than the other (see Examples 2 and 3). Then the second is 
of lower order than the first. 


Fig. 431 Fig. 432 


Example 1. The quantities 2x?-+ y? and x?-+y? are infini- 
tesimal as x —> 0, y—+0, but their ratio has no limit. 
Indeed, the point M(x, y) can tend to My (0, 0) along 


a line tangent, at the point Mo, to the straight line y= 


(the line BM, in Fig. 431), or to the straight line y=3x, 
or to the straight line y=x, etc. In the first case, the ratio 


+ tends to +. in the second, to 3, in the third, to 1. 
Hence, the ratio 


encmern=[ee (2) [4 
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tends to 2 in the first case, to it in the second, to + in 
the third, etc. 

Note. The infinitesimal x?+y? is the square of the dis- 
tance MyM between the point Mp and the point M which 
:s approaching Mp(0, 0). Generally, the case when one of 
the infinitesimals being compared is some power of the di- 
stance between M and its limit My is particularly important 
tcf. Secs. 430, 444). 

Example 2. The function 2x?—y? is of higher order than 
the distance 


MM, =V x+y 
as M—+ M,(0, 0). Indeed, the ratio (2x7—y?): Vx?+y? is 
transformed as follows: 

2x?- y? 2x x y 


Gap are See (0) 
Neither of the quantites ——— “_. exceeds (in ab- 


Vxt¢y?’ Vxtty? 

solute value) unity (see Fig. 432), but each of the quanti- 
ties 2x, y tends to zero. Consequently, both terms on the 
tight of (1) tend to ‘zero. Hence, (2x?—y?):Vx?+y? tends 
to zero as well. 

Example 3. The function f(x, y)=(x—%9)? (y—ypo)? is of 
higher order than the square of the distance MM, that is, 
than (x—x»)?+(y—ypo)?. Indeed, 


f(x, Y) —(x—x,) xX-Xo Y—Yeo 
MM? V (x= Xe)" + (Y—Yo)? V(X— X09)? +(Y—Yo)* 


The first factor tends to zero and neither one or the other 
of the two exceeds unity (cf. Example 2). 


424. Continulty of a Function of Several Arguments 


Definition 1. A function f(x, y) iscalled continuous at 
a point Mg (Xo, Yo) if the following two conditions are ful- 
filled: 

(1) the function has a definite value / at Mo, 

@) the function has a limit, also equal to /, at Mo. 

f even one of these conditions is violated, the function 
is called discontinuous at the point Mg. 
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The same holds for the case of three and more arguments. 
Definition 2. A function f(x, y) is called continuous in 
some region if it is continuous at every point of the region. 
Example 1. A function f(x, y) specified by the formulas 


f(0, 0)=0, 
Fx, W= AX (x+y? £0) 
xet+y 


is continuous at the point M,(0, 0). Indeed, at My it has 
the value zero; besides, it has a limit here, which is also 
equal to zero (cf. Example 2, Sec. 423). At all the remaining 
points of thé number plane the function f(x, y) is also con- 
tinuous. It is-therefore continuous in any region. 

Example 2. A function (x, y) given by the formulas 


(0, 0)=0, 

ox, =e (x2+y? #0) 
is discontinuous at the point M,(0, 0). The first condition of 
Definition 1 is fulfilled? But the second one is not: the func- 
tion p(x, y) has no limit as M—+ My (see Example 1, 
Sec. 423). 


425. Partial Derivatives 


Definition. A partial derivative of a function u=f (x, y, 2) 
with respect to the argument x is the limit of the ratio 


f(x+Ax, y, Dot. 4.2) as Ay —>0 
Notations: 
: , 0 OF (x, y, 
ui, Felt y, 2), Se, Pe? (1) 
For the meanings of the symbols du, Ox see Sec. 429. 
Note 1. In the process of finding the limit, the arguments 
x, y, 2 are held constant; the resulting partial derivative is a 
function of x, y, 2 (cf. Sec. 224). 
The partial derivatives with respect to the arguments y 
and z are defined and denoted similarly, for example, 


Ou ag _ fim Fe yt Ay, 2)-F (x, y, 2) 
y= ay hy. Ye ete ay (2) 


Note 2. To find the partial derivative ux, it is sufficient 
to find the ordinary derivative of the variable u, considering 
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u as a function of the argument x alone. If it is necessary to 
find all three partial derivatives, it is more practical to use 
the method given in Sec. 438. 

Example. Find the values of the partial derivatives of the 


function 
u=f (x, y, 2)=2x?+ y?—32?—3xy —2xz (3) 
at the point M,(0, 0, 1). 

Solution. Considering u as a function of the argument x 
alone, we find that its derivative oe is equal to 4x—3y —2z. 
At the point (0, 0, 1) the value of this derivative is —2. 

Notation: 

i (0, 0, 1)=4x —3y—2z len, y=0, z= 
F,(0, 0, 1)=2y—3x |, 20, yao, 2-1 = 9 
fz (0, 0, 1)=—6 


1=—2, 


426. A Geometrical Interpretation of Partial Derivatives for the 
Case of Two Arguments 


Let point Mo (x, Yo) (Fig. 433) be associated with point 
No of the surface z=f (x, y) (Sec. 421). Draw through Ny a 
plane NgMjU parallel to the 
xz-plane. At the intersection, 
we get the line L,N, along 
which y remains constant 
(y=Yo). The z-coordinate of 
the line L,Ng is a function 
of the argument x alone. The 
partial derivative fx (x9, Yo) 
is numerically equal to the 
slope of the tangent line 
UNo, that is, to the tangent 
of the angle M,UN, formed 
by the tangent line US with 
the coordinate xy-plane XOY. 

Drawing the plane NpM,)V 
parallel to YOZ, we get 
the section L2No. The partial 
derivative fy (x9, Yo) is equal 
to the tangent of the angle 
M,VN, formed by the tangent 
line VT and the xy-plane. Fig. 433 
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427. Total and Partial Increments 


Let us take some values x9, Yo, Zo of the arguments x, y, 
z and increment them arbitrarily: Ax, Ay, Az. The function 
u=f (x, y, z) will then receive the total increment 
Au=Af (x, y, z)=f (x9 +-Ax, Yo t+ Ay, %+Az)—Ff (Xo, Yo, Zo) 
It may happen that the increments Ay, Az are equal to 
zero, that is, y and z remain unchanged; then the function 
f(x, y, 2) receives a partial increment 
A,u=A,f (x, y, Z=F (xo +Ax, Yo. Z0)—F (Xo. Yo. 20) 
Similarly we obtain the partial increments 


Ayu=Ayf (x, y, Z=F (Xo, Yot Ay, 20) —f (%o. Yor 20), 

Au=Azf (x, ¥, Z=f (Xo, Yo. 2+ A2Z)—F (Xo. Yor 20) 

Note. For the case of two arguments, the total increment 
of a function is geometrically portrayed as the increment of 
the z-coordinate MoN, (Fig. 433) for an arbitrary displace- 
ment of a point Ny along the surface z=f (x, y). The partial 
increment A,f (x, y) is obtained in a displacement of Ng along 
the section L,No, the partial increment Ayf (x, y), in a dis- 
placement along L2.No. 

Example. The total increment of the function 


u=2x?— y?—2 


Au=A (2x? —y?—2)= 
=2 (x + Ax)?—(y + Ay)? — (2 4+ Az) — 2x7 + y? + 2= 
=4x Ax—2y Ay— Az+ 2Ax2— Ay? 


The partial increments are 
A,u=4x Ax4+-2Ax?, Ayu= —2y Ay—Ay?, A,u=—Az 


428. Partial Differential 


Definition. If a partial increment A,u (Sec. 427) of a 
function u=f (x, y, z) may be partitioned into a sum of two 
terms: 

A,u=A Ax+a (1) 


where A is independent of Ax, and a@ is of higher order than 
Ax, then the first term A Ax is called the partial differential 
of the function f (x, y, z) with respect to the argument x and 
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is denoted d,f (x, y, z) or d,u: 

. dju=d,f (x, y, 2) =A Ax (2) 
In other words, a partial differential is the differential (Sec. 
228) of a function f(x, y, z) taken on the assumption that 
the quantities y and z do not vary (Ay=Az=0). On this 


assumption, x is the sole argument, and for this reason in 
place of Ax we can write dx (cf. Sec. 234) so that 


du=d,f (x, y, 2)=Adx 


The partial differentials dyf (x, y, z), df (x, y, 2) with 
respect to the arguments y and z are defined similarly. 

The coefficient A is equal to the partial derivative u,, i.e. 
the partial differential of a function is equal to the product 
of the corresponding partial derivative by the increment of 
the argument (Sec. 228, Theorem 1) 


d,u=uy,dx (3) 
Similarly, 
dyu=uydy, (4) 
d,u=uzd2 (5) 
Example. Find the partial differentials of the function 
u=xty + yx 


Solution. Holding first y and then x constant, we find 
du = (2xy + y?) dx, 
dyu = (x?-+ 2xy) dy 


429. Expressing a Partial Derivative 
In Terms of a Differential 


The partial derivative uy of the function u=f (x, y, z) is 
equal to the ratio of the partial differential d,u to the diffe- 
rential dx: 


’ dgu 
ae (1) 


This follows from Sec. 428 (ef. Sec. 235). 

In the notation a , it is not advisable to regard the sym- 
bol du in the sense of the partial differential du with respect 
to the argument x because in the notation on the same sym- 
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bol du would have to be understood as the partial differential 


dyu, and in the notation aa , as dzu, 


For this reason, the expression oe should be regarded as 


inseparable symbol of a partial derivative (and not as a ratio 
of differentials). 


Example. Let u=xy; then x= and y=—. We have 
Ou Ox ey 
ox y.Uw CO 
Whence we find 
Oux,,dx Oy se | ree eee 1 
ax Oy ou" =) = >ge 


If we regarded the symbols du, Ox, Oy as independent quan- 
tities, we would have the erroneous result +1 in place of 


430. Total Differential 


Definition. Suppose the total increment Af (x, y, 2) 
(Sec. 427) of the function f (x, y, 2) can be partitioned into a 
sum of two terms: 

Af (x, y. 2)=(A Ax+B Ay+C Az)+e (1) 
where none of the coefficients A, B, C is dependent either on 
Ax, or Ay, or Az, and the quantity e (regarded as a function 
of Ax, Ay, Az) is of higher order (Sec. 423) than the distance 


p= V Axt+ Ag? Az?. 
Then the first term 
AAx+BAy+C Az (2) 
is called the total differential of the function f(x, y, z) (or, 
simply, the differential) and is denoted by df (x, y, z) (cf. 


Secs. 228, 428). 
Example 1. Let us take the function 


f(x, y, z)=2x*?—y?—2 (3) 
We have (Sec. 427, Example) 
Af (x, y, 2)==(4x Ax—2y Ay— Az) + (2Ax? — Ay?) 


The coefficients A=4x, B= —2y, C= —1 are not dependent 
either on Ax, or Ay, or Az, the quantity e=2Ax?— Ay? is of 
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higher order than VY Ax? + Ay?-+ Az? (cf. Sec. 423, Example 2). 
Hence, the expression 4x Ax—2y Ay—Az is the total differen- 
tial of the function 2x?—y?—z: 


d (2x2 — y2— 2) = 4x Ax—2y Ay— Az (4) 


Theorem. The coefficients A, B, C are equal, respectively, 
to the partial derivatives of the function f(x, y, z): 


A=fx (x, y, 2), B=fy(t, 2, C=felx, y, 2) (5) 


In other words, the total differential is equal to the sum of 
the partial differentials (Sec. 428): 


df (x, y, z)=dyf (x, y, 2)+dyf (x, y, 2)+42F (x, y, 2) (6) 
or 
df (x, y. 2)=fx (x, y, 2) Axt-fy (x, y, 2) Ayt fz (x, y, 2) Az (7) 


Example 2. In formula (4) the coefficients A= 4x, 
B=—2y, C=—1 are partial derivatives of the function 
2x?— y?—z with respect to the arguments x, y, z 


4x (2x? y?—2), 
—2y =F, (2xt#—y*—2), (8) 
—1=2 rt y—2) 
Note 1. By virtue of formula (7), the total differentials 


dx, dy, dz of the arguments x, y, z are, respectively, equal 
to Ax, Ay, Az. We therefore have 


df (x, ys 2)=fel% y, 2)dx+fy(% y 2) dy +fz (x, y, 2)dz (9) 
For instance (cf. Example 1), 
d (2x2 — y?— z) =4x dx — 2y dy — dz (10) 
Formula (9) is invariant (see Sec. 432) and therefore is to 
be preferred to (7). 
Note 2. If u is a function of one argument, the total 


differential turns into an ordinary differential and the sole 
partial derivative into an ordinary derivative. 
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431. Geometrical Interpretation of the Total 
Differential (for the Case of Two Arguments) 


Let a plane P be tangent (Sec. 435) at a point M (x, y, z) 
of a surface S depicting the function z=/(x, y) (Item 3, 
Sec. 421). Displace the projection My (x, y, 0) of point M to 
the position M, (x-+-Ax, y+ Ay, 0). Then the z-coordinate of 
the tangent plane will receive an increment equal to the total 
differential: 


de=fx(x, y) Ax+fy (% y) Ay (1) 

The corresponding increment in the z-coordinate of the 
surface S is,equal to the total increment Az of the function 
z=f (x, y). 

Hence (Sec. 430, Definition), the distance between the 
surface S and the tangent plane P (reckoned in the direction 
of the z-coordinate) is of higher order than the distance 

p=MM,=V Ax + Ay? 
(cf. Sec. 230). 


432. Invariance of the Expression 
f,dx+ fy dy+f, dz of the Total Differential 


The expression frdx+ fyAy+ fzAz (Sec. 430) is the total 
differential of the function u=f (x, y, z) if x, y, z are re- 
garded as arguments.!) But if the variables x, y,z are them- 
selves functions of one, two, or more arguments, then this 
expression is not, as a rule, a differential. On the contrary, 


the expression : : 
fe ax fy dy +fz dz 


is always! the total differential of the function f(x, y, 2) 
(cf. Sec. 234). 

Example 1. Let us consider the function u—xy of the 
arguments x, y. We have 


du =u, dx+uy dy=y dx+x dy (1) 

This formula also holds true when x, y are functions of the 
arguments ¢, s given by the formulas 

x=+s%, y= tt—s? (2) 


1) It is assumed that the total differential exists. See Sec. 434 on 
functions having partial derivatives but with no total differential. 
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Indeed, in this case we have 
u=t*—st, (3) 
du = uy dt + uy ds= 4t3 dt — 453 ds (4) 
We obtain the same result using formula (1) if in pine of 


x, y we substitute the expressions (2) and in place of dx, dy, 
the expressions 


dx=2tdt+2sds, dy=2tdt—2sds (5) 
which are found with the aid of formulas (2). But if in place 
of (1) we take the formula 

u=y Ax-+-x Ay (6) 
it will be incorrect for the arguments ¢, s. 


Example 2. Formula (1) also holds when x and y are 
functions of one argument. 


Example 3. The formula d arctan x= — holds true if we 
put x=rst: ; 
__d(rst) 
d arctan rst =A 


433. The Technique of Differentiation 


In most cases, when seeking partial derivatives, it is 
convenient first to find the total differential, which is com- 
puted by the same rules as the differential of a function of 
one argument (cf. Sec. 432 and Sec. 430, Note 2). 

Example 1. Find the partial derivatives of the function 


u=arctan 4 


Solution. We compute the total differential by the rules 
of Secs. 247 and 240. This yields 


y 


d— 
eS x xdy—ydx 
ane Be 0 
4 
The coefficients of dx, dy are the partial derivatives ae ‘ = , 


Therefore 
Ou y Ou 


RHR? Oy (2) 
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Direct computation of the derivatives would have required 
a great deal of work and attention. 
Example 2. Find the partial derivatives of the function 


u=In V x+y). 


Solution. 
din VPP yay d In (x24 y2) =P Ey, (3) 
Ou _ * Ou _ sy 
ox ey? Gy PH (4) 


When differentiating a function of one argument, it is 
sometimes convenient to take advantage of the total differen- 
tial of a function of two, three, etc. arguments. 

Example 3. Find the differential of the function u=x*,. 

Solution. We seek dy? (y and z are independent variables); 
to do this we first find the partial derivatives and then set 
y=X, 7=x, 


dy? = 3 dy +52 dz = zy?! dy +-y? In y dz, (5) 
dx* = xx*-1 dx + x* In x dx=x* (1+1n x) dx (6) 


With a little skill, the writing is confined to formula (6), 
the rest being done mentally. 


434. Differentiable Functions 


A function u=f(x, y, 2) with a total differential at the point M, 
is called a differentiable function at that point. 
A differentiable function always possesses finite partial derivatives 


Qu du ou 
ox’ ay vs and partial differentials 
Ou Ou Ou 
dzu = Ax. dyu =a Ay, dgu=s> Az 


the sum of which yields the total differential (Sec. 430). 
But the existence of partial differentials (or finite partial deriva- 
tives) does not ensure the existence of a total differential. 
Example. Consider the function f(x, y) defined at the point 
M, (0. 0) by the formula 
FO, O)=4 ql) 


and at the other points by the formula 


xty 
1 (x, Wart Wexty+ Be (2) 
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This function is continuous at the point M,(0, 0) and has partial 
derivatives here: 


c ; F (Ax,0)—4 2Ax 

Fy, (0, 0)= lim ———~-——- = lim ——=2, 

* Ax+0 Ax Ax+0 A* 
f(0_ dy)—4 

f,(0, 0)= lim 2 Sv" Ly 

y : Ay-0 ay 


But the expression fF (0, 0) Ax+hy (0, 0) Ay=2Ax + Ay Is not a 
total differential. Indeed, the total increment is of the form 


= AxtAy 
Af (0, O)=f (Ax, Ay)—4=(2Ax+Ay)+ axis aye 


The first term is not a total differential since the second term 
e=————— is not of higher order than 


o=V Ax*FAy? 


That is, the ratio e:p does not tend to zero as M (Ax, Ay) + 0. Thus, 
if M tends to M, along the-ray y=3t, x=4¢, then e:p maintains the 


value Tos: 


Another example of a nondifferentiable function is considered in 
Sec. 442 (Example 2) 

Note 1. \f all partial derivatives are continuous at the point under 
consideration, then the function is differentiable at that point. In 
the preceding example, both partial 
derivatives were discontinuous at 
My (0, 0). 


Note 2. As a rule, the elemen- 
tar functions are differentiable. 
Differentiability is violated only at 
eereean points or along separate 
ines. 


435. The Tangent Plane and the 
Normal to a Surface 


Definition 1. Through point Fig. 434 
M of the surface S (Fig. 434) 
draw (on the surface) lines AA’, BB’, CC’, ..., which at M 
have tangents TT’, QQ’ SS’, ... . The plane P in which 
all possible tangent lines lie is called the tangent plane to 
the surface S at the point M (point of tangency). 
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Example 1. Let the straight line MT be tangent to some 
spherical curve. Then MT is perpendicular to the radius, 
i.e. it lies in the P plane passing through point M perpen- 
dicular to the radius. Hence, P is the tangent plane to the 
sphere. 

Example 2. A conical surface does not have a tangent 
plane at the vertex K. Indeed, if we draw all possible lines 
through K, their tangents at the point K will not lie in one 
plane. 


Note. The surface z=f (x, y) does not have a tangent plane at the 
oint M if and only if the function f(x, y) is not differentiable at 
hat point. Physically realizable surfaces can lose the tangent plane 

only at separate points (conical points) or along certain lines (edges) 
(cf. Sec. 434>.Note 2) 
2 

Example 3. The function f (x, N= G+ 2x+y+4, redefined by 
the condition f (0, 0)=4, is not differentiable at the point x=0, y=0 
(Sec. 434, Example). Accordingly, the surface 


= 
o=53 +y* 


+2x+y+4 (1) 


has no tangent plane at the point A(0, 0, 4).%) 

Definition 2. The normal to surface S at the point M is 
the normal to the tangent plane drawn through M. 

Example 4. The normal to a spherical surface at every 
point passes through the centre of the sphere. 


436. The Equation of the Tangent Plane 


1, The tangent plane to a surface z=f (x, y) is given by 
the equation 
Z—z=p(X—x)+q(Y—y) (1) 
where X, Y, Z are the current coordinates, and x, y, z are 
the coordinates of the point of tangency; p, gq are the cor- 
. é “ 3 dz Oz 
responding values of the partial derivatives i’ Oy" 


1) This surface is a cone (not circular) with vertex A. Indeed, 
any straight line 


y=ax, z= (rratet? ) x+4 (2) 


(a is a constant) passes through A and lies on surface (1), of which 
we convince ourselves by substituting (2) into (1). The set of straight 
lines (2) forms a confcal surface. 
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Explanation. The plane (l) passes through the straight 
line. 


Z—z=p(X—x), Y—y=0 (A) 


which is evident from substitution into Eq. (1). The straight 
line (A) is a tangent to the section drawn through the point 
(x, y, 2) parallel to the xz-plane (Sec. 426). In the same way 
we see that the plane (1) passes through the tangent line to 
the section parallel to the zy-plane. Hence (Sec. 435), plane 
(1) coincides with the tangent plane (if the latter exists; 
cf. Sec. 435, Note). 

Example 1. Find the equation of the tangent plane to 


the hyperbolic paraboloid 2-2 oe at the point (24, a, +4) 3 


2 2 
Solution. We have 2 ot =2, deere Dea The 
x a oy a 


equation of the desired tangent plane is 
2—+a=2(X—2a)— (Y —a) 


or Z=2X —Y—+a. 


2. If a surface is given by an equation of the form 
F (x, y, z)=0, then the tangent plane will be represented 
by the equation 


Fy(X—x)-+Fy (Y —y) + Fz (Z—2)=0 (2) 


Eq. (1) is a special form of Eq. (2). 
Example 2. Find the equation of the tangent plane to the 
ellipsoid 


x y? 2 re 
atartaw—il=0 (3) 
at the point M (x, y, 2). 
Solution. We have Fy==2, Fy=7, Fo=:-2. The 


required equation is 
2 (X—x) +44 Wy) +2 (Z—2)=0 (4) 


or, cancelling 2 and taking into account the equation of the 
ellipsoid, 
=X 4 wv 
a? oF 


2Z 
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Note. The equation of the tangent plane is most simply 
obtained from the equation of the given surface as follows: 
differentiate the given equation and in place of dx, dy, dz 
write X—x, Y—y, Z—z. Thus, differentiating Eq. (3), we get 
Qxdx , 2ydy , Wd 
si ee Ho 
Replacing the differentials dx, dy, dz by the differences 
X—x, Y—y, Z—z, we get Eq. (4). 


437. The Equation of the Normal 


The normal to the surface F(x, y, z)=0 at the point 
M (x, y, 2) is given by the equations 


=? 1 
Fy Fi, F. (1) 


(cf. Secs. 436 and 156). In particular, if the surface is given 
by the equation z=f (x, y), then the equations of the nor- 
mal, in the notations of Sec. 436, are of the form 


atta 2) 
Example. The equations of the normal to the ellipsoid 
~-+4 +=! (cf. Sec. 436, Example 2) are 


a?(X -x)_ bF(Y-y)__c? (Z-2) 
x _ y ane Pi 


438. Differentiation of a Composite Function 


A quantity w is a composite function if it is regarded as 
a function of (auxiliary) variables x, y, ..., which in turn 
depend on one or several arguments u, v, ... (cf. Sec. 236). 

Finding the total differential of a composite function does 
not require special rules (due to the invariance of the exp- 
ression of a differential; Sec. 432). After the total differential 
has been found, the expressions for the partial derivatives 
are obtained automatically (Sec. 433). The general form of 
these expressions is given in Sec. 440. 

Example. Find the total differential and the partial deri- 
vatives of the function 


w=e sin (u+v) (1) 
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If we eer w in the form e* siny, where x=wv and 
y=u-+u, then w will be a composite function of the argu- 
ments u, v. The total differential is found in the same way, 
as if x and y were independent variables: 


dw=e* sin y dx + e* cos y dy==e* (sin y dx +-cos y dy) 
Substituting x=uv, y=u-+uv, we get 
dw =e? [sin (u+v) (vdu-+u dv)+ cos (u+v) (du+dv)] (2) 


This is the total differential of the given function; its partial 
derivatives are the coefficients of du, dv. Namely, 


ew {usin (u-+-v)-+cos (u+v)], (3) 
ett |u sin (u-+-v) + cos (u+v)] (4) 


Note. In practical cases, no special designations are intro- 
duced for auxiliary variables. In Example 1, it is usual to 
do as follows: 
dw = d (e4#” sin (u-+-v)] =sin (uv) de#” 4 e4% dsin (u+v)= 

=sin (u-+v) e4#7 d (uv) + e# cos (u-+v) d (u+v) 
Expanding expressions d (uv), d(u-+-v), we get (2). 


439. Changing from Rectangular to Polar 
Coordinates 


Let z=f (x, y) be a function of the rectangular coordi- 
nates x, y and suppose we know the values of the partial 


derivatives fx, fy at the point M. Then the partial deriva- 


tives 2, = in polar coordinates are found from the for- 
mulas 

Oz “ woos 02 ’ eo. 

3r = Ix cos p+ fy sin g, ao =! (fy cos go—fxsing) (1) 


Explanation. Since x=rcos 9, y=rsin g (Sec. 73), then 
z is a composite function of r, @. By the method of Sec. 438, 
we find 


dz = fy dx-+ fydy= fed (r cos p) + fyd (r sin g) = 
= fx (cos @ dr—r sin @ dg) + fy (sin @ dr +7 cos g dg) 
dz 


The derivatives oz + Gp are the coefficients ol dr, dg. 
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Example. From the given values 
fx (3, 4)=7, fy (3, 4)=2 


é of P 
find the values of f, ae. at the point (3, 4). 


Solution. At the given point we have: r=) 3?+42=5, 
cos p=, sin o=e . From formulas (1) we obtain 


dz 3 4 . oz 374 \ 
Za75424=58 25 (2 ——7 7 )= 22 


440. Formulas for Derivatives of a Composite 


Function 
Let w be a composite function of any number of argu- 

ments u, v, ..., # (Sec. 438) which is specified in terms of 
the auxiliary variables x, y, ..., 2 (any number whatsoever). 
Then 

ow dw dx, dw dy oo Oe 

Qu dx du oy Bar te pe ou’ 

LP Sit cal LD ee 

Ov Ox Seco oe ot ee a ee (1) 


CD 


dw Ow Ox Ow dy 
wom tw atte ae 


That is, the partial derivative with respect to some argument 
is equal to the sum of the products of the partial derivatives 
with respect to all auxiliary variables by the derivatives of 
these variables with respect to the corresponding argument. 

Explanation. Formulas (1) are obtained from the expres- 
sion for the total differential: 


0 0 dw 
HF a BE ly + SE @) 
if we substitute 
Gee du+ 2% dy + aeCLS dt (3) 
Ou dv ae ot 


and similar expressions for dy, ..., dz (cf. Sec. 438). 
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441. Total Derivative 
Let w be regarded as a function of the variables x, y, ..., 2: 
w=f (x,y, ..., 2) (1) 


where x is the argument and the other variables depend on 
x." The derivative of w, with respect to the argument x, 
taken with allowance made for this relationship, is called 


the total derivative and is denoted by & in contrast to the 


partial derivative we (Sec. 425). The total derivative is 
expressed by the formula 


dw dw Ow dy ow dz 
Ge age! ay ae eee oe ae (2) 


It is obtained from the expression of the total differential dw 
(by dividing by dx). 
Example 1. Find the total derivative of the function 
w==x3e¥" where y is some function of x 
Solution. 
dw = e¥? d (x3) + x3de¥? = 3e*x2dx + x3e¥"d (y2)= 
= 3e)? x2dx + Ix3eV7ydy, 
dw __auy2 2 dy 
> rieead x7 + 2x5yey" —— 
Example 2. Find the total derivative of the function 
w=xy’. 
Solution. The role of the variable y is played here by 
the derivative y=. By formula (2) we find 


dw dw , dw dy __, dty 
“dx ox +a mY +k iG 


We get the same expression by dividing the equation 
dw=y’ dx+x dy’=y' dx+ xy” dx 
term by term by dx. 


) This is a special form of a composite function (Sec. 438) of 
one argument u at e variables y, ..., 2 are dependent on u in arbit- 
rary fashion, and the variable x is connected with u by the equality 
x=). 
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442. Differentiation of an Implicit Function 
of Several Variables 


Rule 1. The equation 
F (x, y, 2)=0 (1) 

gives the variable z as an implicit function of the arguments 
x, y for certain conditions. » In order to find the total diffe- 
rential of this function it is necessary to differentiate Eq. (1), 
that is, to equate to zero the total differential of the left-hand 
side. The équation obtained has to be solved for dz; then we 
find the total differential of the function z. The coefficients 
of dx, dy yield corresponding partial derivatives. 

We proceed in exactly the same fashion for any number 
of arguments. 

Example 1. Find the total differential and the partial 
derivatives of the implicit function z (of the arguments x, y) 
given by the equation 


e+y+ae=gs (2) 
at the point x=1, y=—2, z=—2. 
Solution. Differentiating, we find 


2x dx + 2y dy+2z dz=0 


Solving this equation for dz, we obtain the total differential 
of the function z (at an arbitrary point): 


dz=— ~ dx—+ dy (3) 
At the given point (1, —2, — 2) we have 
1 
dze=—- dx—dy (4) 


The coefficients of dx, dy yield the values of the partial 
derivatives at the given point: 


dz 1 dz 


Te a a (5) 
Check. Solving Eq. (2) for z, we get 
z=— VY 9— x? y? (6) 


(we take the minus sign before the radical because for x=1, 


1) Sce Note | below. 
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y=— 2 we have to have z=— 2). From (6) we find 
dz x dz y 


Ox” Vo-xt= ye’? = Ys Vmax aye 
Substituting here the values x=1, y=— 2, we again find (5). 


Note J. It is assumed in Rule | that the function F(x. y, z) is 
differentiable at some point Mo (Xo. Yo, Zo), which satisfies Eq. (1), 
and in a sufficiently small neighbourhood of it (that is, at all points 
of some sphere centred at Mo). Besides, it is assumed that the equa- 
tion obtained by differentiation is uniquely solvable for dz (i.e. that 
the coefficient of dz is different from zero). Under these conditions it 
may be asserted that: 

(1) Eq. (1) does indeed specify z as an implicit function of the 
arguments x, y; it is defined in some circle centred at (Xo, yo) and 
takes the value z, for x=x9, y=¥Yo; 

(2) the function z is differentiable in the indicated circle and, in 
particular, at the point (Xo, Yo). 

The foregoing conditions are fulfilled in Example 1. In the next 
commu: we conelser one of the great diversity of cases in which they 
are violated. 


Example 2. The equation 
x3+8y3-23=0 (7) 


represents z as an implicit function of the arguments x, y. Its expli- 
cit expression is 
2= / B+ 8y (8) 


In an attempt to apply Rule | to finding the total differential of the 
function z at the point x=0, y=0, z=0, we would get, from (7), the 
equation 


3x? dx+24y? dy—32* dz=0 (9) 


At the point x=0, y=9, z=0 this equation does not admit a unique 
solution for dz because it becomes an identity, 0=0. Thus, Rule 1! 
does not make it possible for us to find either the total differential 
or the partial derivatives of the function z at the point under consi- 
deration. A supplementary investigation shows that the function z is 
not differentiable at this point (Sec. 434) but has partial derivatives 


oz dz 


—= —_—_= 1) 
Ox ' oy : 
1) Indeed, putting y=0. we get z= 3/x*=x so that (=) =1; 
. Ox }x=0 
Zz 
putting x=0, we get z= / 8y®=2y so that (ay )e=0=? But the 
oy y=0 


expression Ax+2Ay is not the total differential because the difference 
Az—(Ax+2Ay)=e 


is not of higher order than p=VAx?+Ay?. Thus, if the point (x, y) 
tends to the point (0, 0), say along the bisector of the first quadrant. 
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Rule 2. The system of two equations 
F, (x, y, Zz, u, v)=0, Fea (x, y, 2, u, v)=0 (10) 


represents, under certain conditions, the two variables u, 
v as implicit functions of the arguments x, y, 2. In order 
to find the total differentials of these functions we have to 
differentiate Eqs. (10). The system of equations has to be 
‘solved for du, dv, and we then find the total differentials of 
the functions u, v. The coefficients of dx, dy, dz will yield 
the appropriate partial derivatives. 

We proceed in the same fashion when the number of 
ss are in the system is greater than two (for any number 
of arguments). 

Example 3. Find the total differentials and partial deri- 
vatives of the implicit functions wu, v given by the system 
of equations 


xtytutv=a, x+y?+u2?+v? =}? (11) 
Solution. Differentiating, we get 
dx+dy+du+dv=0, 
xdx+ydy+udu+vdv=0 (12) 


Solving the system (12) for du, dv, we get the total differen- 
tials of the functions uw, v: 


du— @rtde+o—y) dy 
_ u-v 


do — (et dxt (u-y) dy (13) 


* ‘U-4u 


The coefficients of dx, dy give the partial derivatives 


Be Obs Bei | 00 hee) ae Bek” aig 
Ox” u-v’ Oy u-v’ Ox” uv-u’ dy v—-u (14) 


Note 2. It is assumed in Rule 2 that the functions 
F,(x, y, 2, u,v)=0, F(x, y, 2, 4, v)=0 are differentiable at some point 
Mo(Xo» Yer Zo» Hor Uo) and in a sufficiently close neighbourhood of it. 
Also, it is assumed that the system of equations obtained by diffe- 
rentiation is uniquely solvable for du, du (that is, that a determinant 
made up of the coefficients of du, du is different from zero). Under 
these conditions, we can assert that: 


then the ratio = has the value 


3/ ast 
Vi Ax?+8 Ay?—(Ax+2 Ay) _ 9-3 


Vaxt+ Ay? V2 


i.e. it does not tend to zero. 
1) See Note 2 below. 


a 
p 
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(1) system (10) does indeed specify u, v as implicit functions of 
the arguments x, y, z; these functions are defined in some sphere 
centred at (Xo, Yo. 2p) and take on values uo, 0 for x=x 10» Z=2y; 

(2) the functions u, v are differentiable in the indicated sphere 
and, in particular, at the point (Xo. Yo. 2o)- 


443. Higher-Order Partial Derivatives 


Definition 1. The partial derivatives of the functions 
. 0: , 
Shee, S=fy(, ¥) (1) 


are called partial derivatives of the second woe (or second 
partial derivatives) of the function z=f (x, y 

The total number of eeeone partial ie iwatives is four. 
The partial eer of 2 with respect to the argument x 


is denoted by pa . Shee or frx (x, y). The others are 


denoted in similar fashion, so we have 
9 (dz) __O?z __ O*F (x, y) 


ax \Gx! = Ox? — =e = : xx (X, 9), (2) 
= Oz 2) ={5= aie = fey is: y), (3) 
: s) = eg EP = fix (x. 9), (4) 
e 2 == EY = fi (9) (5) 


The second une (2) and (5) are called pure, the second 
derivatives (3) and (4) are called mixed. 

Theorem 1. Mixed derivatives of the second order (they 
differ as to the order of differentiation) are equal, provided 
they are continuous at the point under consideration. 

Example 1. Find the second partial derivatives of the 
function le ine 6. We have 


2 —3xty? + Ary, Fe = Dy + 2x8, 


a 6xy? + 4y, ink = 6x?y + 4x, 
a 


ins 2 6xty + 4x, yee 
The mixed derivatives soi and ae are equal. 


Note 1. By virtue of Theorem 1, the four partial deriva- 


ri , O82 Oz Oz 
tives of the second order reduce to three: dxi’? Oadp ’ dpi” 
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Definition 2. Partial derivatives of partial derivatives of 
the second order are called partial derivatives of the third 
order (or third partial derivatives) and are denoted by 


fsves tous (pure geri ANNES) feups feux. feyy etc. (mixed 
derivatives) or =; , ye! Oxtay’ Iedy dx’ etc. 
Theorem 2. Mixed derivatives of the third order which 


differ only in the order of differentiation are equal (provided 
that they are en ae the point under consideration) 
32 
For example, 535- ame eee 
Example. 2. The partial third-order derivatives of the 
function z= x8y? + 2x*y—6 (cf. Example 1) are 


082 0 ( = 6y?, Chr aa 2 O%z\ 0 


Ox? Ox ae dy dy oy?! ~~ 
hed Chr4 0*2z 
Ox? ay Ox? i (sep Bs = xy +4, 
az 9 (_ oz) _ 07z\ eve 
Ox Oy? dy \dx ns) Ox > (53) = 6x 


Note 2. By side of Theorem 2, eight partial derivati- 
ves of the third order are reduced to four: 
Oz 082 082 082 
Ox*’ Oxtdy’ Odxayt’ ays 


Note 3. We similarly define and denote the partial deri- 
vatives of the fourth and higher orders of a function | (x, y) 
and also of functions of three and more arguments. In all 
cases, theorems similar to ! and 2 hold true. 


444. Total Differentials of Higher Orders 


Let us form the total increment (Sec. 427) Az of the fun- 
ction z=/f(x, y); then, holding the same values Ax, Ay, let 
us form the total increment A (Az) of the quantity Az (re- 
garding it as a function of x, y). We get the second diffe- 
rence A*z of the function z. 

Suppose A2z decomposes into a sum of two terms: 


A4z = (rAx? + 2s Ax Ay+?t Ay?) +a (1) 


where 7, s, ¢ do not depend either on Ax or Ay, and a is 
of higher ‘order than p? = Ax?+ af Then the first term is 
called the second (total) differential of the function z and is 
denoted d?z. 
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Example 1. Consider the function z=x3y?. We find 
Az=(x-+ Ax) (y+ Ay)? — x37, 
Atz = (x-+ 2Ax)? (y + 2Ay)?—2 (x+ Ax)? (y+ Ay)? + 
+ x8y? = (6xy? Ax? + 12x8y Ax Ay+ 2x8 Ay?) +a (2) 
where a is of higher order than p?. Now the first term of 
the sum (2) is of the form rAx?+ 2s Ax Ay+t Ay? and the 
quantities r—=6xy?, s=6x*y, £==2x8 do not depend either on 
Ax or on Ay. Hence, the first term is the second differential 
of the function z= x3y?: 
d2z=6xy? Ax? + 12x2y Ax Ay+ 2x5 Ay? (3) 


Theorem 1. The quantities r, s, ¢ in formula (1) are 
equal to the corresponding second partial derivatives of the 
function 2z: 


ptt gO ye 
~~ @x?? S= ox oy’ ~ ay? 
Example 2. In the preceding example we had 
042 0%z 0*z 
om Gu 0 * a an Ops a 2% 
r=bxy? =55 S= 6x2 = ay t= 2x = ay 


Expression for the second differential. By Theorem | we 
have 


or ot ot 
de = 55 Axt +2 se Ax Ay +55 Ay? (4) 
Note. Since 
Ax=dx, Ay=dy 


(Sec. 430, Note 1), then in place of (4) we.can write 


82 3 dt + 2 Oe de dy + £3 dy? 3) 


In contrast to the corresponding expression for the first differen- 
tial (cf. Sec. 432), formula (5) does not as a rule hold trie if x and 
y are not arguments (cf. footnote, Sec. 258). 

Theorem 2. If we consider the differentials dx, dy as not 
depending either on x or y, then the second differential d*z 
is equal to the differential of the first differential dz (cf. 
Sec. 258, Theorem 2): 


d (df (x, y)|=d?f (x, 9) (6) 
Example 3. Let z=x5y?. We have 
dz = 3xty? dx + 2x3y dy 
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Differentiate once again, holding dx, dy fixed. We obtain 
d (dz) =d (3x®y?) dx +-d (2x3y) dy =6xy? dx? + 
+ 12x?y dx dy + 2x3 dy? 
This is the second total differential of the function xy? (see 
Example 1). 
Total differentials of the third, fourth, etc. orders (d3z, 


d4z, etc.) are defined similarly and are expressed by the 
following formulas: ; 


as a as hy 
Be = 55 dx? +3 Trg, dx? dy +35 G3 dx dy? += dy, (7) 


.o os os 
diz 35 det +4 a7; dx3 dy +6 = aa dx? dy? 
Chr4 042 
+4 orap ox dy? + 5 ay! (8) 


The numerical factors are equal to the corresponding bino- 
mial coefficients. 


Formulas (7), (8), ete. do not as a rule hold if x and y are not 
arguments. 


The foregoing can be extended completely to functions 
of three and more variables. 


445. The Technique of Repeated Differentiation 


To find partial derivatives of higher order it is conveni- 
ent first to find the total differential of the corresponding 
order. 

Example. Find the partial derivatives of the function 
z=x3y? up to third order inclusive. 

Solution. First find the first differential dz: 


dz = 3x8y? dx + 2x3y dy (1) 


then the second; to do this, differentiate (1) holding dx, dy 
constant: 
d?z = 6xy? dx? + 12x2y dx dy + 2x3 dy? (2) 
(cf. Sec. 444, Example 3). Differentiating (2), we again hold 
dx, dy constant and obtain 
d3z = (6y? dx5 + 12xy dx? dy) + (24xy dx? dy + 12x? dx dy?) + 
+ 6x? dx dy? 
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or 
dz = 6y? dx8 +-3-12xy dx? dy+3-6x? dx dy? (3) 


From the coefficients of the expressions (1), (2), and (3), and 
taking into account formulas (5) and (7), Sec. 444, we get 


a: 0: 
Fi = axty?, Fy oy 


ate ate 


Oz __ by? — 6x2 —Oy3- 

ox Oxy", 5G 874, OA: 
Peet ya ase ee a 
aa = OY ‘ xt 3p 1xy, ax Byt — Ox ; a0 


446. Symbolism of Differentials 


As the order increases, the expressions for differentials 
become more complicated. To simplify matters, we introduce 
the following conventional symbolism for a kth order diffe- 
tential of a function z=f (x, y): 


) to) k 
dhe = (3,de+3, dy) 2 (1) 
This is to be understood as: first raise the binomial 


eaet S dy to the kth power as if the symbols 0x, dy, 0 de- 


noted independent algebraic quantities. Then remove the 
brackets and affix to each symbol 0* the factor z. Only then 
invest all the symbols with their true meaning. 


Example. The notation dz= (= drs dy)" 2 is deciph- 
ered as follows: raising to the third power, we get 
oF a oF Ch 
Ge dB 43 sox dx? dy +3 a5; dx dy +s, dy* ) 2 
Removing brackets, we find 
072 dz 032 03z 
Pz= 5 dx8 +3 x? Oy dx? dy +3 5aF dx dy? + dy 


[cf. (7), Sec. 444]. 
Note. For three, four and so forth arguments, the conven- 
tional symbols are the same: for example the notation 


) a tC) 2 
du=(= dx += dy += dz) u 
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signifies that 
go? oO? ot 7 O23 Z 
Puss dx? + 553 dy?+ 55 d2?+2 =" a dx dy+ 
Otu 


Qt 
+2 Spar dy de +2 555, de dx 


447. Taylor’s Formula for a Function 
of Several Arguments 


For a function of one argument, Taylor’s formula (Sec. 271) 
may be written in the form 


A , 1 gn 
Pet Ax)=f (x)+ ap fF (a) Ax tay l @) Ae. + 
1 1 
tone? (x) Ax" +o fiaty (x+ @Ax) Axnt. (1) 
where @ is some positive number less than unity: ) 
0<@6<1 (2) 
Here the expressions f’ (x) Ax, [” (x) Ax®, ... are differentials 
of order one, two, etc. 
Taylor's formula for a function ot several variables” is 


similarly constructed, only the differentials taken are total. 
Thus for two arguments for n=2 we have 


F(x+Ax, y+ Ay)= 
=f (e+ Ufe Ge wy) Axt fy (x 9) Ayl+ 


+5 Wie (x, y) Ax?+ 2f'ry (x, y) Ax Ay fyy (x, y) Ay?]+ 
+5 [etx (@+ OAx, y+ Ody) Ax? + 


+3frry (x+ OAx, y+ Ody) Ax? Ay+ 
+ Sfryy (x + @Ax, y+ Ody) Ax Ay? + 
+fywy (#+ Ax, yt Ody) Ay’] (3) 
where ® satisfies inequality (2). 


1) The number € in (1), Sec. 271, lies between x and x+Ax; the- 
refore the difference E—x has the same sign as Ax, but is less in abso- 
lute value than Ax. Hence, the quotient (§-x): Ax is some positive 
Heuer less than unity. From the equation (—-—x): Ax=® we find 

=X+ x. 

*) The condition under which the formula holds is given in the 

note below. 
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The expressions in square brackets are (Sec. 444) total 
cifferentials. In the last term, the partial derivatives are 
taken for intermediate values of the arguments. ” 

Taylor’s formula for any number of terms is surveyable 
even for two arguments) only if we use the conventional 
symbolism of Sec. 446. Then it has the form 


Abe, =a (ZaxtZ ay) Fe y+ 
ta (sg Aete ay) he. tet 
+ (Farts dy)" Fo, + 


al! 


1 0 Gs) n+! 
Serra (sae t+5 Ay) “Fa+@Ax, y+@Ay) (4) 
or 
M(x, w= ar dh % y)tar PF (x, y+... +a df (x, yt 
+ a att tf (x + @dx, y+ Ody) (5) 


and similarly for a greater number of arguments. 

Note. Taylor’s formula holds true provided the function 
f(x, y) possesses a total differential of the (u+1)th order at 
all points of a segment connecting points M(x, y) and 
M, (x+ Ax, y+ Ay). . 

Example. Let us verify formula (3) using the function 

F(z, y)=xy? 
for x=y=1, Ax=0.1, Ay=0.2. We get 


(%+ Ax) (y+ Ay)? =xy? + [y? Ax + 2xy Ay] + 
1 
+7 [4 Yt @Ay) Ax Ay +2 (x+ 0 Ax) Ay?) 
Substituting the given values, we obtain the equation 


0.004=0.0120, whence e=+; thus, @ indeed lies between 
zero and unity. 


1) The point M (x+@Ax, y+@Ay) lies on a segment connecting 
points M (x, y) and M, (x+Ax, y+Ay). The number @ yields the ratio 


MM: MM, 
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448. The Extremum ‘(Maximum or Minimum) 
of a Function of Several Arguments 


Definition. A function f(x, y) has a maximum (minimum) 
at a point Po (a, 6) if at all points sufficiently close to Py 
the value of f(x, y) is less than (more than) the value 
f (a, 6) (cf. Sec. 275). 

Geometrically, above the po- 
int Py) (Fig. 435) the surface 
z=f(x, y) has a point My 
which lies above (below) all 
neighbouring points. 

A necessary condition for an 
gomrerenre, Dene n eran extremum. If the function f (x, y) 
has an extremum at a point 
Fig. 435 P, (a, 6), then the total differen- 
tial at this point is either 

identically zero or does not exist. 

Note 1. The condition df (x, y)=0 is equivalent to the 
system of two equations: 


fx (x, y)=0, fy (x, y)=0 


The equation fy (x, y)=0 taken separately is a mecessary condi- 


tion for an extremum when y is fixed (Sec. 276). Geometrically it 
means that the section of a surface pa- 
rallel to the xz-plane has at the point My 
a tangent. line parallel to the x-axis (cf. 


Sec. 426). The equation fy y)=0 has a 
similar meaning. 


Geometrically, at the point My 
lying above (below) all neighbouring 
ones, the surface z=f(x, y) either 
has a horizontal tangent plane (as in 
Fig. 435), or does not have any 
tangent plane at all (as in Fig. 436). 

Note 2. The definition of an extre- 
mum and the necessary condition remain 
the same for any number of arguments. Fig. 436 


2 


x 


‘0 


449. Rule for Finding an Extremum 


Let the function f(x, y) be differentiable in some region 
of its domain. In order to find all its extrema in that region, 
we have to 
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(1) Solve the system of equations 


fe(x, y=0 fy (x. y)=0 (1) 
The solution will yield critical points. 


(2) Investigate, for every critical point Pp» (a, 6) whether 
the sign of the difference 


f(x, y)—E (a, 4) (2) 
remains unchanged or not for all points (x, y) sufficiently 
close to Po. If the difference (2) preserves the positive sign, 
then at the point P » we have a minimum, if the negative 
sign, then a maximum. If the difference (2) does not preser- 
ve sign, then there is no extremum at the sau Po. 

In similar fashion we find the extrema of a function of a 
larger number of arguments. 

Note. For two arguments, the investigation is sometimes 
simplified by the use of the sufficient condition of Sec. 450. 
For a larger number of arguments, this condition becomes 
complicated. Therefore, in practical apelications one attempts 
to employ the special properties of the given function. 

Example. Find the extrema of the function 


Fe, y= + —3xy +1 
Solution. (1) Equating to zero the partial derivatives 
f= 3x? —3y, fy =3y? — 3x, we get the system of equations 


x2—y=0, y?—x=0 (3) 
It has two solutions: 
4=4=0, 2 =Y2=1 (4) 


Let us investigate the sign of the difference (2) for each 
of the two critical points P, (0, 0), Ps(1, 1). 
(2a) For the point P, (0, 0) we have 
F(x, y) —F (0, 0) = x3 + y8 — 3xy (5) 
The difference (5) does not preserve sign, i.e. in any close 
neighbourhood of P, there are points of two types: for some 


the difference (5) is positive, for others it is negative. Thus, 
if the point P(x, y) is taken on the straight line y=x, then 


(5) is equal to 2x8—3x2—x? (2x—3). Near P, (for x<4) 
this difference is negative. But if poe P (x, y) is taken on 


the straight line y=—vx, then the difference (5) is equal to 3x3, 
and this quantity is always positive. 
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Since the difference (5) does not preserve sign, there is no 
extremum at the point P,(0, 0). The surface 
z2=x8+ y8— 3xy+1 


at the point (0, 0, I) is saddle-shaped (like a hyperbolic pa- 
raboloid). 
(2b) For the point P, (1, 1) we have 


F(x, y—F (lL, I= x8 + y8—3xy +1 (6) 


We shall prove that this difference preserves the plus sign 
in a sufficiently close neighbourhood of the point (1, 1). Put 


Ris x=Il-+a, y=14+8 (7) 
The difference (6) is transformed to 
3 (a? — af + B?) + (a3 + 83) (8) 


The first term for all nonzero values of a, B is positive 
and more than) 2 (a? 4-B?). The second term may also be 


negative, but if |a@| and | B| are sufficiently small, then it is 
less than a?-++ B? in absolute value. 2) Hence, the difference (8) 
is positive. 

Thus, the given function has a minimum at the point (1, 1). 


450. Sufficient Conditions for an Extremum 
(for the Case of Two Arguments) 


Theorem 1. Let 

A dx? + 2B dx dy+C dy? (1) 
be the second differential of the function f (x, y) at its critical 
point (Sec. 449) Py (a, 6) (so that the numbers A, B, C give 
the values of the second derivatives fxx, fry, fiw at the point P,). 

Then, if the inequality 
AC— B*>0 (2) 
holds, the function f (x, y) has an extremum at Py: a maximum 


when A (or C) is negative, a minimum when A (or C) is 
positive. 


1) We have the identity 3 (a*-aB+B%)=-—> (a+ B+ (ap). 


The quantity (a—B)? is positive or zero. 
*) For |a|/<1, |B] <1 we have |a*|<a?, |B?| <B?. 
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Note 1. The numbers A and C always have the same signs, 
provided (2) holds. 

Theorem | gives a sufficient condition for the existence of 
an extremum. 

Example 1. The function f (x, y)=x3+y8—3xy+1 (cf. 
Example, Sec. 449) has an extremum at the point (1, 1) be- 
cause the first derivatives are zero at this point and the second 
derivatives ot 6x, = 3, oF by have the values 
A=6, B=—3, C=6 so that the inequality (2) is satisfied. 
The extremum is a minimum because A and C are positive. 

Theorem 2. If at the critical point P, (a, 5) the inequality 
(in the notation of Theorem 1!) 


AC— B? < 0 (3) 


holds, then the function f(x, y) does not have an extremum 
at Po. 
Theorem 2 yields a sufficient condition for the absence of 
an extremum. 

Example 2. The function f(x, y)=x8+y8—3xy+1 
(cf. Example, Sec. 449) does not have an extremum at the 
point (0, 0): although the first derivatives vanish, we now have 


A=0, B=—3, C=0 
so that 
AC— B?=—9<0 
Note 2. If the equation 
AC — B?=0 (4) 


holds at a critical point, then the function can have an extre- 
mum (maximum or minimum) there, but it may not have. 
This case requires more investigation. 


451. Double integral ») 


Let a function f(x, y) be continuous inside some domain 
D (Fig. 437) and on its boundary. We partition the domain 
D into n subdomains D,, De, ..., D,; we denote their areas 


') The concept of a double integral is an extension of the concept 
of a definite integral to the case of two arguments. It is therefore 
advisable to reread Sec. 314. 
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by Ao,, Ade, ..., Ad,.! Call the largest chord of each sub- 
domain its diameter. 

In each subdomain (in the interior or on the boundary) 
take a point [point P,(x,, y,) in the subdomain D,, point 
Py, (X2, Ya) in the subdomain D,, and so on}. Now form the sum 


Sn=l (x1, ys) AO, +f (Xe, Yo) Adz +... +6 (Xn, Yn) AOn (1) 


The following theorem holds true 

Theorem. If as the number of subdomains D,, D2, ..., Dy, ... 
increases without bound, the largest of the diameters tends 
to zero,2) then the sum S,, tends to 
some limit, which is independent both 
of the manner in which the partitio- 
ning was done and of the choice of the 

points P;, Ps, ..., Pr. 
Fig. 437 Definition. The limit to which 
the sum (1) tends when the largest 
of the diameters of the subdomains tends to zero is called 
the double integral of the function f(x, y) over the domain D. 


Notation: 


\J Fe wae @) 
D 


Read: the double integral of / (x, y) over D. 
Alternative notation: 


( (FG, de ay @) 
D 


It follows from a rectangular partitioning of the domain D 
(Fig. 439) by a network of lines parallel to the coordinate 
ath is the length of a cell (or subrectangle), dy is the 
width}. 

For the notation of a double integral over a rectangular 
domain see Sec. 455. 


') After the manner of using Ax,, Axg, ..., Axn (Sec. 314) to denote 
the lengths of the subintervals. The analogy is only superficial, ho- 
wever, because Ao, Adz, ... are not increments in the argument. The 
quantities Ao,, AO,, ... are always positive, whereas Ax,, Ax,, ... may 
be negative as well (if. the upper limit is less than the lower limit). 

*) Here the areas of all subdomains decrease indefinitely. However, 
the area of the Ph fokd can decrease indefinitely without its diameter 
tending to zero (the width tends to zero, but the length does not, cf. 
Fig. 438). The theorem becomes invalid if the subdomains are con- 
structed in that manner. 
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Terms. The domain D is called the domain of integration, 
the function f (x, y) is the integrand (or integrand function), 


Fig. 438 Fig. 439 


the expression do is an element of area, the expression dx dy 
ca the notation (3) is an element of area in rectangular coor- 
cinates. . 


452. Geometrical Interpretation 
ef a Double Integral 


Let a function f(x, y) take on only positive values in a 
domain D. Then the double integral 


(Vr y) do 
D 


is numerically equal to the volume V of a vertical cylindrical 
solid (Fig. 440) constructed on base D and bounded from above 
by an appropriate patch of the sur- 
face 2=f (x, y). 

Explanation. Partition the cy- 
iindrical solid into vertical columns 
as shown in Fig. 440. A column 


with base 
Ao, = ABCE 


has volume approximately equal to 
the prismatic column with the same 
base Ao, and with altitude 


P\M, =] (x,, 91) 


Thus, the first term f(x,, y) Ao, 

of the sum S, (Sec. 451) gives an approximate expression of 
the volume of a vertical column, while the whole sum S, 
gives the whole volume V. The degree of accuracy increases 
with refinement of the subdomains. The limit of the sum 


Fig. 440 
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Sn, that is, the integral | ( f (x, y) do yields the exact value 
D 


of the volume V. 


453. Properties of a Double Integral 


Property 1. If a domain D is partitioned into two parts 
D, and D,, then 


Ilr, ndo=S( Fee, yydo+ 4 Fe, y)do 
D_ Dy Dy 

(cf. Sec. 315, Item 2). Similarly for a subdivision of D into 
three, four and more parts. 

Property 2. The double integral of the algebraic sum of 
a fixed number of functions is equal to the algebraic sum of 
the double integrals taken for each term (cf. Sec. 315, Item 3); 
thus, for three terms: 


{Jie ote, y—vle. pldo= 
D 


=(Vre, ydo+ | oie. do—[f pee. yy do 
D D D 


Property 3. A constant factor may be taken outside the 
integral sign (cf. Sec. 315, Item 4): 


My mf (x, y)do=m {\ | (x, y) do (m a constant). 
D D 


454. Estimating a Double Integral 


Let m be the smallest and M the greatest value of a fun- 
ction f(x, y) in a domain D and let S be the area of D. Then 


mS <= \\ re, y) do< MS 
D 


Geometrically this means that the volume of a cylindrical 
solid is contained between the volumes of two cylinders ha- 
ving the same base; the altitude of the first is the smallest 
z-coordinate, the altitude of the second is the greatest 2-coor- 
dinate (cf Sec. 318, Theorem 1). 
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455. Computing a Double Integral (Simplest Case) 
Let a domain D be given by the inequalities 
axx=xb cxy<d (1) 


tt is depicted by the rectangle KLMN (Fig. 441). Then the 
zouble integral is computed from one of the formulas 


d b 
|) ite waxdy={ dy | fee, w de, @) 
D c a 

6 d 
\\ fe, ydedy= fide | Fle, dy @) 
D a c 


The expressions in the right-hand members are called 
-terated integrals. 
b 


Note. In formula (2) the definite integral y f(x, y) dx 


a 
is calculated first. During this integration, y is regarded as 


M 


a. 


L 


S 
Rg 
o}-- 


Fig. 441 Fig. 442 


a constant. But the result of the integration is viewed as a 
function of y, and the second integration (from c to d) is per- 
formed with respect to the argument y. In formula (3) the 
order of operations is reversed. 


Explanation. The double. integral vs f (x, y) dx dy ex- 


(KLMN) 
presses the volume V of the prismatic solid KM’ (Fig. 442) 
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having the base KLMN: 
V=\Vi@, yardy (4) 
D 
The same volume is obtained from the variable area F of the 


longitudinal section PQRS (it depends on the ordinate y= Ou) 
by means of the formula (Sec. 336) 


d 
v= Fwy 6) 
; c 
The area of PQRS is given by 
6 6 
Fyy=\zdx=( Fe, ye (6) 
a a 


Comparing (4), (5) and (6), we get (2). We obtain (3) in si- 
milar fashion. 


Notations. The double integral {f f (x, y) dx dy taken over 


a rectangle whose sides are parallel to the x- and y-axes, is 
denoted by 


f(x, y) dx dy 
or 


(7) 
F(x, y) dy ax 


Stag Pt Aa 
Pea Pteene 


(the outer integral signs correspond to the outer differentials). 
24 


. ( dx dy 
Example 1. Compute the double integral y TET ee 
Solution. The domain of integration is defined by the 
inequalities 
3ax<x4, lxy<2 


and is a rectangle with sides parallel to the x- and y-axes. 
4 


First compute the definite integral ( al 


where y is held 
: (x+y)? 
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constant: 
4 


y He Sd oN 
: (x+y)? y+3 yr 


Then from formula (2) we obtain 


24 2 
dxdy __ I 1 es 25 | 
Example 2. Compute the double integral 
35 
=| y (5x2y —2y%) dx dy 
12 
Solution. From formula (3) we find 
3 5 3 
1=( dy ( (Sx*y — 2y8) dx = (195y —6y8) dy = 660 


1 2 I 


Example 3. A rectangular parallelepiped KM, (Fig. 443) 
is cut from above by a paraboloid of revolution with para- 
meter p. The vertex of the parabo- 
loid coincides with the centre C of 
the upper base, the axis is vertical. 
Determine the volume V of the 
resulting solid if the sides of its 
base are 


KL=a, KN=b 
and altitude 
OC=h 


Solution. Choose a coordinate 
system OXYZ, as indicated in Fig. 
a The equation of the paraboloid 
will be 


z=h— ae (8) 


Fig. 443 


The required volume is equal to the 
double integral \j zdxdy over the rectangular area 
(KLMN) 
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KLMN, or 


ee 
v={ { (4-3) dy dx @) 


In place of this integral we can take a quadrupled integral 
over the region OAMB (due to the symmetry of the solid 
about the xz- and yz-planes), i. e. 


We successively find 


a 

zr <b: 
3 3 
vaal [w-z —é | a= 
6 0 


a 
z 
3 
pT dane ali = 5 
=4| (F-F —aap) de abh— 2h (ae + 08) 
0 


456. Computing a Double Integral (General Case) 


1. If the contour of the domain D meets, at no more than 
two points (M,, M, in Fig. 444), every vertical line inter- 
secting it, then D is given by the inequalities 


a<x<db, 9 (*)<Y¥< 2 (x) (1) 


[a, 6 are the extreme abscissas of the domain, q, (x) and @¢ (x) 
are functions expressing the ordinates of the lower and upper 
boundary lines AM,B,, AM,B,). 

In this case the double integral is computed from the 
formula 


6 (Xx 
(lire, ydo= J af “Ts a Q) 
D a 1 (4) 
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2. If the contour of the domain meets, at no more than 
:wo points, every Aorizontal straight line intersecting it, we 
analogously have (in the notation of Fig. 445) 


de 
IV re, yao=f dy a F(x, y) dx @) 
D c ps (y) 


Note. If the contour does not fit either of the foregoing 
cases, then the domain D is partitioned into several parts 


Y 4 
B; 
s) 
ay © 
' By 
f t | 
f . i By 
' y=9o) t 
ola p bx 0 x 
Fig. 444 Fig. 445 Fig. 446 


(D,, De, Ds in Fig. 446) so that formula (2) or (3) can be 
applied to each part. 


Example 1. Find the integral =f (y2+- x) dx dy if the 


D 
domain D is bounded by the parabolas y=x?, y2=x (Fig. 447; 
the contour fits both cases | and 2). 


First solution. Apply (2); put a=0, b=1, @, (x)=x* 
G3 (x)=V x. This yields 
1 Vx 
(forts) dx dy = ax | Wr+x) dy 
D 0) x? 
Vx 
We compute the integral y (y*-+ x) dy treating x as a con- 


x 
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Vx 3 
{ (y?+ x) dy= [+ “tay |" Se Pais ae 
) eae, 


The resulting expression is then integrated with respect to x; 
this gives 


Hf 


i] 

f) 
* 
1 
1 
! 
1 
Fig. 447 


Second solution. We apply formula (3), puttingc=0,d=1, 
Hi Y=, Pe W=V y. We successively obtain 


rela f : wespaide= fay at > ana ae 


x=y* 


ae ty ats 


Example 2. Find the volume V of a “cylindrical hoof” 
(the solid ACDB in Fig. 448) cut from a semicylinder by the 
Bins ABC drawn through the diameter AC of the base. 

iven: radius of base R=OA and altitude of hoof DB=h. 

Solution. Choose a system of coordinates as indicated in 
Fig. 448 (then the contour fits both cases, 1 and 2). The 
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equation of the plane ABC will be z=. We have V = 


= (f Aadeay 
(ADC) 
First method. Put, in (2), Fig. 448, 
a=—R, b=R, 9;(%)=0, 93 (x) =V R—*8(=KL) 
We obtain 


+R VR*=x8 ‘ 
va (a | yyy 
-R 0 
Performing the integration with respect to y, we have 
VRI =x 


h h 
BR y dy=zR (R*—~*) 


0 
This expression gives the area F of the section KLM 
(F=+ KLXLM, where KL= VY R?—x* and LM is found 
from the similarity of the triangles 
KLM, ODB ).We finally have 


R 
V= y fy (Ra) de=Z RM 
-R 


Thus, the cylindrical hoof is equal 
to twice the volume of the pyramid 
BACD.» 

Second method. In formula (3), 


Fig. 449, putc=0,d=R, , (y)= Fig. 449 
=— V R493 (=NL), paly)=V R?—y? (=NP). We obtain 
R VRoe 
he h 
V= y dy y aye 
0 VR 


1) This result was found by Archimedes. 
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The first integration yields 
VRae 
x A ydxe= gf wr V Ry 
-VRe=y? 


This expression is the area S of the section PLMR. We finally 
get 


R 
valoz V Rit y dy= 2 RA 
0 


457. Point’ Function 


Let there be given a set of points (say the set of points 
of a given segment, of a patch of surface, or of a solid). If 
each point P of this set is associated with a definite value 
of a quantity z (scalar or vector), then the quantity is called 
the function of the point P. The given point set is termed 
the domain of the function. 

Notation: z=f (P). 

Example 1. The temperature of a gas ina vessel is a point 
function; the domain of the function is the set of points lying 
within the vessel. 

Example 2. The annual amount of precipitation is a point 
function on the earth’s surface. 

If the given point set is referred to some coordinate system, 
then the point function becomes a function of the coordinates. 
The aspect of the latter depends on the choice of the coordinate 
system, 

Example 3. The distance of point P from a fixed point O 
is a function f(P) of the point P. If we take a rectangular 
system of coordinates with origin at O, then f(P)= 
=Vx*+y?+23. However, if the origin is chosen at some 
other point, then i(P)=Var a)? + (y—b)* + (z—c)?, where 
a, 6, c are the coordinates of the point O. 

Example 4. The integrand f(x, y) of the double integral 


(\ Fe y) do is a function of the point P (x, y), and for this 
“D 


reason the integral {VF y)do is written in the form 


\) FP) ao. b 
D 
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S@. Expressing a Double Integral 
a Petar Coordinates 


The double integral (\re) do is expressed in the polar 


D 
=ecdinates of a point P by the formula 
((r@ydo= ll Fe, a rdrdg (1) 
D D 


Here, F(r, p) is that function of the coordinates r, 
+-.ch represents the given fun- 
~~ in f(P) of the point P. The 
+tcression rdrdq is called the 
sgvient of area in polar coor- 
x-ates. It is equivalent to the 
zr22 of the quadrangle ABCD 
=.g. 450, where AD =~ OA-Ag= 
=rdqg and AB=DC=dr). 

Integral (1) is expressed by 
a- iterated integral (Sec. 455) 
is if r and @ were rectangular 
szordinates [for the integrand 
Fir, @) 

If the pole is exterior to Fig. 450 
“ze contour and each polar ray 
=tersecting the contour meets it at most twice (Fig. 450), then 


\VFo. pyrdrdy =| do (Fe @) rdr (2) 
D Mm 


Here, 9, = Z XOK, Q2a=Z XOL and r, and r, are functions 
2? g which represent the boundary arcs FGE, FHE. In parti- 
cular, these functions (one or both) can be constant (Fig. 451). 

If the pole is interior to the contour (Fig. 452) and each 
rolar ray meets the contour once, then in formula (2) we have 
tc put 7y=0, g,=0, gg=—2xn; but if the pole lies on the 
contour, then r;=0, g,=Z XOA, go=Z XOB (Fig. 453). 

If every circle with centre at the pole intersects the con- 
cour at most twice (Fig. 450), then 


\SFe. praedgm (rae { F¢, @) dp (3) 
D nh Q 
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Here r,;=OG, r,=OH and 4, @, are functions of 7 repre- 
senting the boundary arcs GEH, GFH. 


Fig. 451 Fig. 452 
Example 1. Find the double integral 
1=](rsin @do (4) 
D 


if the domain D is a semicircle of diameter a (depicted in 
Fig. 454). 


Fig. 453 Fig. 454 


Solution. For the points M of the semicircle AKO we have 
(Sec. 71, Example 2): r=acos gp. Apply formula (2), setting 


r1=0, ry=acosg, Gi=0, P=; we get 


acos @ 


Ls 
Weer dq y r?sin pdr= 
D 0 0 
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aS 

2 acos@ 2 

=| sin ecg iy Adr= sin pdp oer ge 

0 0 6 


Note 1. In order to express integral (4) in rectangular 
:cordinates, we have to put 


rsing@=y, do=dxdy 
Taking into account that the equation of the semicircle 
4KO is y?=ax—x?*, we get 
a Vax—xt 
3 
t=\Vydeav= Sox J ydy—ty 
D 0 0 
Note 2. Integral (4) gives the volume of a cylindrical hoof 
cf. Sec. 456, Example 2) whose altitude is equal to the ra- 
dius of the base. 
Example 2. Compute the integral 
ta Vat—x? 
l= y y V @—x?— 93 dx dy 
-a -Vat-x 
Solution. Domain D is a circle of radius a with centre at 
point (0, 0) (the integral / expresses the volume of a hemis- 
phere of radius a). Computation in rectangular coordinates 


is cumbersome. Let us pass to polar coordinates. For the pole 
take the centre of the circle, i.e. the coordinate origin. The 


integrand will become V a?—r?, and we get 


1=(f Vaeeey Va—rr dr dp 


D 
Applying (2), we find 
Fig a 20 
ee 3 2 
t=) ag) V8 rd =\ S dpa tna 
0 0 0 


Example 3. Find the volume V of a solid cut out of a 
hemisphere of radius a (Fig. 455) by a cylindrical surface 
whose diameter is equal to the radius of the sphere, and one 
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of the generatrices coincides with the axis of the hemisphere 
(solid of Viviani).» 

Solution. Place the axes as in Fig. 455. The sought-for 
volume is expressed by the integral 


oe Sade V @—x—¥ dx dy 


Fig. 455 


Computation in rectangular coordinates is involved. Let 
us take polar coordinates with pole at the centre O of the 
hemisphere (cf. Examples 1, 2); we get 


au 
+— 
2 acos @ 
= | dp | V a—rirdr= 
Lg 0 


x 
2 
a® (1—sin* @) 2 nm 2 
=2) ge ee ee (4-4) 
0 


459. The Area of a Plece of Surface 


Let there be some piece K’L’M’ (Fig. 456) of surface S 
which is projected on the domain D of the xy-plane (KLM in 
Fig. 456); only one point N' of the piece is projected on 
each point N of domain D. 


1) Vincenzo Viviani (1622-1703), mathematician and architect, 
pupil of Galileo. Viviani used the contour of the upper base for 
windows jn a spherical dome. 
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Then the area F of the piece K’L’M’ is expressed) by 
“ze double integral 


F= i) VIFP + @ ao al) 


erere p=H and I=%- 
Explanation. Let y be the angle between the tangent 
:.ene P at the point N’ and the xy-plane. Then (Secs. 127, 436) 


s y=——————. . A cylindrica 
Y Vina viindrical 


stface having as base the ele- 
sent Ao(ABCD in Fig. 456) 
r-ts off of plane P a piece 
£B’C'D’ the area of which 
3 saa VIFP +e do. The 
ztea of the element abcd (of 
s.rface S) which is projected 
zn the element ABCD is appro- 
imately equal to the area of 
tne piece A’B’C’D’, so that 
tne sum of the areas of the 
pieces A’B’C’D'’ yields® F in 
the limit: Fig. 456 


Flim (V1-+p3+43 Ao, +... +V1-+p2+43 Ao,) (2) 


‘Whence (Sec. 451) formula (1). 

Example. Find the area of the upper base of a Viviani 
solid (Sec. 458, Example 3). 

Solution. We have 


=> dz x 
al ce tae ae a ror 
— 92 a ee er 2 [ ree ee 
I= Vat-x?— 42 vy" Vi+p +49 Vat—x?_ ys y 


‘) It is assumed that the surface has a tangent plane at every 
point of the patch under consideration, also that the tangent plane 
1s continuously varying (i.e. the angle between the two tangent planes 
is infinitesimal together with the distance between the points of 
tangency). 

4) See Note | below. 
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The required area is 


Pa {VIET wom ais 


Vat—x?- 4 


D 
The domain D is bounded by the circle 
x? + y?—ax=0 


Expressing the double integral in terms of polar coordinates 
(Sec. 458), we get 


acos @ 


2 g andi 7 rdr 
F= (dy ( fhi=ulde | SSS 

Ed : , 

2. 


Performing the integratio:, we find 
nu 
F=2a? (4- 1 ) 


Note 1. We assumed that the sum of the areas A’B‘C’D’ 
gives, in the limit, the area F. This property (which is in 
agreement with the graphical conceptions of practical expe- 
rience) is frequently taken as a definition, which is stated as 
follows: 

Definition. The piece of surface under consideration is 

artitioned into abcd; in each part we choose a point N’. 
Through the points N’ draw tangent planes and project abcd 
on the corresponding tangent plane P by straight lines paral- 
lel to OZ. The area of the piece is the limit to which the 
sum of the areas of the projections tends as the partition 
is refined indefinitely. 


The conditions indicated in Footnote | on page 679 ensure the 
existence of this limit. 


Note 2. Given such a definition, it is necessary not only 
to establish the presence of a limit but also to prove its 
independence of the choice of coordinate system. This latter 
problem disappears if we change the definition; namely, if 
we project abcd on the P plane in a direction perpendicular 
to P. But then the derivation of formula (1) becomes involved. 
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460. Triple integral 


Definition.» Let the function f (x, ‘e z) of the point 
P(x, y, 2) be continuous within a spatial domain D and on 
its poundary Partition D into n parts; let Av,, Aus,..., Av, 
de their volumes. Take a point in each part and form the sum 


Sn=l (x1, Yrs 21) A, +f (%g, ya, 2) Ata... 
sth (Kay Yas 2n) AUp (1) 


The limit to which S, tends when the largest of the dia- 
meters of the subdomains tends to zero, 2) is called the triple 
integral of the function f(x, y, z) over the domain D. 

Notations: 


Sf Fey, 2) dv, or fh § FP) de, or (4 Fey. 2) de dy de 
D D 


7 


The expression dxdydz in the last notation is called the 
element of volume in rectangular coordinates. 

Physical interpretation. Let D be the space occ pled by 
a physical solid, and /(P) the density of the solid at the 
point P(x, y, 2). Then the sum (1) gives an approximate 
value of the mass M of the solid D and the triple integral 


aN) | (P) du yields its exact value. 


D 
The properties of a triple integral are the same as those 
of a double integral (Sec 453). 


461. Computing a Triole integral (Simplest Case) 
Let a spatial domain D be specified by the inequalities 


aaxaibh, cayad exz<af (1) 


i.e. let it be depicted by a parallelepi iped, the edges of which 
are parallel to the coordinate axes. Then the triple integral 
is computed from the formula 


d 6 


I 
(Vf re y. 2) dx dy d= de fay Fe, y, 2)dx (2) 
D e c a 


!) It is similar to the definition of the double integral. (Sec. apo): 
*) A theorem holds here that is similar to the theorem of Sec. 
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or a similar one (the arguments x, y, 2 can be interchanged) 
(cf. Sec. 455). 

The expression on the right side of (2) is called an itera- 
ted integral. 

A a integral taken over a parallelepiped whose edges 
are parallel to the coordinate axes is also denoted by 


fdb bad 
Srey adedyde, UU re, y, 2 dedyde 


a 


and so forth (the-outer integral sign corresponds to the outer 
differential, the inner sign to the inner differential). 
Example. Find the integral 


143 
1=({ | @+y+2) de dy de 
020 


Solution. 
3 


dy | (e+ytz2)de= 


~ 
ll 

eyo) 
= 

ot ne 


x=8 
x= 


r 
2 
={ dz dy [S+u+ae| 
2 
1 4 P 
= de f (2+3y-+ 32) dy 
0 2 
Further calculations are as in Sec. 455. We obtain /=30. 


462. Computing a Triple Integral (General Case) 


The given spatial region is partitioned, if necessary, into 
parts (cf. Sec. 456) so that the “horizontal” projection D 
(Fig. 457) of each part of D is a plane region of the simplest 
kind (Sec. 456, Items 1 and 2) and so that each “vertical” 
straight line meeting the boundary of the domain D has at 
most two common points with it (M,, M, in Fig. 457). 
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The triple integral taken over every subdomain of D is 
reduced to a double integral by the formula 


(Vl re y, 2) de dy de = (6 a dy Ce y, 2) dz (1) 
D D 21 (x, y) 


where the functions 2, (x, y) and zo (x, y) are the z-coordinates 
QM, and QMg,. The quantities x and y are held constant 
during computation of the integral 


4 le, y, 2) de 


The result of the computation is regarded as a function of 
the arguments x, y. 


Fig. 457 Fig. 458 


After integration with respect to the variable z is per- 
formed, the right side of (1) becomes a double integral, which 
is calculated as in Sec. 456. Thus the triple integral is reduced 
to an iterated integral: 


(SV re Y, 2) dx dy dz= 
D 


6b ys(X) a(x, 
=a (wy | feyaa @) 

a Ys (x) 2a (x,y) 
Here the functions y, (x) and ys (x) are the ordinates PN,, PN. 
Example. Find the integral 1=( (Vado extended over 


D 
a hemisphere of radius R (Fig 458). 
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The integral / expresses the static moment of the hemisphere 
with respect to the plane of the base (the density u of the hemisphere 
is taken as unity). 


Solution. It is not necessary to partition the domain. The 


domain D is the circle 
x? y?< R? 


so that a=—R, b=R, y,(x)=—VRI—x?, 93 (x)= 
= V R*?—x?. The z-coordinates of the lower and upper bounda- 
ries of the hemisphere are z, (x, y)=0, 22 (x, y)=V R?—x?—y?. 
Using formula (2), ‘we find 
R VRi-xt = VRi-xtay? 
i= ( dx { dy y zdz= 
-R _VRIRaF 


R 
= R?-x?-y? 
= ( ax ( — dy 
“Ro VR 

The computation is then continued as in the examples of 
Sec. 456. We obtain 

; R ‘i y=VRi-x? 

/=— \d [(R2— 2 —*| = 
Fe eS Nye VR 


R 3 3 
== | (Rey? dx=F. [4* (R27)? He 
R 


pia +R 
3. pty (R2?— x2)? +3 pa int | alice 
+a R*x(R x?) +7R arcsin = | _ p= 
Note. The mass of a hemisphere (for p=1) is numerically equal to 
its volume r+. The quotient ne aRi=— R Is the altitude of the 


centre of gravity above the plane of the base. Hence, the centre of 
gravity divides the altitude of the hemisphere in the ratio 5:3. 
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463, Cylindri:al Coordinates 


The position of a point P (Fig. 459) in space may be deter- 
mined by its 2-coordinate 


z=QP 


and by the polar coordinates 
r=0Q, p=ZXO0Q 


of its projection Q on the 
xy-plane. The quantities 7, , z 
are called the cylindrical co- 
ordinates of the point P. The 
rectangular and cylindrical co- 
ordinates of the point P (if the 
origin O coincides with the 
pole and the x-axis with the 
polar axis) are connected by the 
relations Fig. 459 


x=rcosg, y=rsing 


(the z-coordinates are the same in both systems). 


464. Expressing a Triple integral 
in Cylindrical Coordinates 


A triple integral (Vr (P) dv is expressed in cylindrical 


D 
coordinates of the point P by the formula 


(Vf F@yao=f ll Fe, @, 2)rdrdq dz (1) 
D D 


Here, F(r, @, 2) is the function of cylindrical coordinates 
which represents the function f(P) of point P. The expression 
rdr dq dz is called the element of volume in cylindrical coor- 
dinates. It is equivalent to the volume of the solid PS 


(Fig. 459) where PA=dz, PB=dr, PC=r dg. 
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The integral (1) is expressed in terms of an iterated 
integral as if r, @, 2 were rectangular coordinates for the 
integrand F (r, 9, 2)r. 

Example. Using cylindrical coordinates, compute the inte- 
gral found in the example of Sec. 462. We have 


R VRRx* on 
i=) eee \e S dr nea (2) 


We obtain successively 


R VkRt=2F R 
= = £ Ree 
1 aie S zrdr aye ale 


R 
=n { (R824) 2 de = 28" (3) 
0 


465. Spherical Coordinates 


The position of a point P in space (Fig. 460) may be 
defined by the following three quantities: the distance 
p=OP 
from the point O, the angle 
@= Z ZOP 
between the rays OZ and OP, and the 


angle 
e=ZXON 


between the half-planes ZOX and 
ZOP. The quantities p, @, @ are cal- 
led the spherical or polar coordinates 
Fig. 460 of the point P. The rectangular and 

spherical coordinates (if the basic 
planes of both systems coincide) are 
connected by the relations 


x=psin@cosg, y=psin@sing, z=pcos® 
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#86. Expressing a Triple Integral 
a Spherical Coordinates 


The triple integral i$ f (P) du is expressed in spherical 


xordinates of the point P by the formula 


SSS red=[{l Fe, © gerdesinededp (1) 
D D 


Here, F(p, 8, @) is that function of spherical coordinates 
which is the function f(P) of the point P. The expression 
dp sin @d@dq is called the element of volume in spherical 
coordinates. It is equivalent to the volume of the solid!) PS 


Fig. 461 Fig. 462 


(Fig. 461) in which BA=dp, PB=OPd@=pde@, PC = 
= EPdg=psin @dq. The factor p? sin @d@dp(~= PC- PB) 
in the expression of the element dv is equivalent to the area 
of the spherical figure PCDB. The factor sin @ d9 d@ is equi- 
valent to the solid angle at which the rectangle PCDB is 
seen from the centre. ?) 


1) This solid is bounded by two spherical surfaces (with radii r 
and r+dr), by two planes passing through the z-axis, and by two 
conical surfaces whose axes coincide with the z-axis. 

2) A solid angle is a portion of space contained inside a cavity of 
-some conical surface (with ¢losed directrix). For a measure of a solid 
angle we take the ratio of the area cut out by the solid angle in a 
Ae ere (with centre at the vertex of the solid angle) to the square of 
the radius of the sphere. 
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Example. Find the integral 1=({§ r2du where the fun- 


ction f (P)=r? of point P is the square of its distance from 
the z-axis (KP in Fig. 462), and the domain D is the solid 
bounded from below by a cone (whose altitude OC is equal 
to the radius of the base CA=R) and above by a hemisphere 
of radius R. 


The integral / expresses the moment of inertia of the solid D about 
its z-axis (Sec. 468). 


Solution, Let us introduce the spherical cogrdinates p-==OP, 
8=/ EOP, p= Z ACN=ZLKP. Since r=KP=psin8, 
the desired integral is of the form 


1=(({ pt sin? @ do= ('({ pt sin’ @ dp d@ de 
D D. 


First let us integrate with respect to the argument » (the 
limits of integration will be zero and 2x), then with respect 
to the argument p (the limits will be p,=0 and pg=OP = 
= OE.-cos 9) and, finally, with respect to the argument 8 


(the limits will he @,=0 and @,=Z E0A=7).We obtain 


n 
4 2Rcos8 
1=2n( de \ pt sin’ 0 do= 
0 0 
x 


4 


=2n y sin? @ de. 22Reor 0 


So 


x 
4 

= 5 y cos® @ (1 —cos? 8) d(— cos =35 aR? 
é 


467. Scheme for Applying Double 
and Triple Integrals 


Multifarious geometrical and physical quantities can be 
expressed by double or triple integrals, depending on wheth- 
er they refer to a surface (plane or curved) or to a 
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solid.'? The scheme is the sarne as for quantities expressed by 
means of ordinary (single) integrals, namely (cf. See 334): 

(lL) The desired quantity U is associated with some domain 
D (of a surface or space) 

(2) The domain D is partitioned into subdomains Ao, 
(or Avg); their number will subsequently tend to infinity and 
their diameters will tend to zero. 

Let the sought-for quantity U be subdivided into parts 
Uy, Ug, ..., Uy, the sum of which yields U.® 

(3) One of the parts w,, u,, ... is taken as a eens 
and is expressed by an approximate formula of the type 


up ® | (Px) Ade 
for up ~ f (Px) Avg] 
The error must be of higher order than Aog (or than Adg). 


(4) From the approximate equation we obtain the follow- 
ing exact equation: 


v= (r(Pyao 
D 


for u=(N{ FP) doy 
D 


An example is the computation of the moment of inertia 
(Sec. 468). 


468. Moment of Inertia 


The kinetic energy T of a body rotating on an axis AB 
is proportional (for the given position of the axis with res- 
pect to the body) to the square of the angular velocity a: 


T=+ [0 (1) 


The doubled coefficient’ of proportionality, that is the quan- 
tity /, is called the moment of inertia of the body about 
the axis AB. If the body consists of n mass points with 


; 4) pianiitics which refer to a line are expressed by ordinary 
in als. 

» Quantities possessing this property are termed additive 
(see fine print on p. 491). 


690 HIGHER MATHEMATICS 


masses m,, M,..., m, distant from the axis ry, rq, ..., Tas 
then the moment of inertia is expressed by the formula 
f=mritmyit...+m,r (2) 


The expression of the moment of inertia of a solid body 
is ep vaine from (2) by applying the scheme of Sec. 467, 
namely: 

(1) The moment of inertia / is associated with the domain 
D occupied by the body. 

(2) The domain D is subdivided into parts D,, Dy, ..., Dp, 
and / is decomposed into the parts /;, /,,...,/,, the sum 
of which yields /. 

(3) Assume that in particle D, the density p, is everywhere 
such as in one of its points Py. We obtain the approximate 
equation 

My ~ Pp Avg (3) 
and the moment of inertia /, is expressed by the approximate 
formula 


1p & Uprk Avg (4) 
(4) From the approximate equation (4) we obtain the 
exact equation 
1=\ff pr? do (5) 
D 


See Example in Sec. 466. 
If the axis AB is taken as the z-coordinate, then (5) 
takes the form 


fi w(x, y, 2) (x-++y2) de dy de (6) 


If the given body is a lamina whose plane is perpendi- 
cular to the axis AB, then in place of the triple integral (6) 
we get the double integral 


1=\(ne, y) (x2 + y?) dx dy (7) 
D 


where p(x, y) is the surface density of the lamina. 

If the given body is a rectilinear rod intersecting the 
axis AB at right angles, then by bringing it to coincidence 
with the x-axis (we will then have y=0), we get, in place 
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of the triple integral (6) the ordinary integral 
6 
1= (p(y etde (8) 
a 


where (x) is the linear density of the rod. 

Note. The moment of inertia of a geometrical body is the 
moment of inertia of a material body occupying the same 
space and having everywhere density equal to unity. 

Formulas (6), (7), (8) take the form 


1= (1 cr+y9) dx dy de, (6a) 
D 
1=4( tty") de dy, (7a) 
D 
1=\ Bde (= =") (8a) 
a 


411. Line Integrals 


Let there be given a function P(x, y) that is continuous 
in some domain of the number plane XOY. Let us take in 
that domain some curve! with initial point at A (Figs. 
463, 464) and terminal point at B (the initial and terminal 
points can coincide). 

Partition AB (Fig. 463) into n subarcs AA,, A,Ag, ... , 
A,-1B and for the sake of uniformity assign the designations 
Ao, A, to the points A and B. Take a point M; (x;, y,;) on 
each subarc A;A;4, and form the sum 


Sp=P (x1, yx) Axy +P (Xa, Ya) Axgt..- +P (Xn, Yn) AXn (1) 


where Ax; is the increment in the abscissa corresponding to 
the motion of the point A;_, to the point A;. 2) 


The following theorem holds. 


1) It is assumed that the curve AB has a continuously varying 
tangent except for a finite number of separate points where the tan- 
gent can vary discontinuously, as at S and T in Fig. 464. 

*) This increment may be positive (as on the segment AA,) or 
negative (as on A,A,). 
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Theorem. If as n increases without bound the largest of 
the quan ities | Ax;| tends to zero, then the sum (1) tends 
to a limit that is independent both of the mode of formation 
of the segments A;A;+, and of the choice of the intermediate 
points M;. 


7) Er 


Fig. 463 Fig. 464 


Definition. The limit to which the sum S, tends when 
the largest of the quantities |Ax;| tends to zero is called 
the line (curvilinear) integral of the expression P (x, y) dx 
taken along the path AB. 

Notation. 

{ Pe, wae 2) 
AB 

The line integral of the expression Q (x, y) dy is similarly 

defined: 


{ Qt way 3) 
AB 


and also the line integral of the expression P (x, y)d<+ 
+Q (x, y) dy denoted by 


[ P& War+Q, Way a) 
AB 


The integrals (2) and (3) are special cases of the integral 
(4) (for Q=0 and for P=0). 
In similar fashion we define the line integral 


[Py Dd+Q, y D+RE vy de 6) 
AB 
along the space curve AB, 
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Note 1. If, while retaining the curve AB, we reverse the 
direction of the path, the line integral maintains its absolute 
value and reverses sign. When the points A and B are 
distinct, the direction of the path is indicated by the order 
of the letters A, B in the notations (2) to (5), and we have 


{ Pde+Qdy=— | Pae+Qdy, 
BA AB 


y Pdx+Qdy+Rdz=— iy Pdx+Q dy+Rdz 
BA AB 


When the points A and B coincide, the direction of the path 
me be indicated by intermediate points in an appropriate 
order. 

Such an indication is not needed when the path is a 
contour K in a plane domain. In that case the notation 


( P dx+Qdy states that the traversal is counterclockwise 


+K 
(for the conventional arrangement of the axes). But if the 
domain is traversed in the opposite direction, the line inte- 
gral is written y P dx+Q dy. 
-K 
Note 2. The line integral is a generalization of the ordi- 


nary integral !) and possesses all the properties of the latter 
(Sec. 315). 


4712. Mechanical Meaning of a Line Integral 


Let a point M of mass m be in motion along a path AB 
in a field of force. Let X (x, y, 2), Y(x, y, 2), Z(x, y, 2) 
be the coordinates of the vector of potential at the poin 
M (x, y, 2), that is, the vector of the force F acting at the 
point (x, y, z) on unit mass. Then the work performed by 


‘') If the path of Integration AB is a segment (a, 5) of the x-axis, 
the Hine integral f P (x, y) dx+Q (x, y) dy turns into the ordinary 
AB 


6 
integral J P (x, OQ) dx. 
a 
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that force acting on point M _ is expressed by the line in 
tegral 


y m(X dxe-+Y dy-+Z dz) (1) 

AB 
Explanation. Let A;A;+, be a small segment of the 
path AB. The work performed on that segment is approxima- 


tely expressed ') by the scalar product (Sec. 104a) mF;A;A;+,, 
where F; is the vector of potential at the point A;. In coor- 
dinate form (Sec. 107) we obtain m[Xj;Ax;+Y ;Ay;+Z;Az;]. 
Summing,. we find the approximate value of the work along 
the path AB. The limit of the sum, that is the line integ- 
ral (1), gives the exact value of the work. 


413. Computing a Line Integral 


To compute the line integral 


[ P& vdet Qe, way (l) 

AB 
we have to represent the curve AB by parametric equations: 
x=9(t), y=tp(t) (2) 


and substitute expression (2) into the integrand. The ordinary 
integral 


'B 
(P19, POLE O+@1OO, VOY MFA ©) 
tA 
is equal to line integral (1). 
Note. One of the functions @ (#), tp(¢) may be chosen at will, so 


fong as both functions @ (¢), p(¢) have continuous derivatives thro- 
ughout the interval (4, fg) with the exception of points where the 


tangent changes by a jump, as at S, T in Fig. 464. If there are 
such points, integral (3) is improper (Sec. 328). 


A line integral taken along a space curve is computed 
in similar fashion. 


1) We replace the curvilinear segment Aj A; , by the chord A;A;4, 
one esune that the field potential along this chord remains un- 
changed. 
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Example 1. Compute the line integral 


t= \ —ydetedy (4) 
AB 
along the upper part of the semicircle x? + y?—=a? (Fig. 465). 
Solution. Represent the arc AB by the parametric 
equations 


x=acost, y=asint (5) 
(here ¢ is the angle BOM so that t,—=1n, tg=O). Putting (5) 
Y 
B 
0 1X 
Fig. 465 Fig. 466 


into (4), we find 


0 
i= —asintd(acos t)+acostd(asint)= 
nx 


=a? \ dt= —na? (6) 


aueno 


For the parameter we can take the abscissa x, i. e. 
we can take the equation of the semicircle in the form 


y=V a@—x?, Then x4——a, xg=a and we get 
a 
l= y — Vae—xi dxtxd VO—xei= 


-a 


To take for the parameter the ordinate y, we first have to 
subdivide the arc AB into parts, otherwise x will not be a 
single-valued function of the ordinate. 
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Example 2. Compute the line integral 


I= ( (x—y?) dx + 2Qxy dy (2) 
OABO 


along the perimeter of the triangle OAB (Fig. 466). 

Solution. We divide the closed path OABO into three 
segments OA, AB, BO. On segment OA we take the abscissa 
for the parameter (then y=0, dy=0), on segment AB, the 
ordinate (then x=1, dx=0), on BO, the abscissa (then 
y=x, dy=dx). We have 


te 


= y (x— y?) dx + 2xy dy= 
OA 


xdx=a, 
0 
1 

= \ (x—y")dx + 2xy dy = § 2y dy=1, 
AB 0 
0 


i= { (x—y?) dx + 2xy dy= y (xx) dx= i ; 
BO 1 


474, Green’s Formula 


Let D be a plane domain bounded by a contour K 
(Fig 467) and let the functions P(x, y), Q(x, y) be every- 
where continuous in this domain together with. their partial 

Y derivatives 52 s + . Then the follo- 

wing Green’s formula holds true: 


[ Pi, vde+Q(e, y) dy= 
. ga a oP 
7 x =(\(G-F)ew  w 
Fig. 467 D 


') George Green (1793-1841) English mathematician and phy- 
sicist, contributed substantially to the mathematical theory of electri- 
city and magnetism. 
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Example. Compute the line integral /= {ey a+ 


ea Ae along the perimeter of triangle OAB (Fig. 466) 
(cf. Sec. 473, Example 2). 

Solution. By formula (1), putting P=x—y?, Q=2xy, 
we find 


ph) [ati Eee | ware 


Here, domain D is the triangle OAB; computing the double 
integral, we find 


las wana =* 
0 0 0 


4175. Condition Under Which Line (ntegral Is Independent of Path 


Let the functions P(x, y), Q(x, y), and also their partial 
derivatives z = be continuous in a domain D (Fig. 468) 


bounded by some continuous (nonsel fin- 
tersecting) closed curve. In D take 
two fixed points A(X, Yo), 8(x1, 1) 
and consider all possible paths of 
integration leading from A to B and 
lying wholly in D (such are the paths 
ALB, ANB in Fig 468). Two cases are 
possible. 

Case ! (exceptional). in domain D 
the following equation is identically 


satisfied: Fig. 468 
6Q. OP 
“ox ay 9 () 
Then the line integral 
I= { Pdx+Qdy (2) 
AB 


does not depend on the choice of path and, accordingly, is 
denoted by ‘ 


{ Par+ Qdy 
A 
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Case 2 (general). Eq. (1) is not an identity. Then the 
line integral (2) depends on the choice of path. 


Explanation. The difference J,—/, of the line integrals /, = 
= f Pdx+Qdy, I,= f Pdx+Qdy is equal to the sum /,+ 
ALB ANB 


+(-/,), that Is (Sec. 471, Note 1) to the sum f Pdx+Qdy+ 
ALB 


+ f Pdx+Qdy. The latter sum gives the integral along the 
BNA 

contour ALBNA; it is equal (Sec. 474) to the double integral 
1=( eT dx dy over the domain ALBNA. If Eq. (1) is an 
identity, then /,=0; hence, /,;=/,, |. e. the line integrals along the 
paths ALB and ANB are the same. But if Eq. (1) is not an identity, 
then it Is possible to choose paths ALB and 
ANB so that J, 0, and then /, + /s. 


Example 1. Consider the integral 


/= { ydx+x dy (3) 
AB 
The functions P (x, y)=y, Q (x, y)=x, 


ul, a =I are everywhere contin- 

Fig. 469 uous and Eq. (1) is satisfied identically. 

: Hence, for fixed points A, B integral (3) 

is independent of the path. For example, let us take points 

A (0, 0) and B(1, 1) (Fig. 469) and let us compute the integ- 
ral / along the rectilinear path ALB (y= x). We get 


1 
laip=\ xde+xde=l 
0 


If for the path we take an arc of the parabola ANB (x=y?), 
1 1 

we again get lave=(yduyty" dy=3 (y" dy=1!. The 
0 0 


same value is obtained by going along the polygonal line 
ACB. Along AC we have: y=0, dy=0 so that Jac= 
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1 
={0.de=0; along CB we have: x=1, dx=0 so that 
0 


1 
ine { 1-dy=1. Hence, Jaca=/act/ca=l. 


Bi, 1) 
Notation: [= y ydx+xdy=1., 
A (0, 0) 
Example 2. Retaining the points A (0, 0), B(1, 1), consi- 


der the integral /= y y? dx+-x? dy. Eq. (1) takes the form 


AB 
x—y=0, i. e. it is not an identity. The integral / now de- 
pends on Me path. Thus, along the path ALB (Fig. 469) we 
2 


have [=\ tarp dems, along the path ANB the in- 


0 

tegral has a different value: 
1 1 

7 

t= yd y)+y dy=\ (248+ y*) dy=75 
0 0 

We get the same value = by going along the arc of the parabola 


y=x". Generally, in Case 2 it is always possible to choose two paths 
along which the integral will have the same values. 


476. An Alternative Form of the Condition 
Given In Sec. 475 


Theorem 1! (criterion of total differential). [f the equation 
=0 (1) 


is satisfied identically in a domain D, then for every point 
of D the expression Pdx-+Qdy is the total differential of 
some function F(x, y). But if Eq. (1) is not an identity, 
then the expression P dx-++Q dy is not a total differential of 
any function. 

Example 1. For the expression ydx-+xdy (here P=y, 
Q=x) Eq. (1) is satisfied identically in any domain. There- 
fore, ydx+xdy is the total differential of some function 
F(x, y). In the given case, we can take F(x, y)=xy or 
xy+3 and generally, xy+C. 
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Example 2. The expression y?dx+x2dy cannot be the 
total differential of any function because Eq (1), which takes 
the form 2x—2y=0, is not an identity. 


Explanation. Suppose that y? dx+x? y A the differential of some 


function F (x, y). Then we would have rae een. But this is 
0 [ OF Q OF 
impossible because the mixed derivatives a (= and ow rs 


'y 
(they are continuous) must be equal (Sec. 443), {. e. the equation 
a oi lar must be satisfhed identically, but this is not the 
case. 


By virtue of Theorem | the condition of Sec. 475 takes 
the following form. 

Case 1 (exceptional). The expression P dx-+ Q dy is (in the 
given domain) the total differential of some function F (x, y) 
(it is called an antiderivative). Then the line integral 


y Pdx+Qdy is independent of the choice of path (lying 


AB 
in that domain). 

Case 2 (general). The expression P dx+Qdy is not a to- 
y differential. Then the line integral depends on the choice 
of path 

in the former case, we can compute the value of the in- 
fegra) (ii we know an antiderivative) on the basis of the 
following theorem. 

Theorem 2. If the integrand Pdx+Qdy is the total 
difierential of the function F(x, y), then the line integral 


{P (x, y) dx-+ Q (x, y) dy is equal to the difference between 


A 
the values of the function at the points B and A: 


B (x1, #1) B (x4, 41) 
Pdx+Qdy= y dF (x, y= 
A (Xo, Yo) A (Xo, Yo) 
=F (%, 41) —F (x, Yo) (2) 
Example 3. The integral /= y 2xydx+xdy for fixed 
AB 


points A(1, 3), 8(2, 4) is independent of the choice of path 
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aq OP A(x") A (2xy)__ ‘ F 
ame" a “j= 0 | . It is required to 
find the value of /. 


Solution. The expression 2xy dx-++-x? dy is the total diffe- 
rential of the function x2y. By Theorem 2 we have 


B(2, 4) 
rs y d (x*y) =22-4—12.3=13 
A(t, 3) 


Note. In the general case it is just as difficult to find an 
antiderivative as it is to compute the line integral directly. 

However, in many cases, finding an antiderivative is 
simplified. Thus, if each of the functions P (x, y), Q (x, y) is 
the sum of terms of the type Ax™y” (A is a constant, m and 
n are any real numbers), then the antiderivative is found in 
the following manner. We compute the indefinite integrals 
\P (x, y) dx, f@ (x, y) dy, holding y constant in the first 


integral, and x in the second. Then we combine the two 
expressions and take only once each of the terms entering 
into both expressions. The arbitrary constants which appear 
in integration may be omitted since it is sufficient to have 
one antiderivative. 

Exampie 4. Find the line integral 


Bil, 1) 
ea j x (1-4. 2y%) dx+-3y? (x2—1) dy. 
A (0, 0) 
{Condition (1) is fulfilled]. 
Solution. We find | # (+299) dx= * +2448 (y is treated 
as a constant), { 342 (x? — 1) dy=x?y3— y (x is treated as a 


constant). 
Combine these expressions taking the term x?y? once. We 


get tne antiderivative F (x, y= — 9 +299, Formula (2) 
yields J=F (1, 1)—F (0, )=+. 
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‘477. Fundamentals 


A differential equation is an equation containing deriva- 
tives of the unknown function (or of several unknown fun- 
ctions). Differentials may enter in place of derivatives. 

If the unknown functions depend on one argument, the 
differentia] equation is called ordinary, if they depend on se- 
veral, then. the equation is termed a partial differential equa- 
tion. We shall consider only ordinary differential equations. 

The general form of a differential equation in one un- 
known function is 


D(x, yy’, y*, ..-, y=0 (1) 


The order of the differential equation is the order of the 
highest derivative in the equation. 


Examples. The equation yot is a first-order differen- 


tial equation; the differential equation y’+y=0 is of se- 
cond order, the equation y’2=x° is of first order. 

A function y=@q (x) is called a solution of a differential 
equation if, when substituted into the equation, it reduces 
the equation to an identity. 

The basic task of the theory of differential equations is 
finding all the solutions of a given differential equation. In 
the simplest case, this reduces to evaluating an integral. 
For this reason, the solution of a differential equation is 
also called its integral, and the process of finding all the 
solutions is called integrating the differential equation. 

Generally, the integral of a given differential equation is 
any equation, not containing derivatives, from which the 
given differential equation follows as a consequence. 

Example 1. The function y=sinx is a solution (integral) 
of the second-order differential equation 


y'+y=0 (2) 
because substitution of y=sinx turns Eq. (2) into 

(sin x)”-+ sinx=0 (3) 
which is an identity. 
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: Hors. 
The functions y= sinx, y=cos x, y=3cosx are also 


solutions of Eq. (2), the function y=sin x+> is not a so- 
:dtion. 

Example 2. Consider the differential equation of the first 
oder 


xy’ +y=0 (4) 
The function 
1.5 
y= (5) 


:3 a solution of (4) because substitution of (5) into (4) redu- 
ces (4) to an identity: 
1.5 , 1.5 
= a 
At the same time, Eq. (5) is an integral of the differential 
equation (4). 
The equation 


x: 


xy=0.2 (6) 


is also an integral of the differential equation (4). Indeed, ’ 
from (6) it follows that (xy)’=0, whence (if we apply the 


formula of the derivative of a product) follows (4). Solving 
the integral (6) for y, we get 
0.2 
y= (7) 


Function (7) is a solution of the differential equation (4). At 
the same time, Eq. (7) is an integral of equation (4). 

The equations xy=V3, xy=—2, xy=n, etc. are integ- 
rals of the differential equation (4), and the functions 


V3 2 n ‘ 
y= 9S=- yp VHF etc. are solutions. 


Example 3. Find all the solutions of the following first- 
order differential equation: 


y’ =Cos x (8) 


Solution. The unknown function y=q (x) is an antideri- 
vative of the: function cos x. The most general form of such 


a function is the indefinite integral \ cos x dx. Hence, all so- 
lutions are contained in the formula 


y=sinx+C (9) 
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The function y=sinx-+C, containing an arbitrary con- 
stant C, is the general solution” of Eq. (8), the function 


y=sinx ( or y=sinx++, y=sinx—l, etc. ) is a parti- 
cular solution. : 


4787 First-Order Equation 


The general form of a first-order differential equation is 


® (x, y, y’)=0 () 
Solved for y’, the equation takes the form 
7 y=} (x, y) (2) 


It is assumed that the function f{x, y) is uniquely defined 
and is continuous in some domain: integrals are sought 
which lie in that domain. 


479. Geometrical interpretation 
of a First-Order Equation 


A curve L (Fig. 470) which depicts some integral of the 
differential equation 
y’ =f (x, y) (1) 


is called an integral curve of that equation. 

The derivative y’ is the slope of the tangent line T’T to 
the integral curve. Before the integral curve passing through 
a given point M(x, y) is found, we 
can find y’ from Eq. (1) and draw the 
straight line 7T’T through M. T‘T 
will indicate the direction of the 
required integral curve. The collection 
of straight lines T’T which correspond 
to all possible points of the domain 

Fig. 470 in question is termed the direction 
field of Eq. (1). 

Geometrically, the problem of integrating Eq. (1) is 
formulated as follows: find the curves for which the direction 
He eee line coincides everywhere with the direction of 

eld. 


1) The detinitions of a general solution and a particular solution 
of a differential equation are given in Sec. 481 (for first-order equa- 
tions) and in Secs. 493, 494 (for higher-order equations). 
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If the direction field is depicted by close-lying dashed 
es (Figs. 471, 472), then the integral curves may be con- 
structed (approximately) by eye. 

Example 1. In Fig. 471 we have the direction field of 
=e equation 


dy x 
any @) 


=q. (2) expresses the fact that the direction of the field at 
roint M(x, y) is perpendicular to the straight line OM 


the slope of the direction of the field is “ , while the slo- 


VVVVN Se pad XS 
VVNNS 


Fig. 471 Fig. 472 


pe of the straight line OM is + . It is easy to see that the 
integral curves are circles centred at O. Hence, the integrals 
of Eq. (2) are of the form 
B+ yaa @) 
where a® is a constant which can take on any positive va- 
lue. The functions 
y=Va—B, y=—-Vore (4) 
are solutions of Eq. (2). This can readily be verified. 
Note. According to Sec. 478, the points of the x-axis 
must be excluded from our consideration because the func- 
tion f (x, y)=—— is not defined at these points. However, 


we depict the direction of the field (by vertical dashes) at 
these points as well. We thus expand the meaning of Eq. (2) 
(in accord with its geometrical interpretation). 
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Namely, the notation (2) is to be understood as a combi- 
nation of two equations: 
dy x dx_ 
oS Gt aye (2a) 
In the second equation, x is regarded as a function of the 
argument y. Accordingly, we consider as solutions not only 
the integrals (4) but also the integrals 
x=Var—y?, x= —Vat—yi (4a) 
Eqs. (2a) are equivalent at all points not lying on the 
x- and y-axes. The second of the Eqs. (2a) replaces the first 
at all points of the x-axis (except 0). Point O remains exclu- 
ded after all.’ This is natural because no integral curve can 
al it (the circle x?-+-y2—a? degenerates into a 
point). 
Regarded in this extended sense, Eq. (2) is best written as 
xdx+ ydy=0 (5) 
This stresses the equivalence of the variables x, y. Eq. (5) 
may be transformed to d(x?-+-y?)=0. Hence, x?+y? is a 
constant, and we again obtain integral (3). 


Example 2. Fig. 472 shows the direction field of the equa- 
tion 


yw (6) 


The integral curves are the straight lines y—=Cx. Taking Eq. 
(6) in the extended sense (see note above), we can depict the 
direction field at any point of the y-axis (except O). We get 
vertical dashes located along a vertical straight line: This 
means that the straight line (x0) is adjoined to the integ- 
ral curves y=Cx. 

At point O the field direction remains indeterminate: there 
is an accumulation of integral curves of all possible direc- 
tions. 

The functions 


y=Cx (C a constant) (7) 
and also the functions 
x=Cyy (C, a constant) (7a) 
are solutions (integrals) of Eq. (6). The following equations 
y x £P 3s. y|_ 
#=C, $=C. S=6, in|4|=c (8) 


and others are also integrals. 
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Eq. (6) is written in the form 
xdy—ydx=0 (9) 


if we divide (9) by x?, we get sty 9e* 9, i.e. 


: +") =0. Whence we get the integral +=C. Dividing 
6 : Re _ dl 
+ by y%, we get —=Cy (here A=7): 


Example 3. The direction field of an equation of the form 
s =f (x) is considered in Sec, 295 (Examples | to 3). The 


>tegral curves y=f f(x) dx are equidistant from each other 
-. the direction of the y-axis). 


480. Isoclines 


The construction of the direction field of the equation 
- =/(x, y) is simplified if we first draw lines of equal incli- 
=ction (isoclines); these are curves along which the function 
*«x, y) has a constant value. The direction of the field is 
-he same at all points of any 
zee isocline. 

Example. The isoclines of 
the equation y’=x?~+-y? are 
the circles x?-++ y3—a? (Fig. 
473). At all points of the 
circle x8-+-y2=1 (radius OC 
:s taken as the scale unit) 
the slope y’ of the direction 
of the field is equal to unity; 
at all points of the circle 
x? y2=2 (radius OD= y9) 
we have y’=2, etc. The 
integral curves are shown 
as heavy lines. 

Note. In practical cases, Fig. 473 
when using isoclines, there is 
no need to give the direction field in the form of dashed lines. 
It is sufficient to affix to each isocline a number stating the 
value of the slope. A drawing with isoclines also includes a 
dense pencil of rays with slope indicated on each ray. A so- 
lution is obtained by constructing dashes parallel to the cor- 
responding rays. 
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481. Particular and General Solutions 
of a First-Order Equation 


The first-order differential equation 


y' =f (x, y) (1) 
has an infinity of solutions (see Examples in Sec. 479). Asa 
rule, only one integral curve!) passes through a given point 
in the domain under consideration (Sec. 478). The correspon- 
ding. solution of Eq. (1) is called a particular solution; the 
collection of all particular solutions is called the general 
solution. One strives to represent the general solution of the 
differential equation (1) in the form of some function 


y=9 (x, C) (C a constant) (2) 


which would yield any particular solution (for a suitably 
chosen value of C). Such a representation is sometimes not 
even possible theoretically; in practical cases, this is possible 
only for a few (but important) classes of equations (Secs. 
482-486). : 

Now it is always possible to find a particular solution 
passing through a given point (x9, yo) at least approximately 
(to any desired degree of accuracy; Secs. 490, 491) if not in 
the form of an exact expression in terms of elementary func- 
tions. The numbers x9, yo are called initial values. 

The integral of the differential equation (1) is called 
general if it is equivalent to the general solution, and parti- 
cular if it is equivalent to one particular solution or to several. 

Example 1. Find the particular solution of the equation 


xdx+ydy=0 (3) 
(Sec. 479, Example 1) for the initial values x»=4, yy=—3. 
The integral curves of Eq. (3) are circles with centre (0, 0). 
Through the point M,(4, —3) there passes the integral curve 
x? y?=25. This equation is a particular integral of Eq. (3). 
It is equivalent to two particular solutions: 

y=V B— x2, 

y= —V 5—x8 
The latter is the desired solution (the former does not pass 
through M,). 


1) The only possible exception is for points where the partial 
derivative ly (x, y) Is discontinuous or does not exist. 
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Example 2. The particular solution of Eq. (3) passing 
tnrough the point (Xo, Yo) is of the form 


y=V xi y2— x1 if yo>0, (4) 
y=—V xi+yi—x* if yo <0 (5) 


For cases when yy=0, that is when the point (Xo, Yo) lies on 
tne x-axis, the particular solution (in accord with the note 
pertaining to Example 1, Sec. 479) is of the form 


x=V By if my > 0, (6) 

x=—V 2_—y? if x» <0 (7) 
At the point x»=0, yp=0 (origin) there is no particular 
solution. 


The collection of particular solutions (4), (5), (6), (7) forms 
the general solution of the differential equation (3). 


If we denote the constant quantity x2-+-y3 by C2, then the 
general solution may be written as 


y=+ VO— XA (8) 
e+y=C (9) 


which is equivalent to the general solution (8), is the general 
cntegral of Eq. (3). 


The equation 


482. Equations with Variables Separated 


If a differential equation is of the form 
P (x) dx+Q (y) dy=0 (1) 
(the coefficient P depends only on x, the coefficient Q only 
on y), then we say that the variables are separated. 


The general integral of an equation with separated vari- 
ables is represented by the equation 1) 


y P(x)dx+ { Q(y)dy=C (C a constant) (2) 


1) Here and henceforward the symbol f denotes some one antide- 
rivative; that is, the arbitrary constant term is disregarded. Inciden- 
tally, there will be no error if we include in the integral if P (x) dx 


the constant term C, and in the integral f Q (y) dy the term C,. But 
the solution will needlessly be in a more involved form. 
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In order to find the particular integral for the initial 
values xy, Yo, we can do as follows: substituting x9, yo into 
(2) we find the corresponding value C=Cy. The desired par- 


ticular integral will be { P(x)dx-+ § Q (y) dy=C,. When we 


are not interested in the general solution, a particular solu- 
tion is best sought directly from the formula 


* y 
| Pirdet { Q(y) dy=0 (3) 
%o Yo 


Example. Find the particular solution of the equation 


sin ede +2 =0 (4) 


for the initial data xy=, yo=3. 
Solution. The general integral of Eq. (4) is 


| sin xdx-+ \ gi =C or —cosx+2WYy=C (5) 
v 


Putting x=, y=3, we get C=2V 3; the desired parti- 
cular solution is 
poe Brom © 


\t may be obtained directly from the formula 


483. Separation of Variables. General Solution 


An equation of the form X,Y, dx+ X,Y, dy=0, where the 
functions X, and X, depend solely on x, and the functions 
Y, and Y, only on y, can be reduced to the form (1), Sec. 
482, via division by Y,X,. The process of this reduction is 
called separation of variables. 


- “pone or both may be constants; the same goes for the functions 
le s: 
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Example 1. Consider the equation 


y dx—x dy=0 (1) 
> .viding by xy, we get the equation 
dx dy 
waere the variables are separated. Integrating, we find 
dx dy 
jen\a @ 
e. 
In] x|—In|y|=C (4) 
In |= |=c (4a) 


if we introduce a new constant C, connected with C by the 
-elation C=InC,, then in place of (4a) we can write 


== (4b) 


-cf. Example 2, Sec. 479). 


Note 1. Let the value y=k serve as a root of the pie tion Y,=0. 
Then the function y=k (which reduces to the constant k) serves as one 
zi the solutions of the differential equation X,Y, dx+X,Y, oe 
_because for y=k we have dy=0 and, by hypothesis, Y,=0). This 
solution can be lost in the division by Y,X,z. In the same way we 
can lose a solution of the form x=/, where / is a root of the equation 
X,=0. Thus, in Example 1, when we obtained Eq. (4) we lost the: 
particular solution y=0 of the differential equation (1) and also the 
particular solution x=0. The point is that Eq. (4) is meaningless both 
ior y=0 and for x=0 (the number zero has no logarithm). 

Having cleared Eq. (4a) of logarithms, we again introduced the 
solution x=0 (for C,=0). 


Example 2. Find all the solutions of the equation 


V 1—y? dx—y dy=0 (5) 


Solution. Within the limits of a strip bounded by a pair 
ol! straight lines y=+1, at least one of the functions 
Vi-¥ (_ dy 4 

y ~ dx Jy VTa a 
continuous. Outside this strip not one of the indicated func- 
tions is defined. Hence (Sec. 478), all integrals of Eq. (5) lie 
in the strip bounded by the straight lines y= 4 1. 


dx : F 
(=a) is uniquely defined and 
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Dividing Eq. (5) by V1—y?, we get the equation 


—_ ydy = 
dx Vicg 0 
where the variables are separated. Integrating, we get 
x—Vi-—y?=C 
or 
x—C=VI—y} (6) 


This equation represents a family of semicircles as depicted 
in Fig. 474. But it does not contain all the integral curves 
of Eq. (5): in“dividing (5) by V1—y? we lost the solutions 

-y=l1- and =—I! (the 
straight lines wv, uw’v’ in 
Fig. 474). 


Note 2. Here, the lost solu- 
tions are not particular salu- 
tions (in contrast to the solu- 
tions lost in Example 1). The 
oint is that (Sec. 481) we use 
he term particular solution for 
a solution which is unique with 
Nee a to ceriala snl aloes 
u o solutions pass throug 
Fig. 474 every point of the solution y=1. 

For example, through the point 

M,(0, 1) (Fig. 474) there passes, in addition to the straight 


line y=1, the semicircle x=V1-y?, which depicts yet another solu- 
tion of Eq. (5); this solution is obtained from (6) for C=0. 


Though (6) does not embrace all solutions, it contains all 
particular solutions (semicircles) and for this reason is the 
general integral of Eq. (5). The solutions y=1, y=—1 are 
called singular solutions. 

Generally, the integral of a differential equation of first 
order is called singular if at least one more integral passes 
through every one of its points. 


484. Total Differential Equation 


If the coefficients P (x, y), Q(x, y) in the equation 
P(x, y)dx+Q (x, y)dy=0 (1) 


satisfy the condition 


ap _ 2g. 
“Oy Ox (2) 
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then the left-hand side of (1) is the total differential of some 
function F(x, y) (antiderivative function of the expression 
Pdx+Q dy; see Sec. 476). The general integral of Eq. (1) is 


F(x, y)=C (3) 
Example. Find the particular integral of the equation 
cane (4) 


for the initial Selita x=, 
Solution. Ronditien (2) is titted, Then the functions 


P(x, yy=1—4 ect gQ=1++ decompose into terms of the 


form Ax™y", Therefore, we find the antiderivative (Sec. 476, 
Note) as follows. 
Perform the integration 


{ ( i-) dese (for constant y), 
y ( 1+—) dy=y+— (for constant x) 


Combine these expressions and retain the term + only 


once. The function x+ y++ is the antiderivative. The ge- 
neral integral will be 


xtyp=C (5) 
Substituting the initial data x1, y=1, we find C—3. The 
desired particular integral is xty4++=3. 


484a. Integrating Factor 
If the coefficients P(x, y), Q(x, y) in the equation 


P (x, y)dx+Q (x, y) dy=0 (1) 
do not satisfy the condition 
aP__aQ 
ae ae (2) 


then the left-hand side of (1) is not a total differential. But 
it is sometimes possible to find a factor M (x, p) such that 
the expression M (P dx-+Q dy) becomes the total differential 
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of some function F,(x, y). Then the general integral is 
Fy (x, y)=C 

The function M (x, y) is called an integrating factor. 

Example. The left-hand member of the equation 
2y dx+xdy=0 is not a total differential. But multiplying 
by x yields 

x (2y dx +x dy) =d (x*y) 
The general integral of the given equation is 
xty=C 
Note. Every differential equation has integrating factors 


(even an infinity of them), but there are no general techni- 
ques for finding them. 


485. Homogeneous Equation 
The differential equation 
M dx+N dy=0 (i) 


is called homogeneous if the ratio x can be represented as 


y 


a function of the ratio —. We denote this ratio by ¢: 


y 
tat (2) 
Thus, the equation 


(y+ V x? 3) dx—x dy=0 (3) 
is homogeneous because 
M +Vxt+y? y Tf ¥ Ve = 
M usVaree __b _y/ 1+(+) =—t— VI+F (4) 
By means of the substitution 
y=tx (whence dy=tdx+x df) (5) 
any homogeneous equation can be reduced to an equation 
with variables separable. 
Example 1. Integrate Eq. (3) with the initial conditions 


Xo=3, yo=4. 
Solution. After the substitution (5), Eq. (3) takes the form 


V x94 2308 dx—x? dt =0 (6) 
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or 
|x| VI dx—x3 dt =0 (7) 
The variables can be separated, and we get 
dx —s dt 
Tel Viet @) 


In separating the variables we lost the solution x=0. 
However, it definitely does not satisfy the initial conditions. 
Since we have to integrate for the initial conditions 


Xo =3, p=t=s, it follows that the abscissa x is positive 
(see note below), and we have to put 
|x|=x (9) 
We get 
° dx : at 
(o> | (10) 
3 4/3 
whence 
Inx—In 3=In (t+ Vi+#)—In 3 (11) 


Replacing ¢ by 4 and taking antilogarithms, we get the 
particular integral 


_Yy y 
x=2t+y Ite (12) 

The corresponding particular solution is 
y= (13) 


Note. The left-hand member of formula (10) is meaningless when 
the upper limit is zero or takes on negative values. Therefore, when 
seeking a solution, we must confine ourselves to positive values of x. 
More investigation is required to see whether the function (13) also 
yields a solution of Eq. (3) for x <0. Substitut! (13) into the 


left-hand side of (3) shows that the function y=~ 7 gives a solu- 
tion for all values of x. 


Example 2. Integrate Eq. (3) with the initial conditions 
X= 9, y 

Solution. The sequence of operations is the same as in 
Example 1. However, in place of (9) we have to put 


JxJ=—x (9a) 


720 HIGHER MATHEMATICS 


so that in place of (10) we get 
Cd . d 
x t 
= (F= a (10a) 
-3 4/3 


whence 
—In|x|+in3=In(t+ VI+ A)— n= (11a) 
In place of (12) we obtain 


Baty 148 (12a) 


t x?4 y? 
—tatiyf Fe (12b) 


(the minus sign in front of the last fraction appeared becau- 


se for x <0 we have VY x?=—x). From (12b) we get the 
desired particular solution 


_ xt-1 
er} 
It coincides with the solution to Example | (cf. note per- 
taining to Example 1). 
If, disregarding (9a), we had used (10) in place of (10a) 
we would have obtained an erroneous result. 


486. First-Order Linear Equation 


The first-order differential equation 
M dx+N dy=0 (1) 


is called linear if the ratio + contains y to the first power 
only. A linear equation is commonly given in the form 


y' +P (x) y=Q (x) (2) 


where P(x) and Q(x) are any (continuous) functions of x. 
If, in particular, Q (x)=0, then Eq. (2) is called a linear 

equation with right-hand member zero.) In this case the 

variables can be separated and the general solution is of the 

form 

y=ce SP @) 


1) A linear equation with right-hand member Zero is also called 
homogeneous. But this term has yet another meaning (Sec. 485). 
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Example 1. Find the general solution of the linear equa- 
zon with right-hand member zero 


, x 
y' — Te y=0 (4) 
Solution. Separating the variables, we get 
dy x dx 
y TR 65) 
whence 
Inj y|=— In (I+a4)+C (6) 
x 
y=C,V1+2 (6a) 
where C,=eC. We could have obtained the same result using 
2 x : 
formula (3) (for Poa) 
-{ ee LE 
y=Ce 18" Ces N42) CV Tp xd 


Note 1. The particular solution y=0O which is obtained 
‘rom (6a) for Cy=0 cannot be obtained from (6); this solu- 
tion was lost in the division of (4) by y. Having cleared & 
of logarithms, we again introduced the solution y=0. Cf. 
Sec. 484, Example 1. 

Note 2. In practical cases, use of the ready-at-hand for- 
mula (3) does not give us any essential advantage over the 
successive transformations indicated in Example |. 

A linear equation with right-hand member [in it Q (x) #0} 
is incegrated as follows: we find the general solution (3) o' 
the roresponding equation with right-hand member zero; then 
in this solution we replace the constant C by the unknown 
function u. Substitute into (2) the expression obtained. After 
simplifications, the variables u, x are separated; integrating, 
we find the expression of u in terms of x. The function 


geist Pax will be the general solution » of Eq. (2). 
Example 2. Find the gencral solution of the equation 


O 


Yj y=* (7) 


1) This general solution is expressed by the formula 


P (x) d. -f{ Pax 
velfarawe! Hee, le J (A) 
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Solution. The general solution of the corresponding equa- 
tion with right-hand member zero is (see Example 1) 


nae V1-+x*. Replacing the constant C by the unknown 
unction u, we get 

y=uV 1+x (8) 
whence 


y= VIF8+ eS ) 
Substituting (8) and (9) into (7) and simplifying, we get 
du x 


ae View 
Whence we get an expression of u in terms of x: 


u=( oe VIF BHC, (10) 


By virtue of (8) and (10), the general solution of the given 
equation will be 


y=(VIFB+C,) VIF 8D (11) 
Note. The equation 
= +P (y)2=Q(y) (12) 


which is obtained from (2) by interchanging x and y is 
integrated in similar fashion. 


487. Clalraut’s Equation 


Clairaut's equation is an equation of the form 


y=rxy'+o(y’) (1) 


The general integral is 
y=xC +9 (C) (2) 


a SF’ = = 
) We get the same result [ tor P Text’ Q “| from for. 


mula (A): 
_ de _(__* 4x 
\ 1+! y L+x? 
y=|fxdzre +C,/ e = 


-[{ xdx ree" | V T+at=(V T+x9+C,) Vit+at 


1+x? 
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Besides, Clairaut’s equation has a singular integral 
(Sec. 483), which is obtained by eliminating the parameter ¢ 
from the equations 


x=—Q@'(t), y=—tp’' +9) (3) 

The general integral (2) is depicted as a family of straight 
lines tangent to some curve L. The singular integral is de- 
picted by the curve L 
itself [Eqs. (3) represent 
it in parametric form]. 
Example. The equation 


y=xy'—y"? (la) 


is Clairaut’s equation. Its 
general integral 


y=Cx—C* = (2a) 


is depicted as the colle- 
ction of straight lines 
(Fig. 475) tangent to the 
parabola 


y=te (4) 


Fig. 475 
Eq. (4) is a singular integral. It is obtained in the follow- 
ing manner. In the example we have g (t) = —?2, g’ (¢) =—2t 
and Eqs. (3) assume the form 
x=2t, y=? (3a) 


Eliminating t, we get (4). 
Explanation. Using Eq. (la) as an illustration, we shall 
show how the equation of a singular integral is obtained. 
The curve L which is tangent to the integral curves (2a) 
will itself be an integral curve (because its direction is eve- 
rywhere coincident with the field direction). To find the cur- 
ve L, note that it must have one common point N (x, y) with 
each of the straight lines 
y=Cx—C? (5) 


The quantity C is constant for each straight line (5) but 


varies from line to line so that the coordinates x, y are func- 
tions of C. Let us find these functions. Since the point 


N (x, y) lies on the straight line (5), we must have an identity: 
y=Cx—C? (6) 
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Since the directions of L and (5) coincide at the point N, 
the differentials dy, dx must have the same ratio as the 
differentials dx, dy of the coordinates of the straight line (5), 
that is we should have ; ; 
dy=C dx (7) 
At the same time, the differentials dx, dy must satisfy the 
equality as oe 
dy=C dx+xdC—2C dC (8) 
obtained via differentiation of the identity (6). Comparing (7) 
and (8), we get (x—2C) dC=0, or 
“4 ¥=2C (9) 
Such is the expression of the function x. Substituting it 
into (6), we find “, 
y=C? (10) 


Eqs. (9), (10) differ from (3a) in notation alone. 


488. Envelope 


Definition 1. A set of lines is called a (one-parameter) 
family ifevery line can be associated with a definite number C 
(parameter of the family) so that a continuous change in the 
parameter C is associated with a continuous change in the 
line. An equation of the form 


F(x, y, C)=0 (1) 
where [ (x, y, C) is a continuous function of three arguments 
x, y, C, represents a family of lines in a plane. The separate 
lines of the family correspond to separate values of C. 

Eq. (1) is called the equation of the family. 
Example 1. The equation 
y=Cx—C? 


represents the family of straight lines shown in Fig. 475. 
The slope of the straight line is taken as the parameter of 
the family. 

Example 2. The equation 


(eC) +ye=1 
represents a family of circles of radius 1 with centre on the 


x-axis (Fig. 474). The abscissa of the centre is taken as the 
parameter. 
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Example 3. The equation 
xt+y2=C? 
represents a family of circles with centre at O(0, 0). The 
radius is the parameter. 
Definition 2. The envelope of a given family is a line 
tangent at each of its points to one of the lines of the family. 


In Example 1, the envelope is the parabola y= 


(cf. Sec. 487); in Example 2, the envelope is a pair of straight 

lines: y=+ 1; in Example 3, there is no envelape. 
Theorem. The envelope of family (1) belongs to the so- 

called discriminant curve, which is the locus y 

of points satisfying the equations 


f(x,y, C)=0, fe (x, 4, C)=0 (2) 


for all possible values of C. If C is elimina- 
ted from Eqs. (2), we get the equation of the 
discriminant curve. 

Note 1. It may happen that the discri- 
minant curve is only partially covered by 
the envelope, and it may even happen that 
the discriminant curve exists, but the family 2 x 
(1) has no envelope. 

Example 4. The discriminant curve of the 
family of straight lines y=Cx—C? is given 
by the system 

y=Cx—C*?, x—2C=0 

Eliminating C, we get the equation 

y= + x*.The discriminant curve is a para- 


bola which coincides with the envelope of Fig. 476 
the family (cf. Example, Sec. 487). 
Example 5. The discriminant curve of the family of circles 


(e—C?+y2=1 
is given by the system 
(x—C/?+y2=1, —2(x—C)=0 

Eliminating C, we get the equation y2=1. The discrimi- 
nant curve (the pair of straight lines y= + 1) coincides with 
the envelope (cf. Sec. 483, Example 2). 

Example 6. The discriminant curve of the family of se- 
micubical parabolas (y—C)?=.x3 (Fig. 476) is the straight 
line x=0, but this family has no envelope. 
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Note 2. If family (1) portrays the general integral of some 
differential equation, then the envelope represents a singular 
integral. If there is no envelope, there is no singular integral. 


489. On the Integrabillty of Differentlal Equations 


In Secs. 482-487 we considered the most important types 
of first-order equations whose solution reduces to finding the 
integrals of known functions. We say that such equations 
can be reduced to quadratures. 

However, in practical situations we encounter first-order 
equations which are not reducible to quadratures. Such cases 
are more offen encountered in the solution of equations of 
higher order. Approximate methods are used to solve equa- 
tions that are not reducible to quadratures (see Secs. 490- 
492 below). 


490. Approximate Integration 
of First-Order Equations by Euler’s Method 


Let there be given an equation 


y' =I (x, y) (1) 
with the initial conditions x=x), y=yo. It is required to 
find its solution in some interval (x9, x). Divide this interval 
into n parts (equal or unequal) 
by asequence of points x,, %2,..., 
Xn—, (Fig. 477). 

On the subinterval (x9, x,) we 
put 


y=YotF (Xa Yo)(*—%) (2) 


that is, in place of the desired 
integral curve MoK, we take its 
tangent line MyM,. 

At the point x==x, we obtain 
7 7 23 ™ X an approximate value of the requi- 
Fig. 477 red solution 


Yi=Yo tH (Xo. Yo) (1 — Xo) = Yo +f (Xo, Yo) Axe (3) 


1) These integrals may not be expressible in terms of elementary 
functions (Sec. 309). . 
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On the subinterval (x,, x.) we put 
g=M +i (M1, 91) (X—*1) 


That is, in place of the desired integral curve MyKy we take 
the tangent line M,M, to the integral curve M,K, (a double 
error thus occurs: the tangent M,M, departs from the curve 
M,K, and this curve does not coincide with the desired 
line M,X,). Continuing this process, we obtain a succession 
of approximate values: 


Yo=Yit i (x1, yx) AX, 
Y3=Yotf (X2, Ye) Axe, (4) 


rd 


Yn=Yn-i tl (Xa-1) Yn-1) Aka-1 


Sufficient refinement in partitioning the given interval will 
yield any required degree of accuracy, but at the expense of 
much work. For this reason, Euler’s method is employed 
only for rough approximations. Mostly, it is advantageous 
to divide the interval (x9, x) into equal parts. 

Example. Find an approximate solution to the equation 


I 
y =z xy 


in the interval (0, 1) with the initial data xy=0, yy=1 
[ here f (x, y=+ xy]. 
Solution. Divide the interval (0, 1) into 10 equal parts 
so that 
Axy=Ax,=. . .=Ax,=0.1 
Using formulas (3) and (4), we find successively: 
1 
N= Yo+y Hoyo Ato=1-+5-0-1-0.1=1, 
1 
yo= Yat Hays Ae =1 +4 -0.1-1-0.1 = 1.005 


and so on. The computations are arranged according to the 
following scheme: 
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0 it 0 1 

0.1 1 0.005 1.0025 
0.2 1.005 0.0101 1.0100 
0.3 1.0151 0.0152 1.0227 
0.4 1.0303 0.0206 1.0408 
0.5 1.0509 0.0263 1.0645 
0.6 1.0772 0.0323 1.0942 
0.7 1.1095 0.0392 1.1303 
0.8 1.1487 0.0459 1.1735 
0.9 1.1946 0.0538 1.2244 
1.0 152484 1.2840 


A table of the approximate solution is built up from the 

first two columns. The given equation also admits an exact 
y x 1 

—x! 

solution via the formula {#={ 4 xde, whence y=e * 


1 0 
The corresponding values of y are given in the last column. 
A comparison with the first column shows that the error pro- 
gressively increases and at x=1 reaches 2.9%. 


491. integration of Differential Equations by Means of Series 


The solution of the equation 


“=f (x, y) (1) 
with initial conditions x=x 9, y=yy may be sought in the 
form of a series arranged in powers of x—x,; that is, in 
the form 


Y=Yotes (%—Xo) + C2 (X—Xp)? +. - ln (X— Ho)" +--- (2) 


the factors cy, Co, ..., Cy, ... are found by the method of 
undetermined coefficients (Sec. 307) or by other methods. 
The series method in application to differential equations 
was systematically employed by Newton (Sec. 292). In con- 
trast to Euler’s method, which gives the solution in the form 
of a table (Sec. 490), the solution here is obtained as a for- 
mula. However, the formula is useless outside the interval 
of convergence of the series. Theoretically, certain cases are 
possible when the solution cannot be expressed by a series 
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(cf. Sec. 400). The problem was theoretically investigated 
by Cauchy. S. Kovalevskaya!’ investigated the analogous 
problem for partial differential equations. 

Despite the above-indicated restrictions, the power-series 
method is of great practical significance. 

Example. Find the solution of the equation 


yay xy (3) 


with initial conditions x» =0, yy=1. 
Solution. According to formula (2) we put 


y=) + yx 4-Cgx? + 5x3 + eyxt +... (4) 

The coefficients c,, co, cg, ... are as yet unknown. Diffe- 
rentiating (4), we get 

y’ = Cy + 2ceqx + 3egx? + 4eyx8 +... (5) 


Substituting (4) and (5) into (3), we obtain 
Cy -+ 2cqx + 3egx? + 4x? +... + x+4 ext pt Cox8 +... (6) 


Now equate the coefficients of like powers of x. This yields 
the relations 


1 1 
cy=0, 24=5, 3=> C1, 44 => Co, wee (7) 


From them we successively find the coefficients 
I 1 
c,=0, 1s ier ; c3==0, “=35 , c5=0, ere (8) 


The required solution is of the form 
1 
y=l+oet eet togtt... (9) 
For x=! we get y ~ 1.2839 (cf. Table, Sec. 490). The 
x 


expansion (9) coincides with the expansion of the function ef: 
x? 


ef alg ey (#)'+3 C5 eee (10) 


ar 4 


+S. V. Kovalevskaya (1850-1891), celebrated Russian mathe- 
matician. She obtained important results in mathematics, mechanics 
and theoretical physics; her writings also include works of fiction and 
journalism. 
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Alternative solution. Differentiating successively (3), 
we find 


t ! 1 1 - 
y= > (yy =p ytyy (11) 
re 1 Loa cg dw 12 
¥"=\sytyy ) Hv ty: (12) 
yWva(y ++") Sy tty” (13) 


and so forth. Substituting into (3) the initial values x=0, 
Yo=1, we ..find yo=0, as ne (11) we get 


1 
=> : yo + XYo=> 


In the same way we find 


etc. Substituting the values found into the Taylor series 
: ae Iv 
y Y 4, Y 

Y=HtU +z Eta etartt-. 


we again get the series (9). 


492. Forming Differential Equations 


The procedure of forming a differential equation according 
to the conditions of a problem (geometrical, physical or 
technical) is that we express mathematically a relationship 
between variable quantities and infinitesimal increments in 
the quantities. At times a differential equation is obtained 
without considering increments, since they have been considered 
earlier. For instance, in representing velocity by the expres- 


sion v=“5 we do not invoke the increments As, At, but they 


dt 
are actually taken into account because 
ds __ lim 4S 
dt Ate AF 


When forming first-order differential equations, infinitesi- 
mal increments are immediately replaced by the corresponding 
differentials. The error committed in so doing is automati- 
cally eliminated in the passage to the limit, as will be shown 
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in the note that follows. Generally, any infinitesimal can be 
replaced by its equivalent; say, an infinitesimal arc by the 
corresponding chord or vice versa. 

There are no exhaustive rules for the formation of differen- 
tial equations. As in the forming of algebraic equations, 
ingenuity is often required. Much depends on the skill acquired 
in doing exercises. 

Example 1. A tank contains 100 litres of brine with 10 kg 
of dissolved salt. Every minute, two litres of brine flow out 
of the tank and three litres of fresh water are added. Mixing 
maintains the same concentration of salt throughout the tank. 
How much salt remains in the tank after one hour? 

Solution. Denote by x the quantity of salt in the tank 
(in kg), by ¢ the time reckoned from an initial instant 
(in min). 

During a time interval dé a total of (—dx) kg of salt 
leaves the tank [x is a decreasing function of time, hence, 
dx is a negative quantity and (—dx) is a positive quantity]. 

In order to form the equation, let us compute the loss of 
salt in a different way. At time ¢ the tank has (100+?) 
litres of liquid (3¢ litres flowed in and 2¢ litres flowed out); 
the brine contains x kg of dissolved salt. Thus, one litre of 


the brine contains =.= kg of salt. During time df 2d¢ litres 
of brine leave the tank; hence, the quantity of salt dimini- 


shes by 


x 
Tors 2d! ke 
We get the differential equation 

cage= 2x dt (1) 


~~ 100+¢ 


Separating the variables and taking into account the initial 
conditions fg =0, x»=10, we get 


x t 

(dx 2dt 

\-2=) 100 +4 (2) 

10 0 
that is 

10 100+1 

In=-=2In-—5 (3) 

or 


10 (10081) eo 
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Substituting ¢=60 into (3a), we find the required quantity 
of salt: x ~ 3.91 (kg). 
For less rounded data it is best to take formula (3). Multiplying 


both sides by the modulus M (Sec. 242), change frbm natural loga- 
rithms to common logarithms. 


Note. When we formed Eq. (1) we allowed for two errors: 
first, we took dx and dt in place of Ax and At, second, we 
assumed that during time dt the loss of salt amounted to 


Toaa7 2de kg, i.e. that the concentration of the solution of 
x 


brine is equal to 755z7 during the entire interval (¢, ¢-+df). 


Actually itis Ter only at the onset of the interval, and 
then proceeds to decrease. But these two errors are automa- 
ticaly compensated for. 

Indeed, during a smali interval of time (¢, ¢+-At) the 


concentration of the brine solution differs but slightly from 


Sent eos hence, during this time the amount of salt di- 
+f litre SK) 
minishes roughly by the amount Ton litres. We thus have 


the approximate equation 


2x At 
Ax Taf 

or 
Ox 2x 


at ~~ T00+t 
This approximate equation is the more exact, the less is At; 
in other words, 2x_ is the limit of the ratio 4% as 


~~ T00+¢ ae 
se Fran ote ot Sh cgies a : 
At — 0. This limit is the derivative 7 Hence, the deriva- 
: dx, 2x, 
tive 7 is exactly equal to —Toor: 
dx Qx 
dt ~~ To0+? 


This exact equation is equivalent to Eq. (1). 
Example 2. A pier is being constructed for a bridge. It is 
to be 12 metres high and have circular horizontal sections. 


The pier is calculated for a load of P=90 tons (in addition 


to its own weight). The density of the material y=2.5 aon, : 


The admissible pressure is &=300 a . Find the areas of the 
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-2>per and lower bases, and also the shape of the axial sec- 

‘oc of the pier (for maximum saving in materials used). 
Solution. For a permissible pressure of k=300 sa the 

tea Sg of the upper base can withstand a load kso; by 


-»pothesis, kso=P. Consequently, 
P90 
=F =399 = 0:3 (sq. m) (4) 
The area s of the horizontal 
section increases with falling level 
tecause, aside from the load P, 
‘=e area s is acted upon by the 
25ove-lying part of the pier. 
Denote by x the distance of a 
section s (MN in Fig. 478) from 
tne upper base. Isolate infinitesimal 
sorizontal layer MNnam. The area 
of its lower base mn exceeds the 
area of the upper base MN by ds. 
Therefore, at the lower base the 
umiting load is kds times that 
oi the upper base. On the other Fig. 478 
sand, the load mn is greater than : 
the load of section MN by an amount equal to the weight 
of the layer MNam, that is, by ysdx.) We get the differen- 
v.al equation 


So 


kds= ys dx (5) 
Separating the variables and integrating (initial condi- 
tons: x=0, S=So), we get 
x 
ds y 
{ S_¥ y dx (6) 
0 
whence 
s_s¥ 
In 2 rs (7) 
In order to find the area s, of the lower base, it is neces- 


sary to substitute x= 12 (for sg=0.3, y=2.5, R=300). Going 


‘) We assume that the layer MNam is cylindrical (the error is of 
higher order than dx). 
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over to common logarithms (Sec. 242), we get 


; 2.5 
log G-= Mae 12 (8) 
whence s,;=0.33 (sq. m). 

The shape of the axial section is given by the equation of 
the meridian BD. Denote the radius of section MN by y; then 


JS ./{(+)\? i 
rs -) , and Eq. (7) yields 
ae 
y_v —y,p2k 
2In Fe Ee OF Y=Yoe (9) 
That is the equation of the meridian. Curve (9) is called 
a logarithmic curve. 


493. Second-Order Equations 


A second-order differential equation has the general form 


D(x, y, y’, y’)=0 (1) 
The equation solved for y” is of the form 
y=! (x,y, y’) (2) 


It is assumed that the function f(x, y, y’) of the three argu- 
ments x. y, y’ is uniquely defined and continuous in some 
range of these arguments. ; 

As a rule,!) specification o! the initial values x=Xp, 
y=Yo, ¥’ =Yo (lying in the range under consideration) defines 
a unique solution of Eq. (2). 

Geometrically, a unique interval curve passes through the 
given point M (xo, yo) in a given direction. 

The corresponding solution of Eq. (2) is called a partt- 
cular solution. The collection of all particular solutions is 
termed the general solution. An attempt is made to represent 
the general solution in the form of some function 


y= (x, Cy, Cy)’ (Cy and C, are constants) (3) 


capable of yielding any particular solution (for appropriately 
chosen values of Cj, Cy). 

Note. An infinity of integral curves (one in each of the 
possible directions) pass through the given point M (Xo, yo). 


‘) The only possible exception is the case when at least one of the 
derivatives iy (x.y gy’), fy (x, y, y’) is discontinuous or does not exist. 
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Example. For the initial values x9=1, yo=1, yo=2, find 
te particular solution of the equation 


y’=x (4) 
Solution. Rewrite the given equation as 
d 
io 6) 
y 


Taking into account the initial conditions, we have y dy’ = 
2 


Zz 
= { xdx, that is, y=o45. Again allowing for the ini- 
1 


v x 
tal conditions, we get {d= { ($44) ax. The required 


carticular solution is 


y= St yr-F 6) 
Alternative method. From (5) we find 
y= +, (7) 
and from this 
== 4Cx+Cy (8) 


The function (8) is the general solution because for approp- 
riately chosen values of C,, Cq it yields any particular solu- 
tion. Thus, substituting into (7) and (8) the given initial 
values, we get 


=F+C, 1=—+C,+Cy (9) 


whence we find 


C; => ’ C,= a 


Substituting these values into (8), we again get the particular 
solution (6). 

Caution. By far not every solution containing two arbitrary 
constants is a general solution. For example, the function 


y= +Cx—C, (*-<) (10) 
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is a solution of Eq. (4) but does not contain all the particular 
solutions; thus, the solution (6) is not obtainable from (10) for 
any values of Cs, Cy. Hence, the solution (10) is not a general 
solution. This is already evident from the fact that the two 
constants C3, C, “are not essential”, that is, they may be replaced 
by one. Indeed, formula (10) may be written as 


3 
y=—+(C3—Cy) x +1 
Denoting Cs—C, by C,, we get 
y= 4+! 
This solution is obtained from the general solution (8) for C,=1. 
494, Equations of the nth Order 


An nth order equation solved for y'™, 


Y= (x, oY Yr ees YY) 
has as a rule (cf. Sec. 493) a unique solution for given initial 
values Xq, Yo. Yy. ---» y'2—1). Such a solution is called a parti- 


cular solution. The set of all particular solutions is called 
the general solution. We try to represent the general solution 
in the form 

y= (x, Cy, Co, -.- Cn) 


Not every solution containing n constants is a general 
solution (cf. Sec. 493, Caution). 


495. Reducing the Order of an Equation 


Occasionally, a differential equation of second or higher 
order allows for reducing the order. The following two cases 
are the most important. 

Case 1. The equation does not contain y. Then for the 
unknown ‘function we take y’. 

Example 1. Integrate the second-order equation 


(1+) y+y'=0 (1) 


Solution. Taking y’ for the unknown function, we re- 
write (1) as 


(Its) 2 +y'=0 (2) 
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This is a first-order equation (in the unknown function y’). 
(see Nene by dx, we obtain a total differential equation 
Sec. 484) so that the general integral of Eq. (2) is 


(1+) y =C, (3) 
Now let us return to the earlier. unknown function y and 
write Eq. (3) as 


(+2) 2 =C, (38) 
Integrating (3a), we find 
y=C, In(l+x)+C, (4) 


This is the general solution of Eq. (1). 

Case 2. The equation does not contain x. Then we again 
take y’ for the unknown function, but for the argument we 
take y (in place of x). The derivatives of second and higher 
order are thereby transformed by the formulas 


n_ dy _ dy dy dy, 
"de dy dx dy 7’ (5) 
me dy” ds dy’ dy _ 4 (du \ 
= (ay ema (ae )y (6) 
and so forth. 
Example 2. Integrate the second-order equation 
y"+y=0 (7) 
Solution. Applying formula (5), we transform (7) to 
y' dy’+ydy=0 (8) 
This is a first-order ger (the variables are y and y’). 
The general integral of Eq. (8) is 
y?+ye=Ci (9) 
Returning to the earlier variables x, y, write (9) as 
ot dy (10) 
Vci-» 


Integrating, we find 
arcsin om =+(x+C,) 


whence 
y=C, sin (x+C,) 
(the sign + is included in the constaat C,). 
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This is the general solution of Eq. (8); it may be trans- 
formed to 
y=Cs sinx+C,cosx 


C3=C,cosC,, Cy=C,sinC, 


where 


496. Second-Order Linear Differential Equations 


A second-order linear equation is one of the form 
y" +P (x) uy +Q (x) y=R (x) (1) 
where the functions P (x), Q(x), R(x) do not depend on y. 
If R(x)=0, then Eq. (1) is called an equation with right- 
hand member zero;)) if R(x) #0, then it is termed an egua- 
tion with right-hand member. 
The homogeneous equation 


y" +P (x) y’ + Q (x) y=0 (2) 


has the following properties. 
Theorem 1. If a function @, (x) is a solution of Eq. (2), 
then the function C,q, (x) (C, a constant) is also a solution. 
Theorem 2. If the functions @,(x) and q@,(x) are two 
solutions of Eq (2), then the function , (x)+ (x) is also 
a solution.: 
_Corollary. If @, (x), Q2(x) are two solutions of Eq. (2), 
then C,q@, (x)-+ Ce@2 (x) (C, and C, constants) is also a solution. 
Example 1. Consider the homogeneous linear equation 


ep Sh? og 
+S U —zre=0 (3) 
Having convinced oneself by verification that the functions x 
and + are solutions, we conclude that the function 
1 
y=C,x+C, — 


is also a solution of Eq. (3). 

Note 1. The solution y=C,q, (x) -+CoQs (x) will not always 
be a general solution. Thus, the functions q, (x)=3x and 
2 (x) =5x are solutions of Eq. (3), the function y=C,q, (x) + 
+ Coe (x) =(3C, +5C,) x is also a solution, but not a general 


1) A linear equation with right-hand member zero is also called 
a homogeneous equation. See footnote on p. 720. 


DIFFERENTIAL EQUATIONS 739 


Saree al two constants C,, Cg are not essential; cf. Sec. 493, 
-2ition). 

Note 2. The solution Y= C191 (¥)+-CaPq (x) will not be 
2 general solution if the functions g, (x), g(x) are linearly 
zzsendent, that is if they can be connected by the relation 


4, (*) +422 (x) =0 (4) 
znere at least one of the constants a,, a, is nonzero. 
But if the solutions @, (x), @. @) are linearly independent, 
e. if the relation (4) is possible only when both constants 
3. dg are zero, then the function 
Y=C1P1 (x) + Coe (x) 
«elds a general solution. 
Example 2. The solutions ,(x)=3x and 3 (x)=5x of 


=q. (3) are linearly’ dependent because for aj=5, a,=—3 
x for ay=10, ag=—6, or for a,=15, a,=—29, etc., we 
get a,Q, (x) + agQe (x) =0. 

The solutions , (x)=3x and g, @)=—z are linearly 


independent because the relation (4) is possible only for 
*,=a@,=0. Accordingly, the solution y=3C,x-+5C,x is not 
a general solution but the solution y=3Cyx— Ft is a general 
solution. 

The foregoing refers solely to homogeneous linear equations. 

The nonhomogeneous equation 

y" +P (x) y +Q (x) y=R (x) (5) 

has the following property. 


Theorem 3. If a function f(x) is one of the solutions of 
Eq. (5), then its general solution is 


y=C,Q, (x) + Cagq (x) +F (x) (6) 


where @, (x) and @q (x) are two linearly independent solutions 
of Eq. (2), i. e. of the corresponding homogeneous equation. 
Example 3. Consider the equation 


Pn er eae 
y+ y — sry = 8k (7) 
Convincing ourselves: by verification that the function 
f (x)= is its solution, we conclude that the general solution 
of Eq. (7) is (cf. Example 1) 
y=Cx+C, + +x8 
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Theorem 3 may also be stated as follows: the general solu- 
tion of a nonhomogeneous linear equation is the sum of some 
particular solution and the general solution of the corresponding 
homogeneous equation. 

Note 3. A second-order (homogeneous or nonhomogeneous) 
linear equation can be reduced to quadratures only in special 
cases, which include the practically important case when the 
coefficients P(x) and g (x) are both constants (see Secs. 
497-499). 


497. Second-Order Linear Equations with Constant Coefficients 
The equation 
y+ py’ +qy=R (x) qd) 


where p and q are constants and R(x) depends solely on x 
(or is a constant) is called a second-order linear differential 
equation with constant coefficients. Eq. (1) can always be 
reduced to quadratures. And when R (x)=0 (homogeneous 
equation), the solution is not only reducible to quadratures, 
but is also always expressible in terms of elementary functions 
(see Sec. 498). 


498. Second-Order Homogeneous Linear Equations with Constant 
Coefilctents 
Let us consider the equation 
y" + py’ + qy=0 (1) 
where p, g are constants. We shall seek a solution of the form 
y=er* (2) 
Substituting (2) into (1), we find that the number 7 must satisty 


the equation 
eP+pr+q=0 (3) 
This is called a characteristic equation. 
There can be three cases. 
Case 1. (+)'-4 > 0. The characteristic equation (3) has 


two distinct real roots 71, rg ( naw=—F + V (£)'—¢ ). 
In this case we have two linearly independent (Sec. 496, 
Note 2) solutions: y=e"*, y=e'a*. The general solution 


will be 
y= Cer + Cyea® (4) 
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Example 1. Find the general solution of the equation 
8y” + 2y’ —3y=0 (5) 
and also the particular solution for the initial conditions 
X=0, Yo= —6, yo=7. 
Solution. The characteristic equation 
8? + 27 —3=0 (6) 


has two distinct real roots: 


! 3 
iat 1=7: = —T 
I 
re -—7* 
The functions y=e y=e give two linearly inde- 
pendent solutions. The "general solution of Eq. (5) is 
! 3 
7* =a x 
y=Cye" +Cye (7) 
To find the particular solution, compute the derivative y 
anes os 
nt 2 3 4 
y=>Ce” —7Ce (7a) 


Substituting the initial data into (7) and (7a), we get 
the system 


—6=Ci+C, 7=1C,—-76, 


From it we find C,=2, Cy=—8. The desired particular 
solution is 


Case 2. (4) —@=0. The characteristic equation has two 
equal roots (r,=re= —4). 

In this case, the solutions y=e"*, y=e's* are linearly 
dependent (they coincide). But now, besides the solution 


y=e . there is the linearly independent solution 
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eed 


y=xe . The general solution will be 
2.2Phy 
y=(Ci+Cyxe ? (8) 
Example 2. Find the general solution of the equation 
y" + 4y’+4y=0 (9) 


and the particular solution for the initial conditions x)»=0.5, 
Yo=0.5, Yo = —4. 7 ; 
Solution. The characteristic equation 
: P+4r+4=0 


has the equal roots r;==r,=-—2. The functions y=e-?*, 
y==xe-** yield linearly independent solutions. The general 
solution of Eq. (9) is 


y=(Ci +Cox) e~* (10) 
Differentiating, we find 
y’ =[—2C,+C, (1 —2x)] e-2* (10a) 


Substituting the initial data into (10) and (10a), we get 
the system 


0.5=(C,+0.5Cy)e-1, —4=—2Cye-! 


From this we find C, =2e, C, = —3e. The desired particular 
solution is 
y = (2e — 3ex) e-2* 
or 
y =(2—3x) e1-2* 
Case 3. (3) 8 <0. The characteristic equation has 
a pair of complex-valued roots: 


na=— ft Bi (11) 


In this case, the expressions 


where 


en, evaX (12) 
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do not have real values for any real value of x, except x=0. 
But we can now use the functions 


a* 


pee Jr 
y=e cos Bx, y=e ? 


sin Bx (13) 
Substituting them into Eq. (1), we are convinced that each 
of the functions (13) is a solution of Eq. (1). 


In Sec. 498a it is shown how the solutions (13) are derived from 
complex-valued solutions of the form (12). 


The solutions (13) are linearly independent and therefore 
the general solution will be 


->e% 
=e 7 (C,cosBx+C, sin Bx) (14) 
or, in an alternative form, 


D 
y=Cze * * sin (Ca++ Bx) (14a) 


(where C,sinC,=C,, C3 cos Cy=Co). 
Example 3. Find the general solution of the equation 


y’+y'+y=0 (15) 
Solution. The characteristic equation 
retr+tl=0 (16) 
has the imaginary roots naw > + a i. The functions 
72 V3 -yt V3 
y=e cos ~~ x and y=e sin—- * 


yield linearly independent solutions. The general solution 
of Eq. (1) is 


—-—xrX = — 
y=e ? (C, cos Taine, sin” 3 x) (17) 
ate — 
y=Cze 7 sin (c4% 2x) (17a) 
Example 4. Find the general solution of the equation 
y"+y=0 
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Solution. The characteristic equation r*+1=0 has the 
imaginary roots r; ,=+i (here B=1, —F=0). The 
general solution is (cf. Sec. 495, Example 2) 

y=C, cos x+C, sinx 


498a. Connection Between Cases 1 and 8 In Sec. 498 


The particular solutions of the form 


rz « j/p\i 
a (nee. Os (yee? [ naw £47 (4%) -a] (1) 


which were used™.in Sec. 498 for Case ! can also be used for Case 3 
if we introduce complex-valued numbers into the discussion and 
define the complex power of the number e, as was done in Sec. 409. 
Then formulas (1) will be written as 


Pr 
VP os 
Q1 (x) =e » Ga (x)=e (2) 
where B [-/ q- ( 4 ‘| and -+ are real numbers, The expre- 


ssions (2) represent a pair of complex-valued functions of the real 

argument x. Since these functions are differentiated by the ordinar 

rules (Sec. 408), they are solutions of the equation y”+py’+qy= 

in Case 3 as well. These solutions do not satisfy us since they are 

not real. But from them we can derive real solutions. Indeed, applying 

rulers formula (Sec. 410) we can represent the solutions (2) in 
e form 


V1 (x) =e"* (cos Bx+i sin Bx), (3) 
@ (x) =e"* (cos Bx—i sin Ax) (4) 
The function C,Q, (x)+C,@, (x) is a solution for any constant 


values of C,, C, (Sec. 496). Putting first Cay . Gay and then 


: a5 another time, we get two real solutions: 


Ci=-s, 
2 
ax ax 
e cosBx ande = sin Bx 


They were the ones which were used in Case 3, Sec. 498. 


499. Second-Order Nonhomogenecous Linear Equations 
with Constant Coofficlents 


The general solution of a nonhomogeneous equation 
y" + py’ + qy=R (x) (1) 
is obtained with the aid of quadratures from the general 
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solution of the corresponding homogeneous equation 


y’ + py’ +qy=0 (2) 
by the general method given below in Sec. 501. But in many 
practical cases of importance the aim is attained in a much 
simpler fashion. 

First find some particular solution f(x) of the given 
ue (1), ier add f(x) to the general’ solution of the corres- 

nding homogeneous Eq. (2). The sum is (Sec. 496, Theo- 
fai 3) the general solution of the given equation. 

The following three rules are used to find the func- 
tion f (x). 

Rule 1. If the right-hand member R(x) of Eq. (I) is of 
the form 

R (x) =P (x)eh* (3) 


where P(x) is some polynomial of degree m, and if the 
number k is not a root of the characteristic equation 


r+ pr+q=0 (4) 
then Eq. (1) has a particular solution of the form 
y* = Q (x) e&* (5) 


where Q(x) is some polynomial of the same degree m (the 
asterisk on y is used to distinguish the particular solution 
y* =f (x) of Eq. (1) from its general solution). 

The coefficients and the constant term of the polynomial 
Q(x) may be found by the method of undetermined 
coefficients. 

Note 1. If the factor P(x) is a constant (a polynomial 
of degree zero), then Q(x) is also a constant. 

Note 2 .The rule can be extended to the case when R (x) 
is a polynomial (i.e. &=0). Then the solution (5) is also 
a polynomial. 

Example 1. Find the general solution of the equation 

! 


" 1 z* 
yyy — y= se? (6) 


Solution. The characteristic equation 


n—tr—t=0 (7) 


has the roots r,=1, rs so that the general solution 
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of the corresponding homogeneous equation is 
1 
— 7 x 
y=Cye* +Cye (8) 
(the bar over y is used to distinguish the general solution 
of Eq. (2) from the general solution y of Eq. (1)]. 


It remains to find some particular solution y* of Eq. (6). 
The right-hand member of (6) has the form (3), and P (x)=3 


(polynomial of degree zero) and the number k=s is not a 


root of the characteristic equation (7). By Rule 1, Eq. (6) 
has a solution-of the form 


1 
=x 
y*=Ae? (A a constant) (9) 
Substituting (9) into (6), we find 
1 1 
1 1 ot 1 7* 7 
G: A-z-yzA-zA)e = 3e (10) 
1 
=x 
Equating the coefficients of e? , we get 
A=—6 (11) 
The desired solution y* is 
per 
y* =—6e? (12) 
The general solution of Eq. (6) is 
eo eg +e 
y=yty*=Cyer+Cye > —6e (13) 


Example 2. Find the general solution of the equation 


y" —3y! + 2y =x? +3x (14) 
The characteristic equation 
r—3r+2=0 


has the roots r;=1, rg=2 so that (with the notation of 
Example 1) 


y =Cye* +Cye2* (15) 
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The right-hand member of Eq. (14) is of the form (3), and 
P (x)=x?+3x and the number k=O is not a root of the 
characteristic equation. We seek a solution of the form 


y* = Ax?+ Bx+C (16) 
Substituting into (14), we get the equation 
2Ax? + (2B —6A) x+ 2C —3B + 2A =x? + 3x (17) 


Equating the coefficients of like powers of x, we get 
the system 


2A=1, 2B—6A=3, 2C—3B+42A=0 (18) 
from which we find A=y, B=3, C=4 so that 
yay 43x44 (19) 


The general solution of Eq. (14) is 
y=ytyt=Cye*+Cye™* +2 x243x44 (20) 


Note 3. For the equation y”’—3y’=x?+3x" it would be 
useless 2) to search for a particular solution of the form (16) 
because the number k=0 is now a root of the characteristic 
equation (r?—3r=0). The conditions of Rule | break down 
and we have to apply Rule 2. 

Rule 2. Let the right-hand member of Eq. (1) be of 
the form 


R (x) =P (x) ek* (21) 


where P (x) is a polynomial of degree m, and let the number 
k be a root of the characteristic equation r*+pr+q=0. 
If this root is single (i.e. one of the distinct roots), then 
Eq. (1) has a particular solution of the form 


y* =xQ (x) ek (22) 


where Q(x) is a polynomial of degree m; if k is a double 


) The equation is solved in Example 3 below. 


2) Though no error would occur. In an attempt to find a solution 
of the form y*=Ax?+Bx+C, we get the following equation in place 


f (17): 
oe -6Ax+(2A-3B)=x? +3x 


It is impossible to equate coefficients of like powers of x, since the 
right-hand member contains a second-degree term which is absent in 
the left-hand member. The attempt failed but no error was committed. 
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root of the characteristic equation (i.e. one of two equal 
roots), then Eq. (1) has a solution of the form 

y* = x2Q (x) ek* (23) 


Notes | and 2 remain valid. 
Example 3. Find the general solution of the equation 


y” —3y' =x? 4+ 3x (24) 
and also the particular solution for the initial conditions 
%=0, yu=l, yo =3 


Solution. Here, P(x)=x?+3x and the number k=O 
serves as a single root of the characteristic equation 


r3— 37 =0 
(7; =3, rg=0). Eq. (24) has a particular solution of the form 
y* =x (Ax?-+ Bx+C) = Ax84+ Bx? +Cx (25) 
Proceeding as in Example 2, we obtain the system 
—9A=1, —6B+6A=3, —3C+4+2B=0 
, 1 u i 
from which we find A=-7y B=—j: =—57 80 that 
1 in WH 
y*=— 7 B—Fgt— at (26) 
The general solution of Eq. (24) is 
y=Cye*4+C,— 7 e—Ue_Uy (27) 
Differentiating, we get 
y’ =3Ce*— + x Bren (27a) 


Substituting the initial values into (27) and (27a), we obtain 
the system 


taej-+c,; -s=9¢,-1! 


7 
F : 92 i F ; 
which yields a= »Cs=— FF; the desired particular 
solution is y= er ptt 


Example 4. Find the general solution of the equation 
y” —2y' + y= xe* (28) 
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Here, P(x)=x and the number k=1 is a double root 
of the characteristic equation r2—27+1=0. Eq. (28) has a 
particular solution of the form 

y* =x? (Ax + B) eX =(Ax3 + Bx?) ex (29) 

Substitute (29) into (28); the terms in x® and x* vanish 

of themselves and we get the equation 
(6Ax + 2B) e* = xe* (30) 

Equating coefficients of like powers of x, we get the 

system 6A=1, 2B=0 so that 


yt= + x3ex 
The general solution of Eq (28) (see Sec. 498, Case 2) is 
y= (Cr +Cox) e+ % x82" (1) 
Rule 3. Let the right side of Eq (1) have the form 


R (nae {P, (x) cos Bx+P, (x) sin Bx} (32) 


where P, (x) and P, (x) are polynomials of degree m, and my. 

Two cases are possible: 

(1) the complex numbers @ + fi are not roots of the characteristic 
equation r*+pr+q=0; : 

(2) the numbers a + Bi are roots of this equation. » 

in the first case, Eq (1) has a solution of the form 


y* =e"* [Q, (x) cos Bx+ Q, (x) sin Bx] (33) 
where Q, (x), Q:(x) are polynomials the degrees of which do not 


exceed the highest degrees of m,, my. 
In the second case, Eq (1) has a solution of the form 


y*=xe™* [Q, (x) cosh x+Q, (x) sin Bx] (34) 
Example 5. Find the general solution of the equation 
y”+y=10e? sin 2x (35) 


Here, P, (x)=0, Pz (x)=10 (i. e. Py (x) and P, (x) are polynomials 
of degree zero), 2=1, f=2. The complex numbers a + Bi=1 + 2i are 
not roots of the characteristic equation r?+1=0. Eq (35) has a par- 
ticular solution of the form 


*=e? (A cos 2x+B sin 2x) (36) 

Substituting (36) into (35) we arrive at the equation 
J(-2A44B) cos 2x+(-4A-2B) sin 2x] e?=10e" sin 2x (37) 
1) The case when only one of the numbers a@ + fi is a root of the 


equation r?+pr+q=0 is impossible (for real values of the coefficients 
P. q)- 
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and get the system 
-2A+4B=0, ~4A-2B=10 
which ylelds A=-2, B=-1 so that 
y*=—e® (2 cos 2x+sin 2x) 
The general solution of Eq. (35) is 


y=C, cos x+C, sin x—e7 (2 cos 2x+sin 2x) (38) 
Example 6. Find the general solution of the equation 
y’t+y=4x sin x (39) 


Here, P, (x)=0, P, (x)=4x [the hagas degree of the polynomials 
P, (x) and P, (x) is oat a=0, B=1. The complex numbers a + pi= +i 
are roots of the characteristic equation r?+1=0. Eq. (39) has a par- 
ticular solution of the form 
y* =x [(A,x+B,) cos x+(A,x+B,) sin xj= 
=(A,x*+ B,x) cos x+(Agx?+Bgx) sin x (40) 
Substituting (40) into (39), we get the equation 


[4A,x+(2B,+2A,)] cos x+[—4A,x4+(-2B,4+2A,)] Sin x=4x sinx (41) 
and obtain the system 


4A,=0, 2B,+2A,=0, -4A,=4, -—2B,+2A,=0 
which yields A,=-1, B,=0, A,=0, B,=! so that 
%=—x?cosx+x sin x 
The general solution of Eq. (39) is 
y=C,cos x+C, sin x+x (-—x cos x+sin x) (42) 


Note 4. It the right side of Eq. (t) contains a sum where each 
term is of the form (21) or (32), then Eq. (1) has a particular solu- 
tion constituting a sum of er press ole of the form (5), (22), (23), 
(33), (34). The coefficients are found as in Examples | to 6. 


600. Linear Equations of Any Order 


A linear equation of order n is an equation of the form 
y™ Py (xy ye 4 Pg (x) y=R (2) a) 


If R (x)=0, then (1) is called an equation with right-hand mem- 
ber zero (of homogeneous equation), if R(x) #0, then it is an equa- 
tion with right-hand member (or nonhomogeneous equation). 

The properties of second-order linear equations (Secs. 496 to 499) 
are extended to higher-order linear equations in the following manner. 

If @; (x), Os (%), .«+- On (x) are solutions of the homogeneous 
equation 


yM4P, (xy yg 4... + Pp (x) y=O (2) 
then the function 


Y=CiGs (X)FCrG2 (Xt --. t+ CnPn (x) (3) 
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is also a solution. This solution will not be a general solution if the 
solutions a (x), 2 (x), ..-, On (x) are linearly dependent, \.e. are 
connected by the relation 


Ay (X)+42Qq (X) +... +AnQn (x) =0 (4) 


where, of the constants a,, a;, ..., @q, there is at least one nonzero 
constant. 

But if the solutions @, (x), @z (x), ..-, @n(x) are linearly inde- 
pendent, i.e. if Eq. (4) is possible only when all the constants a,, 
Qs, ..., Gy are zero, then (3) is the general solution of Eq. (2). 

The general solution of Eq. (1) is obtained from some particular 
solution by adjoining it to the general solution of Eq. (2). 

A homogeneous linear equation with constant coefficients 


y™ py 4 py +, 2 + Dny=0 (5) 
is solved with the aid of ihe characteristic equation 
r+ pyr — 14 por™— 24 ...4+pn=0 (6) 


I. If all the roots r,, 73, ..., rn of the characteristic equation 
are real and single, then the general solution of Eq. (5) is 


yaCye 40,0284. + Cae ™ (7) 


II. If some one real root r has multiplicity & (7,;=r,=...=rk), 
then in formula (7) the corresponding & terms are replaced by the 
term 


(Cy +Cgxt... + Cyt —1) ef? (8) 


Ill. If the characteristic equation has a pair of single complex- 
conjugate roots (r1,2=a + Bi), then the corresponding pair of terms 


in formula (7) is replaced by the term 
e@* (C, cos Bx+C, sin Bx) (9) 


IV. If some pair of complex conjugate roots has multiplicity &, 
then one corresponding & pairs of terms in (7) are replaced by the 
summan 


OF ((C y+ Cax +... +Cyx*— *) cos Bxt 
+ (D+ D,x+...+Dgx*-') sin Bx] (10) 
Example. Consider the equation 


y+ V4 oy 4 2y" ty’ +y=0 (Tl) 
Its characteristic equation 
r3 47442794 2r2+r41=0 (12) 


has a single real root r=-—1 and a pair of double conjugate imagi- 
nary roots r=+é. The general solution of Eq. (11) is 


y=Cye—7+(C, + Cyx) cos xt+(Cyt+Cyx) sin x (13) 
For a nonhomogeneous linear equation with constant coefficients 


g™ + py" 4... + p.y=R (0) (14) 
the general solution is obtained, by me.ns of quadratures, from the 
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general solution of the corresponding homogeneous equation by 
a method explained in Sec. 501. But if the right-hand member R (x) 
pas the form P (x) e&®[P (x) is a polynomial], of the more general - 
orm 

e** (P, (x) cos Bx+ Py (x) sin Bx] 


or represents a sum of terms of similar form, then the solution its 
sim ued 
, Le 


R (x)=P (x) & (15) 
where P (x) is a polynomial of degree m. Then Eq. (14) has a particular 
solution of the form 

y=Q (x) a? (16) 
where Q (x) is a polynomial of degree m, provided that the number 


k is not a root of the characteristic equation (6). Otherwise, Eq. (14) 
has a particular solution of the form 


yt=xtQ (x) ef? (17) 


where / is the multiplicity with which & enters into the number of roots 

of the characteristic equation (cf. Sec. 499, Rules 1, 2 and Examp- 
les 1 to 4). 
Il. Let 

R (xy ee®* [Py (x) cos Bx+ Ps (x) sin Bx] (18) 


where P, (x) and P, (x) are polynomials of degree m, and m,. Then 
Eq. (14) has a particular solution of the form 


y* xe™* (Q, (x) cos Bxt+ Qe (x) sin Bx] a9) 


where Q, (x), Q,(x) are polynomlals the degrees of which do not 
exceed the highest of the degrees m, and m,, provided that the comp- 
lex numbers a+fi are not roots of the characteristic equation (6), 
otherwise Eq. (1) has a particular solution of the form 


y® =xteO* (Q, (x) cos Bxt+Q, (x) sin Bx] (20) 


where / is the multiplicity with which the pair of roots a + Bt 
enters into the number of roots of the characteristic equation (cf. 
Sec. 499, Rule 3 and Examples 5, 6). 


501. Method of Varlation of Constants (Parameters) 


The general solution of a nonhomogeneous linear equation 
is obtained from the general solution of the corresponding 
homogeneous equation with the aid of quadratures. To do 
this we employ the following device. 

In the general solution of the homogeneous equation we 
replace all arbitrary constants by unknown functions, then 
differentiate the expression obtained and subject the unknown 
functions to supplementary conditions that simplify the form 
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of the successive derivatives. Substituting the expressions of 
the derivatives y’, y", y’’’ and so forth into the given equa- 
tion, we get yet another condition imposed on the unknown 
functions. Then it proves possible to find the first deriva- 
tives of all unknown functions and it remains to perform 
the quadratures. 

This method is applicable to linear Se of any order 
both with constant and with variable coefficients. In Sec. 486 
it was applied to a first-order linear equation. Here, we con 
sider an equation of the second order: 


y+ P (x) y' + Q (x) y=R (2) (1) 


Let the general solution of the corresponding homoge- 
neous equation be 


Y=C1Q, (x) + Cogs (x) (2) 
We seek the general solution of Eq. (1) in the form of (2), 
now treating C, and C, as unknown functions of x. 
Differentiating (2), we find 
Y =CiPr (4) + Cade (2) +191 (x) + Cae (2) (3) 
We introduce the supplementary condition 


Ciqy (x) + Cas (x) =0 (4) 
Then the form of the first derivative is simplified and we 
have 


y’ =CyQ (x) + Caps (x) (5) 
Differentiating once again, we get 


¥ =Ci@r (2) +CaQs (x) + Cis (x) + Cage (x) (i) 


After substitution of expe sione (2), (5) and (6) into Eq. (1), 
all terms in C, cancel [because the function y=, (x) is 
a solution of the equation y”+ Py’ +Qy=0]; in the same 
wey all the terms containing C, cancel and we get one more 
condition: 


Ci (x) + CaP 34x) = R (2) (7) 
Conditions (4) and (7) permit finding the expressions of the 


derivatives Ci, Cy and it remains to perform the quadra- 
tures. 
Example. Consider the equation 


WY +y=tans (la) 
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The general solution of the corresponding homogeneous 
equation is 

y=C,cosx+C,sinx (2a) 
where C, and C, are arbitrary constants. We seek a solution 
of (la) in the form (2a), now treating C, and C, as unknown 


functions. 
Conditions (4) and (7) become 


Cy cosx+ Cz sinx=0, —C}sinx+(Czcosx-=tan x (3a) 
Whence we find 

C,=— tan x sin x, Co=sinx; 

C.= {- tan x sinxdx+ C3, C= sinxdx-+C, 
(Cs, C4 are constants). In the given case, the integration 


can be performed in terms of elementary functions. Substi- 
tuting into (2a), we get the general solution 


ca . . 
y=(In poe tsinz+Cs) cos x+(— cos x+C,) sinx = 
cos x . 
=cos x In Tranat©s cos x+C, sinx 


502. Systems of Differentlal Equations. Linear Systems 


A system of differential equations is a collection of equa- 
tions in several unknown functions and their derivatives, 
each equation having at least one derivative. In practical 
cases, one deals with systems where the number of equations 
is equal to the number of unknowns. 

A system is called linear if the unknown functions and 
their derivatives enter each of the equations only to the first 

owet. A linear system is of normal form when it is solved 
or all derivatives. 

Example 1. The system of differential equations 


dx 3 
ary t sh, (1) 
a 4x—2y 4 Att (2) 


is linear and is of normal form. 

In this example we have a linear system with constant 
coefficients (the coefficients of the unknown functions and 
their derivatives are constant). 
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We can eliminate from the linear system al! unknowns 
(and their derivatives), except one, by adjoining to it the 
equations derived by differentiation. The resulting equation 
will contain one unknown function and its derivative of first 
and higher order. This equation will also be linear and if 
the original system was a system with constant coefficients, 
then the higher-order equation thus found will have constant 
coefficients. 

Finding the unknown function of this equation, we sub- 
stitute its expression into the given equations and find the 
remaining unknown functions. 

Example 2. Solve the linear system of Example 1. 


Solution. To eliminate y and “, differentiate (1). This 
yields 

Wie ae ar oe (3) 

From Eq. (1) we find the expression of y in terms of ¢t, x 

and —— substituting into (2), we get the expression 4 in 


terms of the same quantities. Substituting this expression 
into (3), we get a second-order linear equation: 


Si4+ GH br = 31-11 (4) 


By the method given in Sec. 499 we find its general solu 
tion: 
x=Cyet Cet 1 (5) 


This expression is substituted into Eq. (1) and we find the 
second unknown function 


y= t+ Fa Cyet 4 aCe ttt (6) 


SOME REMARKABLE CURVES 


603. Strophold 


1. Definition and construction. The right strophoid)) (or 
simply strophoid) is defined as follows: take two mutually 
perpendicular straight lines AB, CD (Fig. 479) and on one 
of them take a point A; through this point draw an arbit- 
rary straight line AL intersecting CD at point P. On AL lay 
off segments PM,, PM, equal to OP (0 is the point of inter- 
section of AB and CD). The 
(right) strophoid is the locus 
of points M,, Me. 


Fig. 479 Fig. 480 


The oblique strophoid (Fig. 480) is constructed in a simi- 
lar manner but AB and CD intersect at an angle. | 

The strophoid was probably first considered by Rober- 
va}®) in 1645 under the name pteroid.*) The present name 
was introduced by Midi in 1849. 


1) From the Greek word meaning “to turn, twist”. 


2) Roberval is the pseudonym of the French scholar G. Persone 
(1602-1675) from the village of Roberval. He is one of the founders 
of the method of infinitesimals, invented scales named after him. 


3) From the Greek word meaning “wing”. 
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2. Stereometric construction. Imagine a cylindrical surface 
wiln axis CD (Fig. 479) and radius AO. Through point A 
draw an arbitrary plane K perpendicular to the plane of the 
drawing (the straight line AL is the trace of this plane). At 
the intersection we get an ellipse, the foci M,, Mg, of which 
describe a right strophoid. 

The oblique strophoid is built in similar fashion; but 
here the cylindrical surface is replaced by a conic surface, 
the axis of the cone (OS in Fig. 480) ee through O per- 
pendicular to AB; the straight line UV passing through B 
parallel to CD is one of the generatrices. The points My, Mg 
are foci of the corresponding conic section; the oblique stro- 
phoid lies on both sheets of the conical surface and passes 
through the vertex S of that surface. 

3. The equation in Cartesian coordinates (with origin at 
O, x-axis directed along the ray OB; AO=a, /£ AOD=a; 
when the strophoid is oblique, the coordinate system is ob- 
lique, the y-axis is directed along the ray OD): 


y? (x —a)—2x®y cos a+ x? (a+x)=0 (1) 
For the right strophoid, Eq (1) reduces to the form 


yar (2) 


The equation in polar coordinates (with pole O and polar 
axis OX): 
___ acos 29 
P= cos @ 


Rational parametric representation (u—tan @): 


ut—1 ut—1 
a (SH) ae eal (Sst) 

4. Peculiarities of shape. Point O is the node; the tan- 
gents to the two branches passing through O are mutually 
perpendicular (both for the right and the oblique strophoid). 
For the oblique strophoid (Fig. 480) the straight line UV 
serves as an asymptote (in the case of infinite recession down- 
wards). Besides, UV is tangent to the oblique strophoid at 
the point S, which is equidistant from A and B. 

In the right strophoid, the point of tangency S goes off. 
to infinity (recession upwards) so that the straight line UV 
(Fig. 479) serves as asymptote to both branches. 


1) The node of a curve is a point through which the curve passes 
two or more times in different directions. 
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5. The radius of curvature at the node of the right stro- 
phoid is 


Ry=aV 2=ON (Fig. 479) 


6. Areas and volumes of a right strophoid. The area S, 
of loop AOM, is 


1 
—9q?2 —~— 2 
S,;=2a 7 ma 


The volume V, of a solid generated by rotation of the 
loop about the x-axis is 


V,=na3 (2 In 2-7) = 0.166a5 
The area S, between the branches OU’, OV’ and the 
asymptote (this area extends to infinity but has a finite mag- 
nitude) is 
S,= 2a? ++ na? 


The volume of the solid generated by rotation of the 
figure U’OV’VU about the x-axis is of infinite magnitude. 


504. Cissold of Diocles 


1. Definition and construction. On the line segment OA=2a 
as diameter, construct a circle C (Fig. 481) and draw through 
A a tangent UV. Through O draw an arbitrary straight line 
OF intersecting UV at F; this aaa line will again inter- 
sect the circle C at point E. Lay off segment FM, equal to 
chord OF, on the straight line OF from point F in the di- 
rection of O. The curve described by point M when OF is 
rotated about O is called the cissoid of Diocles after the 
Greek scholar who lived in the second century B. C. and 
introduced this curve as a graphical solution of the problem 
of doubling (duplicating) the cube.” 

2. Historical background. Diocles defined the cissoid Dy 
means of a different construction. He drew the diameter B. 
perpendicular to OA; point M was found at the intersection 
of the chord OE and the straight line GG’ parallel to BD 
drawn from point G symmetric to E about BD. The Diocles 
curve therefore lay wholely within the circle C. It consisted 
of the arcs OB and OD. If curve BOD is closed by the se- 


In this problem it is required to find the edge of a cube whose 
volume is twice that of a given cube. 
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micircle BAD described by point E, we have a figure shaped 
like an ivy leaf. Whence the name “cissoid” (which in Greek 
means eee 

In about 1640 Roberval (and, later, Sluze')) noticed that 
the cissoid continues without bound beyond the limits of the 
circle if the point E also describes the other semicircle BOD; 
then M lies on the continuation 
of the chord OE. However, the 
name “cissoid of Sluze” that 
Huyghens suggested did not 
stick. 

3. Equation in rectangular 
coordinates (with origin at O, 
axis of- abscissas the x-axis): 

xi 
ea rer 

In polar coordinates (with 
pole O, polar axis OX) we have 


__ 2a sin? 
~~" "cos p 


The rational parametric rep- 
resentation (u=tan 9) is 

___2a ____2a 

=e Yaa) 

4. Peculiarities of shape. The 
cissoid is symmetric about OA, 
passes through points B, D Fig. 481 
and has asymptote UV (x=2a); 

O is a_cusp-point®) (radius of curvature R y=0). 

Construction of tangent. To construct a tangent to the 
cissoid at its point M, draw MP | OM. Let P, Q be points 
of intersection of MP and the straight lines OX, OY. Lay off 
from point P on the continuation of segment QP a segment 
PK=PQ. Construct KN ||MO and ON || QP. Join M and 
the point N of intersection of KN and ON. The straight 
line MN is the normal to the cissoid. The desired tangent 
MT is perpendicular to MN. 

5. The area S of the strip between the.cissoid and its 
asymptote (this strip extends to infinity) is finite; it is three 


1) René F. W. de Sluze (1622-1685), Dutch scholar, follower of 
Descartes. 


2) For a definition of cusp-point see Sec. 507, Item 4. 
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times the area of the generating circle C: 
S=3na? < 


6. The volume V of the solid of revolution of the above- 
indicated strip about the asymptote UV is equal to the vo- 
lume V’ of the solid of revolution of the circle C about the 
same axis (Sluze): 

V=V' =2nias 


When this strip is rotated about the axis of symmetry 
we get a solid of infinite volume. 

. The centre of gravity H of the strip between the cis- 
soid and its asymptote UV divides the segment OA in ‘he 
ratio OH:HA=5:1 (Huyghens). 

8. Relationship with parabola. The locus of the feet of 
perpendiculars dropped from the vertex of a parabola (y? = 2px) 
onto its tangents is the cissoid 


3 
(0=-E5) 
ooo 


605. Leaf of Desca-tes 


1. Historical background. In 1638 Descartes, in an attempt 
to refute Fermat’s rule (which he misunderstood) for finding 
tangents, suggested that Fermat 
find the tangent to the line 
x34 y3=nxy. In our ordinary 
interpretation of negative coor- 
dinates, this curve, which in the 
18th century was given the name 
of the folium of Descartes (leaf 
of Descartes), consists of a loop 
OBAC (Fig. 482) and two infinite 
branches (O/, OL). But it was 
Huyghens who first (1692) rep- 
resented it in this form. The 
curve x8-+y8=nxy had up till 

Fig. 482 then been depicted in the form 

of four petals (one of these being 

OBAC) symmetrically arranged in the four quadrants. It 
was thus given the name “flower of jasmine”. 

2. The equation of the leaf of Descartes is usually writ- 


ten as 
x8 + y= Bary (1) 
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The coefficient 3a expresses the diagonal .of the square 
whose side is equal to the largest chord OA of the loop so 
that 

___3a 
A= (2) 

In polar coordinates (with pole O and polar axis OX) the 

equation is 


__ 8a cos g sin g 
“eos? p+sin®? o (3) 


The rational parametric representation (u=tan q) is 


3au 3au* 
=e? YT (4) 


Peculiarities of shape. Point O is a node. The tangent 
lines passing through O coincide with the coordinate axes. 


Fig 483 


The straight line OA (y=x) is the axis of symmetry. The 
point A (F . 3 farthest from the node is called the vertex. 


The straight line UV (x+y+a=0) is the asymptote of both 
infinite branches. 

3. Equation with respect to the axis of symmetry. If the 
axis of symmetry OA is taken as the x-axis and if we direct 
the x-axis from the node O (origin) to the asymptote UV 
(Fig. 483), then the leaf of Descartes will be given by the 
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= l+x 
y=t rf BE (5) 
=0A. 


The corresponding equation in polar coordinates is 
__1 (sin? @—cos? @) 
“~ 3 sin? o+cos? @ 


equation 


3a 
l = 
where Va 


The rational parametric representation (u=tan @) is 


_ 7, wal __, u(ut-1) 
teloayi 9=! Sarat 
aes 3a t 
¢ f t : at ert . — =—: 
4. Radius 'o — ure: at the vertex, Ry SVE at 
a Ll 
the node, Ro= 7 =7F - 


5. The area S, of the loop and the area S, (infinite) of 
the strip between the infinite branches and the asymptote 
are equal and are given by the formula 


S,=S,= > a—()" 


6. The largest diameter of the loop is 
BC=-= V2V 3—3 w 0.4481 
Its distance from the node is 
DO=LY 3x 0.5771 


7. Construction. To construct a leaf of Descartes with 
diameter of loop J, draw a circle A of radius AO=/ and 
a straight line GH parallel to AO. Then draw straight li- 
nes AA’ and OE perpendicular to AO and mark the points 
A’, E of their intersection with GH. Finally, lay off on ray 
OA the segment OF=30A and draw the straight line FE. 
The required line is now constructed from points as follows. 

Through O draw any straight line ON and through point 
N where this line meets (a second time) the circle draw. 
NQ || AA’. Join point Q, where NQ intersects the straight 
line OF, to A’ and mark the point K where QA’ inter- 
sects FE. Draw the straight line AK to intersection with the 
straight line GH at the point Q’. Finally, lay off on the 
straight line OA the line segment OP, equal to segment A’Q’ 
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and in the same direction. The straight line M,M, drawn 
through P parallel to AA’ will intersect the straight line ON 
at point M,. This point (and also point M, which is sym- 
metric to it about AO) belongs to the sought-for line. 
When point N emanating from O traverses circle A coun- 
terclockwise, point M, describes the trajectory LOCABO/. 


506. Verslera 


1. Definition. Let there be constructed (see Fig. 484) on 
a segment OA=a (as diameter) a circle and let the half- 
chord BC be continued to point M defined by the proportion 


BM:BC =0A:0B 


When point C traverses the circle OC,C,, point M descri- 
bes a curve called the witch of Agnesi or versiera, after the 
Italian scholar Donna Maria Gaetana Agnesi (1718-1799) 
who considered this curve in a manual on higher mathematics 
(1748) that was widely used in its day. 


Fig. 484 


2. Construction. Agnesi suggested the following simple 
construction of the versiera. Let L be the point of intersec- 
tion of the straight line OC and the straight line UV tan- 
gent to the given circle at the point A (vertex of the ver- 
siera). Draw straight lines LM||AO and CB|| AL. The 
point M of intersection of LM and CB lies on the versiera. 
In doing the construction, it is well to bear in mind the pecu- 
liarities of the shape of the versiera {see below). 
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3. The equation (with origin at O; the tangent line X’X 
to the generating circle at point O is the x-axis) is 


ae 
=e 
y a? +x? 


(a=OA is the diameter of the generating circle). 

4. Peculiarities of shape. The diameter OA is the axis of 
symmetry of the versiera, which lies entirely on one side of 
the straight line X’X. This line is asymptotic to the ver- 


siera. The versiera has two points of inflection: M, Ga , 
=) ; my (— a =) They are constructed as indicated 
4 : V3 4 : 


above if point C is brought to coincidence with one of 
the points Cy, Cz ( AC,=AC, =F . The angles a,, a, 
made by the tangents M,F, MsF with the axis X’X are 


found from the formula tan a,.=F To construct the 
tangent lines M,F, M,F, it is sufficient to lay off the segment 
AF=+ on the continuation of the diameter OA. 


At the vertex A, the centre of curvature K of the ver- 
siera coincides with the centre of the generating circle so 


that the radius of curvature Ra=AK=>. Therefore near 


the vertex A the versiera is practically coincident with the 
circle. 

5. The area S of the infinite strip between the versiera 
and its asymptote is equal to four times the area of the ge- 
nerating circle: S= a? (cf. Sec. 327, Example 4). 

6. The volume V of the solid of revolution of the versiera 
about the asymptote is equal to the doubled volume V, of 
the solid of revolution of the generating circle about the 
same axis: 


mas m?q? 
- Penge WG 
The solid of revolution of the versiera about the axis of 
symmetry has infinite volume. 

7. Historical background. The curve given by the equa- 


tion y= is first encountered in Fermat's works. In 


the thirties of the 17th century he found the area bounded 
by an arc of this curve, by two ordinates and the axis of 
abscissas (at that time the problem was of considerable dif- 
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ficulty since methods of integration were just being develo- 
ped). A construction of the versiera and a number of its 
properties were given in 1718 by the Italian scholar G. Grandi, 
who gave it the name “versiera”. In Italian this word means 
“witch”, and Grandi, undeterred by the ambiguity of the 
word, generated the term sinus versus (versed sine): in 
Grandi’s day, the segment BC was called the sine of the 
arc OC, and the segment BA was called the versed sine. 
The curious name of witch of Agnesi which is still encoun- 
tered in .mathematical works apparently has no historical 
justification. 


507. Conchold of Nicomedes 


1. Historical background. Nicomedes, an ancient Greek 
scholar who lived between 250 and 150 B.C., gave the name 
conchoid to the curve (PAQ in 
Fig. 485) because of its si- 
milarity to the shape of a mussel 
shell. He introduced this curve 
as a graphical solution to the 
problem of trisecting an angle a. 

As we now know, this prob- 
lem can be solved with stra- 
ightedge and compass. only 
for a specially chosen angle a 


oe example for a= ). Thus, 
the problem of  trisecting an 


Y, 


Kv 


angle a= cannot be solved ~ 


with straightedge and compass 
alone (that is, if we construct 
only straight lines and circles). 
However, the problem can be 
solved if we invoke other cur- 
ves, for instance the conchoid. 
To construct it, Nicomedes built 
a special instrument called a 
conchoidograph. “ay 
2. Definition and  construc- Pig. 485 

tion. Given: point O (pole), 

a straight line UV (base line) and a segment |. From the 
pole O (Fig. 485) draw an arbitrary straight line ON which 
intersects the base line at point N. On ON lay off, on 
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either side of N, the line segments NM,—=NM,=I. The 
locus of the points M,, Mg is now called the conchoid of 
Nicomedes. The curve described by the point lying on the 
continuation of the seg:nent ON beyond point N (point M, 
in Fig. 485) is called the outer branch of the conchoid; the 
curve described by the other point (M, in Fig. 485) is cal- 
led the inner branch. 

Note. Nicomedes himself (and later mathematicians up to 
the end of the 17th century) gave the name conchoid to 
the curve which is now termed the outer branch. The inner 
branch was regarded as a special curve and was called the 
second, third. or fourth conchoid, depending on the pecu- 
liarities of its shape (see below). ») 

3. The equation (with origin at the pole O, the x-axis 
directed along the ray OB, and point B as the projection 
of the pole on the base line) is 


(a)? (x8 + y) ltt (\) 


mee a (=OB) is the distance from the pole to the base 
ine. 

Strictly speaking, this equation represents a figure consi- 
sting of two branches of the conchoid and the pole O, which 
may not belong to the locus defined above (see Fig 487 
below). 

The equation in polar coordinates (with pole O and polar 
axis OX) is 


P=aegt! (2) 


where @ varies from a value gp to @g+2x, and the point 
M (p, @) describes both branches of the conchoid. When @ 


passes through the value = the point M makes a jump 


from the outer branch to the inner branch (goes to infinity 
upwards and “appears” irom below). The transition is simi- 


lar for g=2 from the inner branch to the outer branch. ®) 


‘) Taken separately, nefther the outer branch nor the inner branch 
can be repre es by an algebraic equation. 

8) In Eq. (2). the radius vector p takes on both positive and ne- 
gative values (see Sec. 73, Note 2). To avoid this, we can use the 
equation p = cosy + ! in place of (2). However, when / >a (Fig. 485) 
positive values of p on the inner branch are attained because when Mg 
passes through the nodal point its polar angle @ jumps by +x. As 
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Unlike Eq. (1), Eq. (2) represents a figure containing 
cal shoe points which satisfy the definition of the con- 
choid. 

The parametric equations are 


x=a+lcos@, y=atang+/sing (3) 


4. Peculiarities of shape. The conchoid is symmetric about 
the straight line OB; this line intersects the conchoid at 
point O and at two other points: A, C (vertices). The base 
line UV is asymptotic both to the inner and the outer branch. 
The shape of the conchoid (its inner branch) is essentially 
dependent on the relationship between the segments a (= OB) 
and /(= BA). 

(1) When /:a > 1 (Fig. 485), the inner branch has a loop 
(OCM,); the point O is a node. 

The slope of the tangent lines OD, OE at the node is 


V [?~@? 


a 


tan a=+ 


To construct tangents at the point O it suffices, at points D 
and E on UV, to strike arcs of radius / from the centre O. 
The greatest diameter GH of the loop is 


GH =2(la'/s—al'/*):( 1/24 -a"/1)"/2 (4) 


It is associated with the abscissa xg=OF =(i?a)'/*—1 and 


the polar angle gg, defined by the formula cos pg=—(a:1)'/*. 
In Fig. 485, where /[:a=2, we have 


GM = l|.lla, xg ~—0.59a, cos pg=— i/05, 
Qg 7 142°30’ 


(2) When [:a=1 the loop of the inner branch shrinks to 
the pole O and becomes a cusp" (Fig. 486); the tangent at 
this point coincides with OX. 


a result, the range of the angle @ consists of the interval (-}- 


2 
+F) and of some portion of the interval ++ . +) Besides, 
for certain values ol @ we have to take both signs + in iront of é, 
for other values, only the plus sign. 

‘) A cusp of a curve is a point on the curve such that the direc. 
tion of motion along the curve is reversed in the form of a Jump. 
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(3) When /:a < 1, the inner branch does not pass through 
pole O (Fig 487); this point is an isolated point of 
curve (1). 

5. Points of inflection. There are two points of inflection 
P, Qon the outer branch (Figs. 485-487). On the inner 
branch, there are points of inflection (P’, Q’ in Fig. 487) 


v v 
Fig. 486 Fig. 487 


only when the pole is an isolated point. The abscissa x, of 
the pair of points P, Q and the abscissa xg of the pair of 
points P’, Q’ may be found from the equation 
x3 — 3a%x + 2a (a? — [?) =0 (5) 
(1) For /:a > 1 (Fig. 485), Eq. (5) has a unique root x, 
lying between a V 3(=OR) and a+/(=OA) and the closer 
toaV 3, the less J:a differs from 1. Thus, for l:a=2 
(Fig. 485), Eq. (5) is of the form (+)°-3(4)- 6=0. 


a 
The root x, lies between a VY 3 and 3a. Utilizing these 


5) A point of a locus is called an isolated point (with respect to 
that locus) if it is the centre of acircle within which there are no 
points of the given locus. 


SOME REMARKABLE CURVES 769 


boundaries and applying (twice) the formulas of Sec. 291, we 
find 


x = 2.35a (=OS) 


(2) For l:a=1 (Fig. 486), Eq. (5) assumes the form 
x3—3a’x=0. It has three real roots x,—aV 3, x,=0, 
X3=—a Y 3. The first yields the abscissa OR of the points 
of inflection P, Q; the second 
is associated with the cusp O; 
the third is not associated with 
any point of the conchoid. 

(3) For t:a <1 (Fig. 487), 
Eq. (5) has three real roots, 
of which the first x,(=OS) 
lies between a(=OB) and 
aV 3(=OR); neither does it 
exceed the line segment a+ 
+1(=0OA). The second root 
X_(=O0OZ) lies between a—l 
(=OC) and a (both roots are 
the closer to a, the less l:a 
differs from zero). The third root 
X3 is negative. The root x, gives 
the abscissa of the points P, Q; 
the root x2, the abscissa of the 
points P’, Q’. The root x, is not 
associated with any point of the 
conchoid. Thus, for /:a=0.5 (Fig. 487) we have the equation 


(+)’-3 (4)+15=0 


Between a and a+/=1.5a lies the root x, ~ 1.38a(=OS), 
which yields the points of inflection P, Q. Between a—/ = 
= 0.5a and a lies the root x, ~ 0.57a(=OZ); it yields the 
points P’, Q’. The third root (x3 ~ Bae is negative. 

6. Property of the normal. The normal to a conchoid at 
a point M (Fig. 488) passes through the point N’ of inter- 
section of two straight lines, one of which is a perpendicu- 
lar to OM drawn through the fe O and the other is a per- 
pendicular to the base line UV drawn througn the point N, 
where UV meets OM. 

7. Construction of a tangent. In order to build a tangent 
to a conchoid at a point M, join M and the pole O. Through 
the point N of intersection of the straight lines OM, UV 


Y 
Fig. 488 
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draw a straight line NN’ | UV and through the pole O a 
straight line ON’ |OM. Join the point N’ of intersection of 
these straight lines to M. The straight line N’M will be the 
normal to the conchoid. Drawing MT|.N'M, we get the 
desired tangent line. 
8. Radii of curvature at the points A, C, O: 
__ (+a)? __ (la)? _ iV =ai 
Ra=—, Re=—. Ro=—yZ 
Thus, for !==2a (Fig. 485) 
Ra=4.5a, Rce=0.5a, Rg=a}3 


9. The-area between the asymptote and one of the bran- 
ches of the conchoid (outer or inner) is infinite. 
The area S of the loop is 


S=a V ?—a?—2al In 
Thus, for [2a (Fig. 485) 
s=a| ¥3—4 In(2+V3)+ + x | x 0.65a? 


10. Generalized conchoids. If in place of the straight line 
UV we take a curve L and otherwise retain the definition 
‘af the conchoid of Nicomedes, we get a new curve called 
the conchoid of the curve L with respect to the pole O 

An instance of a generalized conchoid is the limagon of 
Pascal (see Sec. 508). 


14+ V1—a? 


2 se. 
a + larccos 7 


508. Limacon. Cardiold 


1. Definition and construction. Given: point O (pole), a 
circle K of diameter OB=a (Fig. 489) passing through the 
pole (base-circle; it is shown dashed in the drawing), and the 
line segment /. From the pole O draw an arbitrary straight 
line OP. From point P, where the straight line OP intersects 
the circle a second time, lay off, on both sides of P, the 
line segments PM,=PM,=1. The locus of the points M,, 
Mz (heavy line in Fig. 489) is called the limagon of Pascal, 
in honour of Etienne Pascal (1588-1651), father of the ce- 
lebrated French scholar Blaise Pascal (1623-1662). 

The term “limagon (i.e. snail) de monsieur Pascal” (Pas- 
cal’s limacon) was suggested by Roberval, a contemporary 
and friend of Pascal. Roberval regarded this curve as one of 
the types of generalized conchoid (see Sec. 507). 
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NW" 
Fig. 489 


2. The equation (with origin at the pole O, x-axis direc- 

ted along the ray OB) is 
(x? + y? —ax)? = I? (x? + y?) (1) 

Strictly speaking, this equation is a figure consisting of 
Pascal’s limagon and of the pole O, which may not belong 
to the above-defined locus (such is the case for curves 3 and 
4 in Fig. 489). 

The equation in polar coordinates (with O as pole and 
OX as polar axis) is 


p=acos p+l (2) 


where @ varies from a value gy to @y+2n. 


1) For | <a (heavy line in Fig. 489), the radius vector p can 
assume both positive and negative values. To avoid this, we can 
take advantage of the equation p=/+a cos g. However, this entails 
certain inconveniences similar to those pointed out in the footnote 
relating to Item 3 of Sec. 507. 
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In contrast to (1), this equation represents a figure con- 
taining only those points which satisfy the definition of 
Pascal’s limacon. 

The parametric equations are 


x=a cos? p+/ cos @, 
sae ; (3) 
y=asin @cos @+ sing 


The rational parametric representation (4=tan az) is 


1-u? 
x= pap +a) +4? (!—a)], ss 


Y= ram MU +a) +48 (Ia) 


3. Peculiarities of shape. Pascal's limacon is symmetric about 
the straight line OB. This line (the axis of the limacon) in- 
tersects the limacon: (1) at the point O (if this point belongs 
to the limagon); (2) at two points A, C (vertices). The shape 
of the line depends on the relationship tetween the segments 
a (=OB) and |(=AB=BC). 

(1) When l:a <1 (curve / is heavy; for it l:a=1:3), 
Pascal's limagon intersects itself at the node O 

! Var-i? 
(61,2=0, coogi e=——>, sing, »=+— f) 
forming two loops: an outer Joop OHA,GO and an inner 
loop OH'C,G’O. The slope of the tangent lines OD, OE at 
the nodal point is 


tana=4@F (42 V9 


To construct tangents it suffices to draw chords OD, OE of 

length / in the circle K. The points G, H of the outer loop 

most distant from the axis are associated with the value 
Vit48at-I 


an (= 0.62) 


To the most distant points G’, H’ of the inner loop there 
corresponds the value 


cos P= 


cos gan eo (= 0.80) » 


‘) Thus, the polar angle of point G’ is the angle between OX and 
ee ray opposite the ray OG’, and not the angle XOG’ (see Sec. 73, 
ote 2). 
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The corresponding value of the radius vector is 


—-Vi248a?+31 


Pg =acos Gq + {=——,——-_ (= —0. 45a) 


(2) When /:a=1 (curve 2 in Fig. 489), the inner loop 
shrinks to the pole and becomes a cusp where motion along 
the ray OX is reversed. The points L, N farthest from the 
axis are associated with the values 


1 3 3 aV3 
=F" P= 7% xs=74 y=Ht 7 a 


Curve 2 is called a cardioid (heart-shaped, the term was 
first used by de Castillon in 1741). It is shown separately 
in Fig. 490. 

(3) When | < l:a < 2 (curve 3; for it /:a==4:3), Pascal's 
limagon is a closed curve without self-intersection; it tears 
itself away from the pole and encloses the latter. Points 
L’ and N’, farthest from the axis, are associated with the value 

Vi+8a?- 1 V99-2 
cos p=—j-———|| = 3 
cusp and acquires inflection 
points R, Q, to which cor- 
responds the value cos pp= 


= aa The angle 
ROQ (=2n— 29R), at which 
the segment RQ is seen from 
the pole, at first increases 


from zero to 2 arccos i) 


~0.45 ). The limagon loses the 


(~ 39°40’) as l:a increases. 
To this value there corres- 
ponds /:a= Y 2. As /:a incre- 
ases further, the angle ROQ 
decreases and tends to zero Fig. 490 

as l:a —> 2. 

(4) For /:a=2, the inflection points vanish, merging 
with the vertex C (the curvature at C becomes zero). The 
limagon becomes oval in shape and retains that shape for 
all values of /:@ > 2 (curve 4; for it /:@=7:3). The points 
L’, N”, which are farthest from the axis, are associated with 


the value 
V 1*+8a!-1 1 
ct aca ued 


774 HIGHER MATHEMATICS 


4. Property of the normal. The normal to Pascal's limagon 
at a point M (Fig. 490) passes through the point N of the 
base-circle K, which is diametrically opposite to the point 
P, where OM meets the base-circle. 

5. Construction of a tangent. To construct a tangent line 
to Pascal’s limacgon at a point M, join M and pole O. Join 
N of the base-circle K, which is diametrically opposite to 
point P, to M. The straight line MN will be the normal to 
the limacon. Drawing MT_| MN, we get the desired tangent 
line. 

6. The radius of curvature at points A, C, O is 

__(t+a)? __ (ta)? a ape 
Ra=T3a  Re=paaq |S Ro= TF VAP 

The last expression assumes that /<a (for / >a, the 
point O is isolated from the limacgon). In particular, for the 
cardioid ({=a, points O and C coincide) we have 

Ra=— 4, Rco=Ro=0 


7. Areas. The area S described’ by the radius vector of 
the limacgon in one complete rotation is 


S=(qa+h)a (5) 


(Roberval). 

In the absence of a loop (/2=a), S expresses the area 
bounded by the limagon. In the case of a loop, we have the 
equation 


S=S,+S, 
where S, is the area bounded by the outer loop (including 


the area of the inner loop), S, is the area of the inner loop 
alone; separately, the areas S,, S, are expressed as 


S=(7% +!) at +! Va—p (5a) 
where = alccos ‘Gear 


eee et! Vee (5b) 


l 
where g2=arccos ais 
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For the cardioid 
S(=S,) = nat 


That is, the area of the cardioid is equal to six times the 
area of the base-circle. 

8. In the general case, the arc length of Pascal’s limacon 
is not expressible in terms of elementary functions. For the 
cardioid, the arc length s reckoned from vertex A (p=0) is 

+. ® 
s= 4a sin > 

The length of the entire cardioid is 8a, i. e. it is equal 
to eight times the diameter of the base-circle. 

9. Relationship with circle. The locus of the feet of per- 
pendiculars dropped, from some point O, onto tangents to 
a circle of radius r centred at B is Pascal’s limacon. If 
point O lies in the plane of the circle B, then O is the pole 
of the limacon, the base-circle is constructed on the seg- 
ment OB=a as diameter; the constant line-segment /, which 
is laid off on the polar ray, is equal to the radius r of 
circle B. 

When point O lies on circle B, Pascal’s limacon is a 
cardioid. 


509. Cassinian Curves 


1. Definition. A Cassinian curve is the locus of points M 
for which the product MF,-MF, of the distances to the ends 
of a given segment F,F,—2c is equal to the square of the 


given segment a: 
MF,-MF,=a? 


The points F,, F, are called foci; the straight line FF, is 
called the axis of the Cassinian curve; the midpoint O of the 
segment FF, is the centre. : 

2. Historical background. The celebrated astronomer Gio- 
vanni Domenico (Jean Dominique) Cassini (1625-1712) be- 
lieved that the curve bearing his name was capable of repre- 
senting the earth’s orbit better than an ellipse. This became 
known in 1749 from a publication of Cassini, Junior (also 
a notable astronomer). Although the Cassini hypothesis was 
not vindicated, the curve he discovered became the subject 
of numerous investigations. It is often called the oval of 
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Cassini, though actually it is not always oval in shape” 
(see below). 

3. Construction. On F,F,==2c as a diameter (Fig. 491) 
construct a circle O. On its tangent F,K take a segment 
F,K=a. Laying off from point O segments OA, and OAg, 
equal to OK, on the axis F,F,, we get the points A,, A» of 
the Cassinian curve which are farthest from the centre 
(0A, =0A,= Vc +a%). 


Fig. 491 


If a<c, as in Fig. 491, then we additionally construct 
acircle of radius a with centre at O (shown dashed in Fig. 491) 
and draw from A, to it a tangent line A,T. At the inter- 
section with the base-circle O(c) we get points Po, Qo. From 
one of the foci, say F,, lay off, in the direction of O, line- 
segments F,B,;=A,P, and F,B,=A,Q5. We get points B,, Bz 
which are least distant from the centre (OB, =OB,= V c? —a?) , 


But if ac, the least distant points C,, C, (Fig. 492) 
lie on the axis of symmetry OY of segment F,F, at a distance 
of F,C, = F,C, =a from the foci F,, F, (OC, =0C,= V a?¥— 2). 

The points A,, A, and By, By (or Cy, C,) are called the 
vertices of the Cassinian curve. 

Through the point A; (or A.) draw (Fig. 491) an arbitrary 
secant line A,PQ of the base-circle O(c); in the case of a < c, 


4) An oval is a plane closed curve with the property that a straight 
line cannot have more than two common points with it. An oval curve 
cannot have points of inflection, cuspidal points, or nodal points. 
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we confine ourselves to those secants which also intersect the 
supplementary circle O(a). From focus F, as centre describe 
a circle of radius r=A,P, and from Fy a circle of. radius 
r’=A,Q. Their points M,, Mg, of intersection belong to the 
Cassinian curve. Interchanging points F, and F2, we get one 
more pair of points M3, M,. The desired curve is the locus 
of the points M,, Mz. M3, Mg. 
4. The equation (with O as origin and F,F, as axis of 
abscissas) is 
(x?-+- 42)? 2c? (x?-y?) =at—et (1) 


The equation in polar coordinates (with O as pole and OX 
as polar axis) is 
p4—2c2p? cos 2p + c# —a*=0 (2) 
or 
p?=c? cos 29 + Vat—c sin? 29 (3) 

The double sign is taken when a < c, otherwise we take 
the plus sign only (or p would be imaginary). 

5. Peculiarities of shape. The Cassinian curve is symmetric 
with respect to the straight lines OX and OY and, hence, 
about the point O. 

For a <c, the Cassinian curve consists of a pair of sepa- 
rated ovals. (In Fig. 492, the pair of ovals L,, L; correspond 
to the value a—0.8c; the pair Ly, L3, to the value a=0.9c.) 
For a> c, this is a closed curve (for a=I.lc the curve L,, 
for a=c V 2 the curve L;, for a=cV 3 the curve L,). 
In the boundary case, a=c, the Cassinian curve is the lem- 
niscate L3 (cf. definition of the lemniscate). When increasing 
‘a tends toc, the vertices A;, A, tend to coincidence with 
the vertices N,, No of the lemniscate, and the vertices B,, By 
with the nodal point O; the right oval converts to the right 
loop of the lemniscate, and the left one to the left loop of the 
lemniscate. 

The segment a increases; when it exceeds ¢, but is less 
thannc VY 2(c<a<cV 2), the Cassinian curve (L, in 
Fig. 492) acquires four symmetrical points of inflection D,, 
D2, D3, Dy; though closed, it is not an oval.” The curvature 
at the vertices C,, C, is infinitely large for infinitesimal a—c. 
But when a increases and tends toc VY 2, the curvature at 
the points C,, C, tends to zero. 


') Some straight lines, like, for example, D,D,, intersect the 
Cassinian curve at four points. 
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The boundary Cassinian curve corresponding to the relation 
a=c V 2(L, in Fig. 492), and all the other curves (a>c V 2) 
are ovals. But the boundary oval has zero curvature at the 
vertices F,, E, (at these points, the points of inflection of 
the curve L, are pairwise coincident, while at the points of 
inflection the curvature is always zero). 


Fig. 492 


6. Greatest diameter. For a==c Y 2, that is, for all ovals 
exterior to the boundary oval L;, the greatest diameter 
G,G,==2 V a?—c? lies on the y-axis. Now any Cassinian curve 
lying inside the boundary oval (both interior and exterior to 


the lemniscate) has two greatest diameters K,K,=K3K,=2 


2c° 
They are symmetric about OY and are distant 


V 4c*—a* 


OKy= 2¢ 


from the centre O. Their extremities Ky, Ky, Ks, Kg lie on 
the base-circle O, which is the locus of those points at which 
tangents to the Cassinian curves are parallel to the x-axis. 
Each such tangent is “double”, i. e. it touches the Cassinian 
curve at two points K,, Ks symmetric about OY. 
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7. Radius of curvature: 


___ 2atp® ms a'p 
Re aor 3p*_p? +c? cos 2g (4) 


In particular, at the vertices A(p=Vc?+a%, p=0), 
B(p=V c—a?, p=0), C (p=Va—a, e=s) : 


R __atVct+a? R __atVct=a? Rea aaa 
A~Rci+a?* B=~"9c?-at’ C~Tat—2c8 | 


8. Points of inflection. The polar coordinates of the inflec- 
tion points D,, Dz, Ds, Dg are defined by the formulas 


Pp= V2, cos 29p=-Y + (4-1) (5) 


The locus of the points of inflection is a lemniscate with 
vertices E;, E, (not indicated in the figure). 

9. Construction of a tangent. In order to construct a tan- 
gent line to a Cassinian curve at a point M (Fig. 491), extend 
the segment F,N beyond point N to a distance NF=NF,. 
Through points F and F, draw straight lines FH and FH, 
perpendicular respectively to FyN and F,N. Then join their 
intersection point H to N. The straight line NH is the de- 
sired tangent. 

If the straight lines FH, F.H intersect at an inaccessible 
point, then the segments NF, NF, may be decreased propor- 
tionally. 


510. Lemniscate of Bernoulli 


1. Historical background. In 1694, James Bernoulli, » in a 
paper devoted to the theory of tides, utilized as an auxiliary 
device a curve which he specified by the equation x?-+ y? = 


=a V x?—y?. He noted the similarity of this curve (Fig. 493) 


and the figure eight or the bow of a ribbon to which he gave 
the name lemniscus (a pendent ribbon), whence the name 
lemniscate. The lemniscate became popular in 1718 when the 
Italian mathematician G.C. Fagnano (1682-1766) established that 
the integral which represents the arc length of the lemniscate 


1) James Bernoulli (1654-1705), famous Swiss mathematician, 
pupil and associate of Leibniz in elaborating the infinitesimal calculus 
and its applications. The founder of the theory of probability in which 
he formulated and proved the theorem bearing his name (“law of large 
numbers”). 
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is not expressible in terms of elementary functions, and ne- 
vertheless the lemniscate may be divided (by straightedge and 
compass) into n equal arcs, provided that n=2” or 3-2” or 
5-2", where m is any positive integer. 

The lemniscate is a particular case of the Cassinian curve 
(Sec. 509, Item 6). However, though the Cassinian curves were 
widely known from 1749 onwards, it was only in 1806 that 
the Italian mathematician Saladini established the identity 
of “Cassini’s figure-of-eight” and Bernoulli’s lemniscate. 


Fig. 493 


2. Definition. The lemniscate is the locus of points for 
which the product of the distances to the ends of a given 
segment F,F2=2c is equal to c?. The points Fy, F, are called 
the foci of the lemniscate; the straight line FFs, is called 
its axis. 

3. The equation (with origin O at the midpoint of seg- 
ment F,F, and axis OX directed along F,F;) is 


(x? + y?)? = 2c? (x? — y?) (1) 
The polar equation (with O as pole and OX as the polar 
axis) is 
p? = 2c? cos 2p (2) 
The angle @ varies in the intervals (=F =) and 
(¥) 7) 
7° 4o/} 
Rational parametric representation: 
xc VPA yacV2 4 (mw <u<to) (3) 


l+ut? 
where the parameter u is connected with @ by the relation 
u?=tan (7-9). ‘ 
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4. Construction. We can use the general method of con- 
structing Cassinian curves, but the method given below 
‘Maclaurin’s) is simpler and better. Construct (Fig. 493) a 


circle of radius Te with centre at point F, (or F,). Draw 


an arbitrary secant line OPQ and lay off on it, on either 
side of O, segments OM and OM, equal to the chord PQ. 
Point M will describe one of the loops of the lemniscate, 
point M, the other. 
5. Peculiarities of shape. The lemniscate has two axes of 
symmetry: the straight line F,F,(OX) and the straight line 
OX. Point O is the node; both branches have an 
inflection here. The tangents at this point form with the 


x-axis angles +. Points Ay, A, of the lemniscate which 


are farthest from the node O (vertices of the lemniscate) lie 
on the axis F,F, at a distance c V2 from the node. 

6. Property of the normal. The radius vector OM of the 
lemniscate forms with the normal MN an ancl y(Z OMN=y), 
which is twice the polar angle p(= 7 XOM): 


y= Z OMN=29 
In other words, angle ~ XNM=B between the x-axis and 
the vector NN’ of the outer normal of the lemniscate at 
point M is equal to three times the polar angle of point M: 
B=3@ 
7. Constructing a tangent. To construct a tangent line to 
the lemniscate at point M, draw a radius vector OM and 


build “OMN=2 ¢ XOM. The perpendicular MT to the 
straight line MN is the desired tangent line. 


8. The greatest diameter BC= + F,F,=c (Fig. 493) ser- 
ves as the base of an equilateral triangle with vertex O. 
9. The radius of curvature is 
R= a 


10. The area S of a polar me A,OM is 
S(p) = sin 29=0K-F\K 


(K is the projection of focus F, on the vector radius OM). 

In other words, a perpendicular F,K dropped from a focus 
of the lemniscate on an arbitrary vector radius OM _ bisects 
the area of the sector A,OM. 
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The area of each loop of the lemniscate is 2S a =c?. 


11. Relationship with hyperbola. The locus of the feet of 

aaa eget dropped from the centre O of an equilateral 

yperbola with vertices A,, A», on its tangents is a lemnis- 
cate with those vertices. 


611. Spiral of Archimedes )) 


1. Construction. To construct an Archimedean spiral with 
given parameter k, draw from centre O (Fig. 494) an arbit- 
rary circle,’ say a circle of radius ON=k. ® 

Divide it by the points bo, by, be, bs, ...% into an 
arbitrary number n of equal arcs (we took n=12). On ray 
Ob, lay off segment OA,=—2nk (the lead of the spiral). 
Divide it into the same number of equal parts, On rays 


0b, Obz, Obs, ... lay off segments OD,= -—-0A,; OD, = 


== 0A,, ... . We get points D,, Dy, Ds, ... of the first 


revolution of the spiral. Points £,, E,, Es, ... of the second 
revolution are obtained by laying off, on extensions of the 
segments OD,, OD2, OD3, ... , the segments D,E,, DyF>, ... 
equal to the lead OA,. We get the points of subsequent 
circuits in similar fashion. 

2. Peculiarities of shape. Any ray OQ with origin at the 
pole O has, besides O, an infinity of points Q;, Qs, ... 
which are common to the spiral. Two successive points 
Q;, Q;+1 are spaced by the lead a (= 2k). The tangent to 
the spiral at point O coincides with the initial straight line 
OX (this is good to bear in mind when constructing a spiral). 
The tangent line MT, at an arbitrary point M of the spiral, 
is obtained from the straight line MO by revolving MO 
through an (acute) angle OMT =a, for which 

OM _p_ 
tange=>—-=7=9 
For p—+oo, the angle @ tends to 90° and near point M 
the au of the spiral becomes more and more like the arc of 
a circle. 


1) First read Sec. 75. 7 

*) It is more convenient to take a circle of greater radius; we 
took a circle of radius k simply because it will be needed in the sequel. 

%) Point 6, is not marked in the figure since it lies inside the 
oie dabelied D, (the distance 6,D, amounts to about 5% of the 
radius k). 
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3. The property of the normal. The normal MN drawn 
through point M of an Archimedean spiral with lead a in- 
tersects the straight line ON, perpendicular to the radius 


vector OM, at point N which is distant ON=— (=[k)) 
‘rom O. 


4. Constructing a tangent. To construct a tangent af a 
point M of an Archimedean spiral (see Fig. 494), turn ray 


Fig. 494 


OM about point O through an angle+—. Join point N, 
where the turned ray intersects a circle of radius & centred 
at O, to M. The straight line MN is normal to the spiral. 
Constructing MT | MN, we get the desired tangent line. 
The tangent to the left spiral (see Sec. 75 and Fig. 106) is 
built in a similar manner, with the sole difference, however, 


that the ray OM is rotated through an angle —=. 
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5. The area S of sector MOM’ (if the polar angles of the 
points M, M’ differ at most by 2m) is 


=F ©(0?+ pp’-+p”) () 


where p=OM, p’=0M', o= Z MOM’. 

Geometrically, the sector of an Archimedean spiral is 
equal in area to the arithmetic mean of three circular sectors 
in which the angle is the same as in the sector MOM’, and 
one of the radii is equal to the radius vector OM, 
another, to the radius vector OM’, the third to the mean 
proportional YOM-OM’ between them. 

6. The area of circuits. Formula (1), for p=0, p’=a, 
@=2n, yields an area S, of the figure OD,D,Q,A,0 
(Fig. 494) bounded by the first circuit of the spiral and by 
the segment O4A;: 


S\=4 nat=—= Si (2) 


where S; is the area of a circle of radius OAj. 

The area S, of the figure A,E,;HA,A,;, bounded by the 
second circuit and by the segment A,A,; (p=a, p’=2a, 
@=2n) is 

7 , 
Sa= tT nat=5 Ss (3) 
where Sy is the area of a circle of radius OAs. 

Generally, the area S, bounded by the nth circuit of the 
spiral and by the segment OA, is expressed as 


n?—-(n—-1)8 n8-(n—-1)® of 
Sp=ta Ge pata Ss (4) 
where S, is the area of a circle of radius OA,y. 

7. Areas of rings. Let us use the term first ring of an 
Archimedean spiral for the figure formed by the motion of 
a segment of the polar ray between the first and second cir- 
cuits when the polar ray turns through 360° from its initial 
position. To traverse this figure along its perimeter, we have 
to trace out segment A,O, then the first circuit 0Q,A, of 
the spiral, then the segment A,Ag and, finally, the second 
circuit AgHQg,A, (retrograde motion). 

The second ring is similarly formed by the segment of the 
polar ray between the second and third circuits. It is boun- 
ded by: (1) segment A,A,, (2) the second circuit, (3) seg- 
age ale (4) the third circuit (traversed in retrograde 
ashion). 
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The third, fourth, etc. rings are defined similarly. 
The area F, of the nth ring is given by 
Fi=Sn+1—Sp=6nS, 
sere = na is the area of the first circuit (zeroth ring). 
The properties in this and the preceding items were 
:.scovered by Archimedes. 
8. The length / of the arc OM is 


'=+ [9 VPF1+in(9+VFF1)|= 


__ 1 [ p Vpr+ek pt Yee |= 
at [SURE pn ot Voree _ 


=+ k [tan @ sec a+ In (tan a+ sec @)] 


where a@ is the acute angle between the tangent line MT 
Fig. 494) and the radius vector OM, or a= Z ONM. 

9. The radius of curvature is 
R= (ot + kt)? =k (ttt _, (tanta iy * 


o'+2k? gr+2 secta+l 


At the initial point, Ro=+. 


512. Involute of a Circle 


1. Mechanical formation. Closely related to the Archime- 
dean spiral is another spiral, called the involute of a circle. 
This is a curve described by the extremity M (Fig. 495) of 
a taut string LM unwinding from (or winding onto) a circu- 
lar spool DoLL,; in the latter case, point M moves in the 
opposite direction). 

Geometrically, this property is expressed as follows: 

2. Definition. Let point L start from an initial position 
Dy and repeatedly describe a circle of radius k(k is the 
parameter of the involute of the circle). On the tangent line 
LH lay off, in the direction opposite to that of rotation, 
segment LM, equal to arc Dol traversed by the point L. 
The involute of the circle is the curve described by point M. 
The same circle has an infinity of involutes (corresponding 
to all possible positions of the initial point Ds). 

Depending on whether the point L is rotated clockwise 
or counterclockwise, we get a right involute of the circle 
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(DoMP in Fig. 495) or a left involute (D)Q). Ordinarily, 
the two involutes of a given circle are regarded as two 
branches of a single curve. 

3. Construction. Divide the given circle into n equal 
arcs Dob, =6,b,= 626; =...=6,-,Dy. On the tangent drawn 


Fig. 495 


through Dy lay off a segment D)Eg=2zk. Partition it into 
the same number of equal parts: 


Dod = 0,0,=...=An- Eo 


On the tangents drawn through the successive points 
b,, bs, 63, ..., lay off (in the direction opposite to the 
displacement of the point of tangency) segments 6,D,, 53D,, 
b,D3, ..., respectively equal to the segments Doa,, Deas, 
Dod3, .... We get the points D,, Do, Ds, ... of the first 
circuit DoPE, of the involute of the circle. The points £,, 
E,, Es, ... of the second circuit are obtained by laying off 
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:e extensions of the segments 5,D,, 6,D2, 63D3, ... the 
segments D,E,, D,E2, D3E3, ... equal to DoE. The points 
<f the subsequent circuits are found in similar fashion. 

4. Peculiarities of shape. By virtue of the general proper- 
z.es of the involute of any curve (cf. Sec. 347, also Sec. 346) 
the involute of a circle possesses the following properties. 

(a) The involute of a circle intersects all tangents to the 
circle at right angles. In particular, the involute makes a 
right angle, at the initial point Do, with the tangent DoF). 

(b) Conversely, the normal MH to the involute serves 
as a tangent to the circle. Then the point L of tangency is 
the centre of curvature of the involute so that the segment. 
ML is the radius of curvature of the involute: 


R=ML (1) 


In particular, at the initial point Dy the radius of curvature 
of the involute is zero: 


R,=0 (2) 


(c) The radius R of curvature of an involute increases 
with recession of M from the initial point; its increment 
R,—R=M,L,—ML is equal to the length of the corres- 


ponding arc EL, of the circle: 
R,— R=[1, (3) 


In particular, on the segment D,M of the involute the incre- 
ment in the radius of curvature is equal to Ru—Ry=Ry, 
and 


Rm=DoL =ka (4) 


where a= D,OL is the angle of rotation of the radius OL 
from the initial position OD . 

(d) By construction, an involute does not go inside 
circle O. Therefore, when point M passes through the initial 
point Do, the direction of motion is reversed, that is, Do is 
a cusp of the involute. 

5. Relationship with the Archimedean spiral. Let us com- 
pare the right (left) branch of the involute of a circle with 
the right (left) Archimedean spiral having the same para- 
meter k=OD, (i. e. with lead 2na=D,E,) as the involute 
of the circle. Let this spiral (shown dotted in Fig. 495) 
emanate from the centre O of the given circle in the direc- 
tion of the ray OX’ obtained by rotation of the initial ra- 
dius OD, through the angle —90° (+ 90°). The Po G 
describing the spiral approaches the involute indefinitely: 


788 HIGHER MATHEMATICS 


the shortest distance of point G to the involute (it is mea- 
sured by the segment GM of the normal LH to the involute) 
constitutes only 1% of the lead of the spiral at the end of 
the first circuit. ; 

On the other hand, the radius vector ON of the spiral, 
which forms an angle of —90°(+90°) with radius OL, is of 
the same length ka as the segment LM. This means that the 
foot of a perpendicular dropped from centre O onto the tangent 
MT to the involute destribes an Archimedean spiral. 

6. The polar equation of the involute of a circle (with 
pole O as centre of the given circle and with the polar axis 
OX directed along the initial radius OD,) is 


Vpt—kF k 
Q=—y— —arecos (5) 


where & is the radius of the circle. 
7. The parametric equations are 


x=k(cosa+asina); y=k(sina—acos a) (6) 


where a= /Z D,OL. = 
8. The are length s of DoM is 


! | (ka)? 1 ML? (7) 


To obtain a segment of the same length, draw a straight line 
MV | OM to intersection at the point V with the extension 
of the radius OL. Half the segment OV is equal in length to 


the arc DoM: 
s=D)M = OV (8) 


9. The area S of the sector DpOM described by the radius 
vector, and also the area S, of the curvilinear triangle LMD, 
whose base is the segment LM and whose lateral sides are 
the arc DoL of the circle and the arc DyM of the involute, 
is one third the area of the triangle OMV (constructed in 
Item 8): 


S=S,= > area OMV =~ kta? (9) 
10. Natural equation of the involute of a circle. The natu- 


ral equation of a curve is that equation which relates the 


length s of its arc MM, reckoned from some initial point Mo, 
to the radius R of curvature at the point M. The natural 
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*zuation of the involute of a circle is 
R2 = 2ks (10) 


: is obtained from (4) and (7) by eliminating a. 

11. Kinematic property. In the language of kinematics, the 
-atural equation (10) expresses the following property: if the 
zc of the involute of a circle rolls (without sliding) along a 
s;aight line, then the centre of curvature L corresponding to 
‘ne point of tangency moves along a parabola with parame- 


12. Historical background. The involutes of various curves 
vere first studied by Huyghens in his celebrated study of the 
ziock pendulum (1673) (cf. Sec. 514, Item 17). The basic 
zsroperties of the involute of a circle were discovered by the 
rrench scholar La Hire (1640-1718) and described in a paper 
1.1706. Property 5 (Item 5) was found by Clairaut (1713-1765) 
1 1740. Property 9 and also the kinematic interpretation of 
the natural equation (of any curve) were pointed out by 
A. Mannheim in 1859. 


513. Logarithmic Spiral 


1. Definition. Let a straight line UV (Fig. 496) rotate 
uniformly about a fixed point O (the pole), and let a point M 
move along UV receding from O at a rate proportional to the 
distance OM. The curve described by M is called a logarith- 
mic spiral. 

2. Basic geometrical property. Rotation of the straight line 
UV from any position through a given angle wo(= Z M,OM;) 
is associated with one and the same ratio OM,:0M, of the 
radius vectors. Put otherwise, if a pair of points My, M, of 
the logarithmic spiral is seen from the pole at the same angle 
as another pair of points No, N, of the same spiral, then the 
triangles OM)M, and ON,N, are similar. 

The ratio q of a finite radius vector (OA,) to the initial 
radius vector (OA 9) for a rotation of the straight line UV 
through an angle + 2x will be called the coefficient of growth 
of the logarithmic spiral. 

3. Right-handed and left-handed spirals. If recession of 
point M from the pole O is accompanied by a counterclock- 
wise rotation of UV, then the logarithmic spiral is called 
right-handed; otherwise, it is left-handed. For a right-handed 
spiral, the coefficient of growth q > 1; for a left-handed spi- 
ral, g <1. For g=1, the spiral degenerates into a circle. 
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If the product of the coefficients of growth of a left- and a 
right-handed spiral yields 1, then they may be brought to 
coincidence if one of them is turned over. 


Fig. 496 


4. Construction. To construct a right-handed logarithmic 
spiral with a given coefficient of growth q,1) divide some 
circle with centre at O into n=2* equal parts by the points 
By, By, Bz, Bs, ... in a counterclockwise sequence. ®) For 


1) The left-handed spira! with coefficient of growth = is built in 


the same way. 
1) When building a left-handed spiral, the points Bo, By, Bs, 
B,, ... are in a clockwise sequence. 
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jefiniteness, put n==24=16. On ray OB, take an arbitrary 
>oint Ag and lay off the segment OA;=qOAp. On the segment 
JA, as diameter, construct a circle O’ and draw AgK | OA 
:o intersection with this circle at the point K. The circle of 
sadius OK will intersect ray OB, at point D, belonging to 
the sought-for spiral; the same circle will intersect ray OA, 
at a point L. Draw LK’ | OA, to intersection with circle O’ 
at point K’. The circle of radius OX’ will intersect the ray 
OB. at the point D,. belonging to the desired spiral, and it 
will intersect the ray OA, at some point L’. Through it we again 
draw L’K” | OA,, etc. We thus get the points Dy, and Dj,. 

An infinity of other points of the spiral lying on the 
straight lines ByBg, B,Bg, etc. may be constructed as follows. 
At point Dy,4, construct the angle ~ OD,,4Q equal to the 
angle £ OD,,D,4; at the intersection with the ray OB,, we 
obtain point D,, of the required spiral. At point A, we con- 
struct Z OA,Q’= Z OD,;A;,; at the intersection with the ray 
OB, we get the point £,, etc. 

5. The polar equation (the pole coincides with the pole of 
the spiral; the polar axis is drawn through an arbitrary point 
M, of the spiral) is 

? 
2 


P=Poq * (1) 


where pyp=OM, is the radius vector of the point My and q 
is the coefficient of growth. 

Example. The spiral constructed in Fig. 496 (q =3) is given 
by the equation 


piles 
pP=Po3™ 
If for the polar axis we take the ray OBg, then pp =OAy. In 
particular, putting p=x, we get p=poV 3=OD,; for 
p= we have p=pPy V 3=OD,, etc. 
Ordinarily, Eq. (1) is written as 
p=poe*® (2) 


where & is a parameter which is expressed in terms of the 
coefficient of growth q as 


kad (3) 
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Conversely, 
qI= e2kn (4) 


The geometrical significance of the parameter & is read from 
the relation 


k=cota (5) 


where a= / OMT is the angle between the straight line OM 
and the tangent MT (see Fig. 497). 

The parameter & is positive for right-handed spirals and 
negative for left-handed spirals. 

6. Peculiarities of shape. For an indefinite number of 
counterclockwise (clockwise) revolutions of the straight line 
UV, the point M, which 
describes a_ right-handed 
(left-handed) spiral, rece- 
des without bound from 
the pole, sweeping out an 
infinity of circuits. In the 
case of an indefinite num- 
ber of circuits in the oppo- 
site direction, point M 
approaches without bound 
the pole O, but does not 
coincide with O for any 
position of the straight 
line UV. Thus, the spiral 
performs an infinity of 
circuits about the pole. 
However, the length of the 
arc described by M in this 

Fig. 497 operation and reckoned 

from some initial position 

Ao of point M increases, but not without bound. It tends 

to a certain limit s which is called the length of the arcOAg. 

The name is symbolic because, strictly speaking, the point O 
does not lie on the logarithmic spiral. 

7. Tangent and arc length. The angle a(=/ OMT), 
through which the straight line UV must be rotated about 
point M of the logarithmic spiral (Fig. 497) so that UV coin- 
cides with MT, is the same for all points of the spiral. 
Segment MT of the tangent from the point of tangency to 
intersection with the straight line OW drawn through the pole 
O perpendicular to the radius vector OM has the same length 
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s as the arc of the spiral from point M to the pole O: 


s=OM=MT=—— (6) 


cos @ 
where p is the radius vector OM. 
The length s of any arc LM of the logarithmic spiral 


—- 7% my pet Oy-PL 
That is, the arc length IM is proportional to the difference 
of the radius vectors at the end-points of the arc. In order 
to construct a line-segment of the same length, it is sufficient 
to lay off on the larger radius OM a segment OP equal to 
the smaller radius OL, and draw through P a straight line 
PH perpendicular to OM. It will intersect the tangent MT 
at some point H. MH is the desired segment. 

The angle a is expressed in terms of the coefficient of 
growth q by the formula 

1 
cota=>4 (8) 

For the spiral shown in Fig. 496, where q=OA,:0A,=3, 

we have 
cot a= 23 ~ 0.1748, 
It 


a = 80°5’ 


8. Characteristic triangle and the sectorial area. The area 
described by the radius vector OL (Fig. 497) when point L, 
starting from some initial position M, unboundedly approaches 
the pole O along the logarithmic spiral, tends to the finite 
timit S (sectorial area). The sectorial area at the point M is 
one half the area of the characteristic triangle OMT formed 
by the radius vector OM, the straight line OW perpendicular 
to it, and the tangent MT: 


S=+z Somt=—> p? tang (9) 


where p is the radius vector of point M. 

The area S of any sector LOM (we assume that OM is 
the greater radius and that Z LOM does not exceed 2x in 
absolute value) is one half the area of the trapezoid PMTK 
(Fig. 497) which will be cut out of the characteristic triangle 
OMT if on OM we lay off a segment OP=OL and draw 
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PK || MT: 
S=Spmre=y (p2—pi) tana (10) 


where 91, P2 are radius vectors of the points L and M. 

9. The radius and centre of curvature. The centre of cur- 
vature C, which corresponds to point M of the logarithmic 
spiral (Fig. 497), lies at the intersection of the normal MC, 
drawn through M, and the straight line OW drawn through 
the pole perpendicular to the radius vector OM. The radius 
of curvature 
= ; R=- (11) 
This equality is evident from the triangle COM. 

10. Evolute. The locus of the centres of curvature C 
(evolute) of a logarithmic spiral is a logarithmic spiral 
obtained from the original spiral by rotation about the pole 
through the angle 


o= (2n+ 1) 5—tan o In tana (12) 


where n is any integer. Thus, if the original spiral intersects 
radius vectors at an angle a=45°, then it is coincident with 
its evolute in a rotation about the pole through an angle 


o=F, or o=55, or o=—3 5, etc. In particular, there 
exists an infinity of logarithmic spirals which are their own 


evolutes. These are the spirals for which the angle a satisfies 
one of the equations : 


tan an tana=(2n-+1) 5 


where a is an integer. 

11. The natural equation (i.e. the equation relating the 

arc length and the radius of curvature; cf. Sec. 512, Item 10) is 

R=ks (=s cot a) (13) 
It follows from (6) and (11) and is evident from the triangle 
CMT. 

12. Kinematic property. In the language of kinematics, 
Eq. (13) expresses the following property: if an arc of the 
logarithmic spiral rolls (without sliding) along the straight 
line AB, then the centre of curvature corresponding to the 
point of tangency moves along a straight line inclined at an 


angle of $—a to AB. 
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13. Cartographic property. A spherical curve intersecting 
the meridians at a constant angle a@ (this curve is called a 
‘oxodrome )) is projected from the pole P of a sphere onto 
the plane of the equator as a logarithmic spiral; the pole of 
the spiral lies at the centre of the sphere. The meridians are 
orojected as rays directed along the radius vectors of the 
spiral. These rays are intersected by the spiral at a constant 
angle a@ at which the loxodrome intersects the meridians. 

14. Historical background. In 1638 Descartes found that 
a spiral whose arc grows in proportion to the radius vector 
has the property that its tangent forms a constant angle 
with the radius vector. At about that time Torricelli, inde- 
pendently of Descartes and in much more detail, made a 
study of the properties of the “geometrical spiral” (which 
was the name he gave the curve that he determined by means 
of the construction described in Item 3 above). Torricelli 
pieves geometrically the properties given in Items 6 and 7. 
n 1692 James Bernoulli discovered Properties 8 to 11 and 
a number of other properties of this “spira mirabilis” (won- 
derful spiral). The term “logarithmic spiral” (the angle bet- 
ween the radius vectors is proportional to the logarithm of 
their ratios) was given by P. Varignon in 1704. Later, the lo- 
garithmic spiral was the subject of numerous investigations. 
Thus, its kinematic property (Item 12) was discovered by 
E. Catalan in 1856. 


514. Cycloids 


1. Definition. A cycloid is a curve described by a point 
(Fig. 498) fixed in the plane of a circle (the generating circle) 
when the circle rolls (without sliding) aiong some straight 
line KL (directrix or base-line). 

If a point M describing the cycloid is taken inside the 
generating circle (i.e. at a distance CM =d from the centre C, 
less than the radius r), then the cycloid is called curtate 
(Fig. 498a); if it is taken outside the circle (i.e. d> r), the 
cycloid is prolate (Fig. 4985); and if the point M lies on the 
circle (i.e. d=), then the curve described by this point is 
termed a common cycloid (Fig. 498c) or, more often, simply 
a cycloid (cf. Sec. 253). 


‘) From the Greek meaning “oblique course”. It is the path of a 
ship which cuts the meridians at a constant angle not equal to a right 
angle. 
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Example. When a railway car moves along rails, an inte- 
rior point of a wheel traces out a curtate cycloid, a point 
on the outer rim, a prolate cycloid, and a point on the cir- 
cumference of the wheel, a common cycloid. 
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Fig. 498 


The starting point of a cycloid (A in Fig. 498a-c) is a 
point lying on the straight line (C,O) connecting the centre 
Cy of the generating circle and the point of its support (0), 
and is located on the same side of the centre Cy as the point 
of support O. Point B in Fig. 498a-c is also a starting 
point. 
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The initial points of a common cycloid (Fig. 498c) lie on 
the directrix and coincide with the corresponding points of 
support of the generating circle. ; ; 

The vertex of a cycloid (D in Fig. 498a-c) is a point lying 
on the straight line C’O’ connecting the centre C’ of the 
generating circle and the point of support O’ but located on 
the extension of segment C’O’ beyond point C’. 


eo + -- 5-5 eS: ee 
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Fig. 499 


Segment AB, which connects two adjacent starting points, 
is called the base-line of the cycloid; the perpendicular DF 
dropped from the vertex of the cycloid onto its base-line is 
the altitude. The arc traced out by the point M between two 
adjacent starting points is called a cycloidal arch; the straight 
line UV traced out by the centre C of the generating circle 
is the line of centres of the cycloid. 

2. Construction. To construct a cycloid using the radius r 
of the generating circle and the distance d of the point M 
(which describes the cycloid) from the centre C of the gene- 
rating circle, first draw (Fig. 499) the line of centres UV. 
From some point Cy (on this line) as a centre, draw a circle 
of radius d.!) Label one of the ends of its diameter, which 
is perpendicular to UV, as My. This will be the vertex of 
the desired curve. 

Divide the circle Cy into an even number, 2n, of equal 
arcs (we have taken 2n=16) making Mo one of the division 
points; label the division points 0, +1, +2, ..., +n (the 


‘) In the case of the common cycloid, this is the circumference of 
the generating circle. Generally, however, neither the generating circle 
nor the directrix participate in this construction. In Fig. 499 they 
are shown as dotted lines for the purpose of pictorialness only. 
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points +-n and —n coincide). On the line of centres, to the 
tight and left of Cy, lay off segments CyA’, CyB’, equal to 
semicircles of the generating circle: 


C,A'=C)B’=a1r 


and divide each of the segments into n equal parts. Denote 
the points of division by Ci, Cie, ..., Cin (the points 
C,, C_, coincide, respectively, with A’, B’; positive num- 
bers on the straight line UV and on the circle Cy are asso- 
ciated with points lying on the same side of the straight 
line CgM,). Through points /, 2, 3, ... of circle Cy draw 
straight lines parallel to the line of centres (they respectively 
pass through the points —/, —2, —8, ...), and from points 
C+1, C4a,-... draw semicircles of radius d whose diameters 
are perpendicular to UV and which are concave towards the 
point Cy. 

Mark points M,, M_,, where the semicircles Cy, C_, 
meet the straight line drawn through the points +/, —/; 
then mark the points Ms», M_.», where the semicircles Co, 
C_, meet the straight line drawn through the points +2, 
—2, and so on. All the points M,, M_,, Ms, M_. and so 
on lie on the desired cycloid. At points M,, M_, we find 
its starting points A, B. 

That is how one arch of the cycloid is constructed from 
points. To construct adjacent arches, we have to continue the 
series of points C as shown in Fig. 499. These points have 
to be numbered from the beginning again. The circle Cy 
need not be drawn anew since the straight lines parallel to 
the line of centres remain the same. 

3. The parametric equations [where the axis of abscissas 
is the directrix KL; the coordinate origin O is a projection 
of one of the starting points (A in Fig. 498a-c) on the di- 
rectrix KL] are 


x=rp—dsing; y=r—dcos@ (1) 
where p= Z MCE’ is the angle of rotation of the generating 
circle reckoned from the position in which the point M coin- 


cides with the starting point A. 
For the common cycloid (d=r) 


x=r(p—sing); y=r(l—cos g) (la) 
4. Peculiarities of shape. The cycloid extends along the 
straight line KL in both directions to infinity. Any arc 


reckoned from any starting point A is associated with a sym- 
metrical arc reckoned from that same point in the opposite 
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direction; AC, is the axis of symmetry. The cycloid is also 
symmetric about the straight line DF drawn through any one 
of the vertices perpendicular to the ‘directrix. 

By displacement along the line of centres over a distance 
which is a multiple of 2nr (the length of the generating 
circle), the cycloid is brought to coincidence with itself.By suc- 
cessive displacements through the distance + 2xr we can obtain 
the entire cycloid from any one of its arcs corresponding to 
a change in the parameter from some value p= > to a va- 
lue p=Qo+2n, say from p=—x to p=ax or from g=0 
to p=2n. 

The cycloid lies inside a aa bounded by the straight 
lines y=r-+d and y=r—d. The first touches the cycloid at 
each one of its vertices. The second passes through al! the 
starting points; it is tangent to the cycloid when this cycloid 
is curtate or prolate. For the common cycloid, the second 
straight Jine (y=0) coincides with the directrix and is per- 
pendicular to the (one-sided) tangents at the starting points 
of the cycloid. 

5. Nodes. The prolate cycloid always has nodes. The 
number and location of the nodes depend on the ratio 
d:r (=A). So long as this ratio does not exceed the number 
Ap = 4.60333...,1 all the nodal points are located on. the 
straight lines x=2kur (k is an integer), and one node lies 
on each one of these lines: point A, (Fig. 4985) on the 
straight line x=0, point B, on the straight line x=2nr, etc. 

These points may be found by solving the equation 


g—Asin p=0 (2) 


which, in the case at hand, A < Ag, has a unique positive 
root g, located in the interval (0, x). The values p=q, and 
@ =— 4, correspond to the point A, on the arch ADB(0 < @ < 22) 
and on the neighbouring arch (—2n < @ < 0).?) 

Example 1. Let d=1.437, as in Fig. 4986. Solving 


@—1.43 sin p=0 (2a) 


(by the method indicated in Secs. 288-289), we find the 
value @, =81°, which corresponds to the point A, (on arch ADB). 
We ray the ordinate y, of point A, from the second equa- 
tion (1): 

¥,=OA,=r (1—1.43 cos q) = 0.787 


‘) This irrational number is equal to sec ao, where a, is the least 
positive root of the equation tan a-—a=0. 

*) The zero root of Eq. (2) is associated with the starting point A, 
which is not a nodal point. 
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The nodal points of the given cycloid are 
(2nkr, 0.787) 

Now let the ratio 4 lie in the interval 
iy KAA 


where Ay=7.78968; ') then besides the above-considered no- 
des there appear nodal points on the straight linesx=(2k+ 1) a7, 
one pair of nodes on each of the straight lines: points P,, 
P, (Fig. 500) on the straight line x=ar, points Q;, Q, on 
the straight line x=—nr, points R,, R, on the straight 
line x= a7, etc. These points may be found by solving the 
equation ‘ 

p—Asing=a2 (3) 


which in the case at hand has two positive roots: Q;, Qe. 
Both roots lie in the interval (2x, 3x) and correspond to the 
points P,, P, on the arch BD’N, which intersects the 
arch LD’A here; ?) it is separated from BD"N by one inter- 
mediate arch ADB. 

When A lies in the interval 


<< ASA 


where A,=14.102...,9) fresh nodes appear in the cycloid; 
this time again on the straight lines x=2knr, one pair on 
each of these straight lines: the points Az, A, (see Fig. 500) 
on the straight line x=0, the points B,, B; on the straight 
line x=2nr, the points Lz, L, on the straight line x=—2nr, 
etc. These points can be found by solving Eq. (2), which in 
the case at hand has three positive roots (not one, as in 
Example !). The smallest root @; lies in the interval (0, x) 
and corresponds to the node A, (Fig. 500) lying at the inter- 
section of the adjacent arches ADB and LD’A. The other 
two roots @2, 3 lie in the interval (2x, 3x) and correspond 
to the points A, A3 lying at the intersection of the arches 
BD’N and LDS, which are separated by two intermediate 
arches (LD’A and ADB). 

As the ratio 4 continues to increase, the cycloid acquires 
ever fresh pairs of nodes: first, one pair of points each on 


1) This irrational number is equal to sec a, where a, is the least 
positive root of the equation tana-a=n. 

8) If A=Ao, then points P, and P, coincide, so that the arches BD’N 
and LD’A contact one another. 

3) The number A, is equal to sec@,, where a, is the second (in 
order of increasing absolute value) positive root of the equation 
tan a-a=0. 
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the straight lines x—(2k-+1) ar (these are the points of 
‘ntersection of two arches separated by three intermediate 
arches), then one pair of points each on the straight lines 
x=2knr (here, two arches intersect which are separated by 
four intermediate arches) and so on alternately. 

Example 2. Let 4=8 as in Fig. 500. Since this value of 
, lies in the interval (A,, 49), the given prolate cycloid has 


YY 


WW, 


B 
Fig. 500 


three nodes on each of the straight lines x=2knr and two 
on each of the straight lines x=(2k+ 1) ar. 

The nodes A,, Ay, Ag on the straight line x=0 are 
found from the equation 

p—8sin p=0 (2b) 

Its roots are 

1 = 159°40’, @,=360°-+ 69°30’, m3 = 360° + 95°54’ 

The ordinates of the points A,, Ay, Ag are found from 
the second equation (1): 


y,=O0A,=r (1—8 cos Q,) = 8.50r 
and, similarly, 
Yo=OA, = 1.807, y3=OA, = 1.837 
The nodes P,, P», on the straight line x=n are found 
from the equation 
g—8sinp=a (3a) 
Its roots are , 
1 = 360° + 26°49’, g2=360°+ 136°21’ 
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The ordinates of the points P,, P», will be 
yi =OP, ~—6.14r, y2=OP, = 6.797 


Each arch of our cycloid has 10 nodal points (on arch 
ADB, the points Q,, Lz, Ls, Qs, A; and, symmetrical to 
them, the points Ry, Ne, Ns, Re, 8). 

Neither the curtate cycloid nor the common cycloid has 
any nodes. 

6. Cusps. As the outer point M of the generating circle 
approaches the circle described by M, the prolate cycloid 
(Fig. 4985) tends to coincidence with the common cycloid 
(Fig. 498c). In the process, the loop with the nodal point A, 
shrinks to “point O, which becomes a cusp of the common 
cycloid; when passing from the arch (—2n, 0) to the arch 
(0, 2x), the direction of motion of point M is reversed. All 
points p=2kx (and only these points) of the common cyc- 
loid are cuspidal points. Prolate and curtate cycloids do not 
have cusps. 

7. Points of inflection. On every arch the curtate cycloid 
has two points of inflection (L, and Lg in Fig. 498a); the 
corresponding values of the parameter @ are determined from 
the equation 


d 
cos aes 


For the cycloid depicted in Fig. 498a, where d=0.6r, we 
have cos p=0.6. The point L, is associated with the value 
@1 ~ 52°25’, the point Le with the value @g=127°35’. The 
coordinates x,, y, of the point L, are 


x, =rg—dsin p=r (p—O.6 sin g) = 0.437, 
y,;=r—dcos p=r (1—0.6 cos g) ~ 0.637 
The coordinates of the point Lg are 
Xg=2n—x, © 5.857, ya=y, ~ 0.637 


8. Properties of normal and tangent. The normal MN 
(Fig. 498a-c) of any cycloid passes through the point of sup- 
port E’ of the generating circle. The tangent line MT 
(Fig. 498c) of the common cycloid passes through point H, 
which is diametrically opposife to the point of support of 
the generating circle. 

This makes it clear how to construct the tangent. 
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9. Radius of curvature. For any cycloid 


__ (r?4d?=2dr cos @)*"? 
R= d|d-rcosq| (4) 


-7 particular, for the common cycloid 
2>=9r V2 Vi—cosp=4r | sino |=2 V 2ry=2ME' (4a) 


Fig. 498c); i.e. the radius of curvature of the common cyc- 
cid is equal to twice the segment of the normal between the 
Jwloid and the directrix. In other words, to construct. thé 
centre of curvature it is sufficient to continue the chord ME’ 
ceyond the point E’ to a distance equal to the chord. 

10. The evolute and involute of the common cycloid. The 
=volute of the common cycloid (locus of the centres of cur- 
-ature) is a cycloid which is congruent to the given cycloid, 
-ut displaced along the directrix one-half the base-line AB 
and dropped below the base-line a distance equal to the 
aititude of the cycloid (see Fig. 384). 

In other words, the involute of the cycloid C4BD (see 
“ig. 384) emanating from the vertex B of this cycloid is 
‘ne cycloid M,BN, which is congruent to the given one but 
s displaced along the directrix one-half the base C,D and 
-aised above the base a distance equal to the altitude of the 
sycloid. 

11. The cycloid and the sinusoid. The locus of the feet 
-{ perpendiculars dropped from point M of a cycloid onto 
the generating-circle diameter passing through the point of 
support is a sinusoid (sine curve) with wavelength 2nr and 
zmplitude d. The axis of the sine curve coincides with the 
‘ine of centres of the cycloid. 

12. The cycloid as the projection of a helix. Notation: h 
s the lead of the helix; a its radius, a the helix angle, B 
the angle between the axis of the helix and the projection 
plane; o the angle of inclination of the projecting rays to 
the projection plane. 

The oblique projection of a helix on a plane perpendicu- 
lar to the axis is a cycloid. If o > a, the cycloid is prolate; 
if o <a, the cycloid is curtate; if oa, the cycloid is com- 
mon. The rectangular projection of a helix on the same plane 
is, obviously, a circle. 

The rectangular projection of a helix on a plane not per- 
pendicular to the axis but also not parallel to the axis, is a 
“compressed cycloid” (Fig. 50la-c), that is, a curve obtained 
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from a cycloid by means of uniform compression (Sec. 40) 
towards some straight line perpendicular to the line of cent- 
tes of the cycloid. 

The coeificient of compression k=sinB; the quantities r 
and d which characterize the cycloid (prior to compression) 
are expressed as 
h 
on 


r=,-cotfh(=atanacotB); d=a (5) 
Whence it is seen that for B >a the projection of the. 
helix (Fig. 50la) is related to the prolate cycloid; forB <a 
(Fig. 5016) it is related to the curtate cycloid; for B=a 
(Fig. 501c) it is related to the com- 
mon _ cycloid. 
The orthogonal projection of a 


— helix on a plane parallel to the 

axis (Fig. 50!d) is a sine curve 

whose amplitude is the radius a of 

the helix and whose wavelength 

| ae : aie projection AcosB of the 
ead A. 

(a) ca)! 13. The arc length s of a cycloid 
between the points p=0. p=q, is 


—< : af 
ee s=| V r?+a—2rdcosq@ dq (6) 
0 
| This arc is equal, in length, to 
| the arc of the ellipse 
x=2(d+r)cos & 
> al> Coy) 7 


y=2(d—r) sin Z (7) 


between points with the same va- 
lues of the parameter 
In the general case, integral (6) cannot be expressed in 
terms of elementary functions of the argument q,. But for 
the common cycloid |ellipse (7) degenerates into a line seg- 
ment of length 8r] we have 


Fig. 501 


AT 
s==2) { sin$ dg= 4r (1—cos  ) 8 sint (9) < 2m) 
0 


(8) 
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In particular, one arch of the common cycloid is equal in 
‘ength to jour times the diameter of the generating circle: 


s=4-2r (8a) 


14. The natural equation of the common cycloid (within 
the limits of a single arch) is 


R24(s—4r)?=(4r)2? (0 <5 < 2nr) (9) 
This is obtained from (8) and (4a) by eliminating . The 
accs are reckoned from the starting point. If the vertex is 


t2ken as the starting point of the arcs, then the natural 
eguation will be 


R2+s?=(4r)? (—4r<s< 4r) (9a) 


15. The kinematic property of the common cycloid. Eq. 
(9) expresses in the language of kinematics the following 
property: if a common cycloid rolls (without sliding) along 
2 straight line AB, then the centre of curvature of the point 
of tangency moves in a circle, whose radius is four times 
the radius of the generating circle and whose centre lies at 
ihe point of AB through which the vertex of the cycloid 
rolls. 

16. Areas and volumes. The area S, swept out by the 
ordinate as @ varies from @=0 to p=q, is 


28, =(2r? +. a2) p—4dr sin p+ C8028 (10) 
The “total area” S (for ~,=27) is 
S=2nr? + nd? (11) 


For the common and curtate cycloids, this is the area of the 
figure OADBO, (Fig. 498a, c); for the prolate cycloid, it is 
the area of the figure that remains after removing the rec- 
tangle OABO, from the figure AA,DB,B (Fig 4986) 

For the common cycloid (d=r) 


S=3nr? (12) 


Thus, the figure bounded by an arch of the cycloid and the 
base is three times the area of the generating circle [Rober- 
val (1634), Torricelli (1643). 

The area F, of a surface formed by rotation of a common 
cycloid about its base AB is 


Fy=SaraS s (13) 


where S is the area of a loop of the cycloid. 
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The volume V, of the corresponding solid of revolution is 
V,=Sr=2V (14) 
where V is the volume of the circumscribed cylinder. 


The area F, of a surface formed by rotation of a com- 
mon cycloid about the altitude DF is 


F,=8n ( a——) rn (15) 

The volume V, of the corresponding solid of revolution is 
3 8 35) 2 

Va=ar (Sat—>)=2V —2V (16) 


where V’ is the volume of the circumscribed cylinder and V” 
is the volume of the inscribed sphere. 


D 
Fig. 502 io 


17. Tautochrone! property of the cycloid. A mass point 
moving under gravity along a common cycloid ADB 
(Fig. 502) concave upward reaches its lowest position D in an 


interval of time _ 
—: 
tan a (17) 


(r is the radius of the generating circle, g the acceleration 
of gravity). This interval is independent of the initial posi- 
tion of the point (Huyghens, 1673). 


1) From the Greek meaning “equal time”. 
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Therefore the period T of oscillation of a cycloidal pen- 
rz om (T=4t) is not dependent on its amplitude (a circu- 
:; rendulum has this property only for small oscillations). 
“:e# string of the cycloidal pendulum constructed by Huyg- 
mcs is fixed at the starting point K of another cycloid AKB, 
s7.ch is the evolute of cycloid ADB (see Item 10). 

13. The cycloid as a brachistochrone. ') The brachistoch- 
~zre of a mass point moving under gravity (in a medium 
wzcse resistance may be neglected) from a given point A to 
i ower-lying point B (not located on the same vertical as A) 
: 2 common cycloid. It is concave up, the point A is the 
:tzrting point. The size of the generating circle is determi- 
-ec from the condition that the cycloid must pass through 
ccint B. 

The time ¢ of quickest descent is determined from the 


cemula = 
t=— Lon (18) 


shere @g is the angle of rotation (of the generating circle) 
corresponding to the point B. 

Example. Point B is 0.83 m below point A, and 1.54 
metres from A horizontally Find the time of quickest des- 
cent from A to B. 

Solution. Take the coordinate origin at A, the x-axis 
pointing vertically down; for the xy-plane take the vertical 
plane passing through A and B. Take the y-axis so that 
point B has a positive abscissa. We take a scale unit of 
1 metre. Then the coordinates of B will be 


X,= 1.54, y, =0.83 (19) 


The cycloid ensuring quickest descent is given by the 
equations 
x=7(p—sing), y=r(l—cos g) (20) 


From the conditions of (19) it is possible to find the radius 
r of the generating circle and the value p=@g correspond- 
ing to the point B 


1) The term “brachistochrone”, derived from the Greek “brachistos”, 
shortest and “chronos”, time, is the curve of quickest descent 
from one point to another. The term was introduced by John Ber- 
noulli (1667-1748) who posed the problem of finding the “curve of 
shortest descent”. In 1696 he and James Bernoulli simultaneously 
published the solution. 
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To do this, eliminate r from (20) and solve the equation 
1.54 (1 — cos) =0.83 (p—sin g) 
by the method given in Secs. 288-289. This yields 
@ ~ 195° (~ 3.40 radians) 
Now from the second equation of (20) we find 
r ~ 0.42 (metre) 


Finally, from formula (18), putting g=9.8 m/sec?, we get 


0.42 
t= 9-42 3.40 ~ 0.70 (second. 


The descent from A to B along an inclined plane would 
have lasted 0.87 sec, which is nearly 25% longer. 

19. Historical background. The cycloid played an excee- 
dingly important role in the history of higher mathematics. 
For ‘over half a century it attracted the attention of out- 
standing mathematicians of the 17th century. A number of 
its properties found by geometrical methods confirmed the 
correctness of new analytical methods. Other properties were 
discovered by the new methods alone. 

In 1590, Galileo, studying the path of a point on a roll- 
ing circle constructed a cycloid (Galileo gave it the name 
cycloid). He wanted to determine the area bounded by an 
arch of the cycloid and its base. Not having at his disposal 
the means for a theoretical solution of the problem, he at- 
tempted to find the ratio of the area of the cycloid to the 
area of the generating circle by means of weighing. He at 
first believed this ratio to be equal to 3, but then noticed 
that the experiment invariably yielded a number less than 
three. Since the difference was slight, the desired ratio see- 
med beyond the capability of small integers, and Galileo 
became convinced that the ratio was irrational. 

After Galileo’s death (1642), his pupils Torricelli and 
Viviani, who had shared with him the deprivations of impri- 
sonment, undertook the mathematical investigation of the 
cycloid. Applying kinematic reasoning, Viviani found the 
property of the tangent (given in Item 5); Torricelli, using 
techniques that foreshadowed the integral calculus, determi- 
tied the area of a cycloid (Item 14). 
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The area of a cycloid was found by Roberval too (inde- 
+ dently of Torricelli and, probably, a few years earlier). 
+ :3erval’s method is remarkably ingenious and simple (it is 
:ased on the property of Item 11). " 

Using the same method, Roberval found the volumes of 
“te solids of revolution of the cycloid about the base and 
azout the altitude. Roberval considered the prolate and cur- 
4:2 cycloids in addition to the common cycloid and gave a 
-ethod for constructing their tangents. 

Remarkable as these discoveries were, they had to do with 
“ze same problems which long ago had been solved for a 
~zmber of other figures. Yet all attempts to accomplish an 
tzoct rectification of curvilinear arcs had failed. The cycloid 
was the first curve to be rectified. This was first accomplished 
zy the English astronomer, physicist, mathematician and ar- 
rtitect Christopher Wren (1632-1723). Wren’s work was pub- 
.sned in 1658. The same problem was soon solved by a num- 
tec of other scholars, and Fermat was first to rectify an al- 
s>raic curve (the semicubic parabola). 

An exhaustive investigation into the geometrical proper- 
:.es of the cycloid was carried out by Blaise Pascal, whose 
«ork was published in 1659. 

During the next forty years, such first-class scientists as 
Huyghens, Newton, Leibniz and the BernouJli brothers inve- 
stigated the mechanical applications of the cycloid (see Items 15 
znd 16). In its generalized form, the problem of the brachis- 
:ochrone (Item 16) was one of the basic sources for a new 
oranch of mathematics called the calculus of variations, which 
was created in the 18th century in the works, of Euler and 
Lagrange. 


‘) The underlying idea of the method is this: reasoning from 
symmetry, it is clear that the sine curve AQD (Fig. 503) which is 
discussed in Property 11 partitions 
:nto equal parts the rectangle AFDK yw D 
constructed on half the base of the cyc- 
loid and on its altitude. From elemen- 
tary reasoning, it follows that the figure 
AFDQ formed by the altitude, half the 
base and by the sine curve is equal to 
the generating circle. To obtain the area 
of the semicycloid, we have to add the 
area of the “petal” AQDP between the Fig. 503 
semi-arch of the cycloid and the sine 
curve. Roberval proved this petal-shaped loop to be equal to half 
the generating circle. The proof consists in applying what is known 
as Cavalieri’s principle (the semicircle is bounded by a vertical dia- 
meter, the sections are made parallel to the base). 
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515. Epicyclolds and Hypocyclolds 


1. Definition. Like the epicycloid (Fig. 504a), the hypo- 
cycloid (Fig. 5046) is a curve L described by a point M fixed 
in the plane of some circle C (generating circle) of radius r 
when this circle rolls without sliding along a fixed circle 
(directrix) of radius R. The curve L is called an epicycloid 
when the circles C and O are externally tangent, and a hAy- 
pocycloid when the tangency is internal. 

The epicycloid of Fig. 504a and the hypocycloid of Fig. 5045 
are described by the motion of point M located on the cir- 
cumference of the generating circle. Such epicycloids and hy- 
pocycloids are termed common in contrast to the curtate and 
prolate curves. The epicycloid (Fig. 505a) and the hypocycloid 
(Fig. 5056) are called curtate when point M is taken inside 
the generating circle, i.e. whend < r(d=CM is the distance 
of M from the centre C of the generating circle), and prolate 
(Fig. 506a and 6) when M is exterior to the generating circle, 
i.e. when d>r. 

The starting point of an epicycloid or hypocycloid (A in 
Figs. 504-506) is a point which lies on the straight line (C,£,) 
connecting the centre (C,) of the generating circle and the 
point (E,) of support, and is on the same side of the centre C, 
as the point £, of support. The points A’, B, B’ in Fig. 505a 
and 6 are also starting points. 

The starting points of acommon epicycloid and a common 
hypocycloid (A, B, K, in Fig. 504a and b) lie on the direc- 
ting circle (directrix) and coincide with the respective points 
of support of the generating circle. 

The vertex of an epicycloid or hypocycloid (Din Fig. 505a 
and 6) is that point which lies on the straight line CE, joi- 
ning the centre C, of the generating circle to the point E, 
of support but is located on the extension of the segment C.F, 
beyond the point C3. 

The points D’, L, L’ in Fig. 505a and 6 are also vertices. 

The circle described by the centre of the generating circle 
is called the line of centres of the epicycloid (hypocycloid). 
The radius OC of the line of centres is 


OC=O0E+EC=R+r for the epicycloid, 
OC= |OE—EC|=|R—r|_ for the hypocycloid 


2. Construction. To construct an epicycloid or hypocycloid 
from given R (radius of directrix), r (radius of generating 
circle) and d (distance of point M describing epicycloid or 
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hypocycloid from the centre C of the generating circle) we 
do as follows. 

Draw two circles (in Fig. 506a@ and 6 they are shown as 
heavily dotted lines) O(R) and C,(r) contacting each other 
externally at the point V if we are constructing an epicycloid 
(Fig. 506a) and internally if we are constructing a hypocyc- 
loid (Fig. 5C65). 

From centre Cy also draw a circle of radius d (shown as 
a solid curve and labelled with numbers) and denote by My 
that point of intersection with the straight line OCy which 
lies on the extension of the segment C,V beyond point Co. 
Point My will be one of the vertices of the required curve. 

Divide circle Cy (d) into an even number (2n) of equal 
arcs (we have taken 2n=16) so that point My is one of the 
points of division. Number the division points 0, +/, +2, 
..+, +a (the zero label corresponds to My, the labels 2 and 
—-n correspond to one and the same point). For definiteness 
let us assume that the numbers of the lubels increase in a 
clockwise traversal of the circle Cy. 

Then from centre O draw a circle of radius OCy— the line 
of centres of the required epicycloid (hypocycloid)—and on 
it lay off from point Cy arc CoC, the measure of which (in 
degrees) is determined from the proportion 


CoC pn: 180°=r:R (1) 


and which is clockwise if we are constructing an epicycloid, 
and counterclockwise if a hypocycloid. From the same point 
Cy lay off arc CoC_,, symmetric to CoC,,.) In Fig. 506a and 6, 
where r:R=1:4, the arcs CoCy and CyC_, each contain 45° 
and, geometrically,'are readily constructed exactly with straight- 
edge and compass. In other cases, such a construction may 
prove complicated or impossible altogether. Then the construc- 
tion is performed in approximate fashion to the required degree 
of accuracy. 

Divide each of the arcs C)C,, CoC_,, into n equal parts 
and label the division points C,,, C9, ..., C,, starting 
with point Cy. 

Now from point O draw a number of concentric circles 
passing successively through My, which has the label O, 
through a pair of points labelled +/, through a pair of points 
labelled -+2, and so on. On the first of these circles will lie 
all the vertices, on the last, all the starting points. 


1) If r> R, then the arcs C,C, and CoC -,, overlap, and if r > 2R, 
then, besides, each of the arcs CcCn: CoC —y Overlaps itself. 
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Fig. 506a 


From points C,, Cz, ..., C, as centres, draw semicircles 
of radius d so that their extremities lie on the first and the 
last of the concentric circles and so that these semicircles 
can, by rotating about point O, be brought to coincidence 
with the semicircle bearing the labels /, 2, 3,... . Similarly, 
from centres C_,, C_2, C_3, ... draw semicircles which, af- 
ter rotation about point O, can be brought to coincidence 
with the semicircle labelled —/, —2, —3, .... 

Mark points M,, M_,, where the semicircles C, (d), C_, (d) 
meet that one of the concentric circles which was drawn 
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Fig. 5066 


through the points +/; then mark points M,, M_. where 
the semicircles C,, C_, meet the circle drawn through the 
points +2, etc. All the points My M 9, M43, --- lieon 
the desired curve, and points MgM_, coincide with the star- 
ting points A, B (these could have been obtained prelimina- 
rily by drawing the straight lines OC,, OC_,). 

That is how one branch of the epicvcloid (hypocycloid) is 
constructed from points. To construct adjacent branches, it 
suffices to continue the series of points C as shown in Fig. 506a 
and 6. These points will have to be renumbered. The circle Cg 
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need not be drawn anew, since its sole purpose is to aid in 
constructing the concentric circles, which remain the same. 
3. The parametric equations (with coordinate origin O at 
centre of directing circle; axis OX directed towards one of 
the starting points; p, the angle of rotation of ray OC from 
its initial position ))) is: 
for epicycloid, 


R+r 
= —d ; 
x=(R+1r)cos@ py @ (2) 
y=(R-+r) sin p— dsin ~~» 
for hypocycloid, 
x==(R—r) cos p+d cos Rot , 
(2b) 


y=(R —r)sing—dsin Ror 9 


Eqs. (2b) are obtained from (2a) by replacing r by —r 
and d by —d.”) 

4. Peculiarities of shape. Any epicycloid lies in an annulus 
bounded by circles of radii | R-++r+d| and| R+r—d|. On the 
first of these circles lie the vertices, and on the second, the 
starting points of the epicycloid. Thus, the vertices of an 
epicycloid are always farther from the centre than the starting 
points, as can be seen in Figs. 504a, 505a, and 506a. 

Any hypocycloid lies in an annulus bounded by circles of 
radii |R—r—d| and | R—r+d|. On the first lie the verti- 
ces, on the second, the starting points of the hypocycloid. 
Thus, when R >, the vertices of the hypocycloid are closer 
to the centre than the starting points, as is evident from 
Figs. 5046, 5056, and 5066. The reverse holds when R < r. 
Hypocycloids of this second type are called pericycloids. We 
do not give special drawings for the simple reason that every 


') This angle is equal to “ XOC for all epicycloids and for those 
hy poeyeloiis the radius of the generating circle of which is less than 
the radius of the directing circle (7< R). But ifr>R, then g= 
= 7 X0C+n. Note that there is no hypocycloid for which r=R because 
then the generating circle could not roll without sliding along the di- 
recting circle and contact it interna!ly. 

2) For the indicated choice of direction of x-axis and parameter g, 
Eq. (2b) is also valid for those hypocycloids in which r>R (such 
hypocycloids are called pericycloids). But if (as is often done) we take 
for the parameter g the angle “ XOC, then the parametric equations 
At a Pericycloid will differ from the equations of the other hypocy- 
cloids 
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pericycloid is identical with some epicycloid and differs from 
the latter solely in the mode of generation. This is discussed 
in detail in Item 7. 

In a rotation about the centre O through an angle which 


is a multiple of = an epicycloid (hypocycloid) comes to 


coincidence with itself Thus, the curve in Fig. 504a, where 
R=3r, is brought to coincidence with itself in a rotation 


about O through the angle + =, the angle + % , £2n, etc. 


The same goes for Fig. 5045. In Figs. 505a, 6 and 506a, 6, 
where R==4r, coincidence is attained in a rotation through 


an angle that is a multiple of =. 

The starting points of a common epicycloid (hypocycloid) 
are cusps (see Fig. 504a and 6). 

If the ratio R:r is an integer m, then the epicycloid (com- 
mon, prolate or curtate) fs a closed algebraic curve of order 
2(m-+1), and the hypocycloid is a closed algebraic curve of 
order 2(m—1). Thus, the epicycloid of Fig. 504a (where 
R:r=3:1) is a curve of the eighth order, while the hypocy- 
cloid in Fig. 5045 (here also R:r=3:1) is a curve of the 
fourth order. Both epicycloid and hypocycloid consist of m 
congruent branches. ; 

If the ratio R:r is a fraction which in lowest terms is of 
the form = (q #1) then the epicycloid (hypocycloid) is also 
ar. algebraic curve {of order 2| p + q|] and consists of p con- 
gruent branches. Thus, the common epicycloid in Fig. 507 
(R:r=3:2) is a curve of the 10th order and consists of three 
congruent branches. 

If the ratio R:r is an irrational number, then the epicy- 
cloid (hypocycloid) is not closed and hasan infinity of bran- 
ches which intersect one another 

5. Particular types. 

(1) For R:r=2:1 both the prolate and curtate hypocy- 
cloids constitute an ellipse with centre at O. The semiaxes 
of the ellipse are a=r+d; b=|r—d|; the end-points of the 
major axis are the starting points, the end-points of the minor 
axis are the vertices of the hypocycloid. This method of con- 
structing ellipses is the underlying principle of an instrument 
for tracing ellipses : 

(la) If for constant R and r connected by the relation 
R:r=2:1, the difference r—d tends to zero, then the minor 
axis of the ellipse decreases indefinitely and the major axis 
tends to coincidence with the diameter of the directing circle. 
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The common hypocycloid obtained in the limiting case (d=r) 
is a segment of a straight line; namely, that diameter of the 
directing circle which joins the starting points. In one com- 
plete revolution of the generating circle, this diameter is 
traced out in one direction; in the next revolution, in the 
opposite direction. Thus, in this limiting case too the starting 
points of a common hypocycloid are cuspidal points. 


Fig. 507 


(2) For R=r, each of the epicycloids represents a limagon 
(Sec. 508); in particular, the common epicycloid of the type 
under consideration is nothing other than a cardioid. 

(3) For R:r= 4:1, the common hypocycloid is an astroid 
(Fig. 508); this curve is distinguished by the fact that the 
line-segment EF of its tangent that lies between two mutually 
perpendicular straight lines (passing through two pairs of op- 
posite starting points) has the same length R. The equation 
of the astroid in rectangular coordinates (as in Fig. 508) is 


x/s ty"/s = Rs 
or, in parametric form, 


x=Reos§u, y=RKsiniu 
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6. Limiting cases. 

Case 1. For an infinite radius of the directing circle and 
a given radius of the generating circle, an epicycloid (hypo- 
cycloid) turns into a cycloid (Sec. 514, Item 1) with the same 
radius of the generating circle. 

Case 2. When the radius of the generating circle becomes 
infinite, it reduces to a straight line (KL in Fig. 509), which 
rolls without sliding along the directing circle O; then the 
epicycloid (hypocycloid) becomes a curve described by a point M 
fixed to the straight line KL. 


Fig. 508 


If M lies on the straight line KL itself (like point P in 
Fig. 509), then the described curve (AB in Fig. 509) is the 
involute of the directing circle (Sec. 512, Items | and 2). 

If the point, fixed to the straight line TP, lies on the 
same -side as the directing circle (like point M in Fig. 509), 
then the projection P of this point traces out the involute 
AB, and point M itself traces out a curtate involute of the 
circle. This curve is the locus of the end-point of segment 
PM of a given length / laid off on the tangent PT to the 
involute AB; here, the direction of PM coincides with that 


_— 
of decreasing arc AP of the involute. 
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But it the point attached to the straight line KL lies on 
the other side of this straight line, then it describes a pro- 
late involute. This curve is constructed in similar fashion, 
with the sole difference that the segment of given length 
is laid off on tangent PT in the direction of increasing 


_— 
are AP. 

7. Double generation of hypocycloids and epicycloids. 
The common hypocycloid obtained with the aid of a gene- 
rating circle of radius r which volls along the circumference 
of a circle of radius R 
is identical with a “hy- 
pocycloid” obtained by 
means of a generating cir- 
cle of radius 


m=R—r (3) 


which rolls along the same 
circumference of the circle 
of radius R. 

The word “hypocyc- 
toid” is in quotation marks 
because when + >R, by 
this term is meant an 
epicycloid the radius of the 
generating circle of which 
is r—R. 

‘Example 1. An astroid 
inscribed in a circle of 
radius R, which is obtai- 
ned (Item 5) by rolling 


: z 1 
a circle of radius 7 R 


Fig. 509 along a circle of radius R 
° having internal contact 
with the generating circle, may be obtained in the same way 


as a hypocycloid for which Ry=R, ry=R—+ R=+ R. 


Example 2. The common hypocycloid obtained by rolling 
a circle of radius r=4 metres along the circumference of 
a circle of radius R=2m is identical with the “hypocyc- 
loid” obtained by rolling a circle of radius 7, =2 m—4 m= 
=—2m along the circumference of a circle of radius 
R,=2m, that is, with an epicycloid for which Ry=2 m, 
ry=2 m. This epicycloid is a cardioid (Item 5). 
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From the foregoing it follows that any common epicycloid 
(R, r) is identical with a hypocycloid" (R, R-+-r). Thus, 
the common epicycloid of Fig. 504a (r= R ) may be obtai- 
ned as a hypocycloid corresponding to the values Ry=R, 
Nn => R. 

Double generation is also applicable to hypocycloids (epi- 
cycloids) of the general type, namely: a hypocycloid corres- 
ponding to given quantities R, r, d may be obtained in the 
same way as a “hypocycloid” (R,, 7, dy), where Ry, ry, dy 
are expressed in terms of R, 7, d by the following formulas: 


R,=2R, n=t(R—n, 4=R—r (4) 


When R<,r,” the curve (R,, 7, d;) is an epicycloid for 
which Ry=£R, ry=4(r—R), dp =r—R. 
Now any epicycloid (R, +, d) is identical to a hypocycloid 


Ry=2£R, y=t(R4+n), d=R+r (4a) 


belonging to the pericycloid type. 

Note. If a hypocycloid (epicycloid) is prolate in one 
mode of generation, then it becomes curtate in the other 
mode of generation. and vice versa. 


Example 3. The prolate hypocycloid (R, LR, 2R 
constructed in Fig. 5065 may be obtained as a (curtate) 
hypocycloid (Rj, r, d,), where [by formulas (4)] 

R=+ R, n= R, d= R 


Example 4. The prolate epicycloid (R, 4R, =P) con- 
structed in Fig. 5062 may be obtained as a (curtate) hypo- 
cycloid (Ry, r;, d,), where [by formulas (4a)]} 
Ri=ZR. n=2R, 4 =2R 

8. Property of normal and tangent. The normal drawn 
through point M of any epicycloid (hypocycloid) passes 
through the corresponding point E of tangency of the gene- 
rating circle to the directrix. The tangent to a common 


1) Belonging to the type of pericycloids; see Item 4. 
2) That is, when the original hypocycloid is a pericycloid, 
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epicycloid (hypocycloid) passes through point E’ of the 
generating circle diametrically opposite the point E (cf. 
Sec. 514, Item 8). 

The mode of construction of the tangent is thus clear. 


9. The radius of curvature R of any epicycloid is 


(r+a2—2dr cos Rey" 


R=(R+7) Timea he ia RO (5) 
| rit¢d? (R+r)—dr (R+2r) cos poe | 


The corresponding formula for the hypocycloid is obtained 
from (5) by replacing r by —r and d by —d. 
For the common epicycloid (hypocycloid) we get 
pp 4riRar: .. Ro 
R=TRar Sing, (5a) 
where the plus sign corresponds to the epicycloid and the 
minus sign to the hypocycloid. 
Formula (5a) may be rewritten thus: 


a Rr 
R=2| ger (6b) 
Here, | is the chord ME of the generating circle joining 
point M of the epicycloid (hypocycloid) to the correspon- 
ding support point E of the generating circle. Formula (5b) 
yields a simple method for constructing the centre of cur- 
vature 
At the starting points of the common epicycloid (hypo- 
cycloid) R=0. 
At the vertices 


pari Rtri 
R= 1R+ 2r| 


10. Evolute. The evolute of a common epicycloid or hy- 
pocycloid (i.e. the locus of its centres of curvature) is a curve 
similar to the original one. The similarity ratio for the epi- 
cycloid is R:(R-+2r) and for the hypocycloid, R:(R—2r). 
The evolute has the same centre as the original epicycloid 
(hypocycloid). The vertices of the evolute coincide with the 
Starting points of the original curve (cf. Sec. 514, Item 10) 
so that one of these curves may be obtained from the other 
by rotation through the angle x - = with subsequent pro- 


portional alteration of the distance from the centre. 
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Example. The evolute of the astroid ABCD (Fig. 508), 
that is, of a hypocycloid for which R=4r, is also an ast- 
roid obtained from the given one by a rotation through an 
angle of 45° about the centre and a proportional alteration 
of the distances to the centre in the ratio R:(R—2r) = 
= 4:2=2:1. The starting points A, B, C, D will be verti- 
ces of the evolute. 

11. The arc length s of an epicycloid between points 


g=0, P=, is 


er 
s= ih 744 —21d cos 88 dg (6) 
0 


The length of this arc is equal to that of the arc of the 


ellipse 
R+r RQ ed Rtr .. RO 
x=2(d+1) cos =, y=2(d—r) R sins; (7) 
between the points with the same values of the parameter 9. 
Integral (6) cannot, in the general case, be expressed in 
terms of elementary functions of the argument g,. However, 
for the common epicycloid (the ellipse degenerates into a 
segment whose length is 8r) we have 


_ 8r (R+ 1) RQ: 
aa R 


s sin? — (8) 


r 


In particular, the arc between two adjacent starting points is 
& (14+) (9) 


The foregoing remains valid for the hypocycloid if we 
replace d, r by —d, —r respectively. 

12. The natural equation of the common epicycloid (hypo- 
cycloid) is 


Rep SO (0<s< 26) (10) 


where a= Rt) | fake, R is the radius of curva- 
ture, s, the arc length reckoned from one of the starting 
points. In the expressions for a, 6, the upper signs refer to 
the case of an epicycloid, the lower signs, to the case of a 
hypocycloid. Eq. (10) is obtained by eliminating the para- 
meter @ from (8) and (5a). 
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lf we take one of the vertices for the origin of arc recko- 
ning, then the natural: equation will be 


Riteal (—b<s<b) (10a) 


Cf. Sec 514, Item 13. 

13. Kinematic property. Eq. (10) or (10a) expresses the 
following property in the language of kinematics: if an arc 
of a common epicycloid or a common hypocycloid rolls with- 
out sliding along a straight line AB, then the centre of 
curvature of the point of contact moves in an ellipse; the 
centre of the ellipse lies at the point of AB through which 
the vertex.of the epicycloid (hypocycloid) rolls; one of the 
semiaxes coincides with AB and is equal in length to the 
half-branch of the epicycloid (hypocycloid) | Re , the 
other semiaxis is the radius of curvature at the vertex and 
is equal to |= | Cf. Sec. 514, Item 14. 

14. The sectorial area S described by a radius vector OM, 
which in the starting position leads to the starting point of 
the epicycloid, is expressed by the formula 


s =8*t | (Rr 4H) p—R29 sin 88) (ay 


In particular, for the common epicycloid 


2 7 
5 aR R42 fp 2 sin Rel (12) 


(Newton). 

In the case of a hypocycloid, we have to replace r, by 
—r in formulas (11) and (12). 

In (11) and (12), the area is regarded as a directed quan- 
.tity, that is, it is assumed that in those ranges of the para- 
meter g where the radius vector rotates in the negative 
direction, it sweeps out a negative area. d 

The area S, of the sector described by the radius vector OM 
of a common epicycloid (hypocycloid) when point M traverses 
one branch is expressed by the formula 


S, = Ue Ree (13) 


where the upper signs are taken for the epicycloid, the lower 
signs, for the hypocycloid. 


SOME REMARKABLE CURVES 825 


The area S, of the corresponding sector of the directing 
circle is 
S,= Rr (14) 


Therefore the area S of the figure bounded by one branch 
of a common epicycloid (hypocycloid) and the corresponding 
arc of the directing circle is expressed by the formula 


S=|S,—S,|=nr*|3 +2 | (15) 


Example. Consider a common hypocycloid for which 
r:R=1:4, that is, the astroid ABCD (Fig. 508). By formula 
(15) we get 


S= art |3—2.2 | =F art 5 aR (15a) 


This is an area bounded by one of the branches of the ast- 
roid, for example, the branch AB, and the corresponding arc 


AB of the directing circle O (AB=90°). 

However, this same astroid may also be regarded as a 
hypocycloid for which r:R=3:4 (Item 7). Then, using (15), 
we get 


3 3 27 
S= nr? | 3-2-2 | => mr? ==, NR? (15b) 


This result may appear absurd, but one must take into 
account that now, for branch AB of the astroid, the corres- 


— 
ponding arc is not AB which contains 90°, but the second 
arc (BCDA) containing 270°, so that formula (15b) expresses 
that area which together with the area (15a) fills the entire 
circle O. Irdeed, adding (15a) and (15b), we get 


2 mR? + S mR? =nR2 


15. Historical background. In order to explain the retro- 
grade movements of the planets, the ancient Greek astronomers, 
following Hipparchus (second century B. C.), attributed to 
them a uniform motion along a circle (epicycle), the centre 
of which was in uniform motion along another circle (deferent). 
The curve traced out by a point under these conditions is an 
epicycloid. However, we do not know which of the geometrical 
properties were known to the ancients. In the middle of the 
13th century, an outstanding Persian astronomer and mathe- 
matician Muhammed Nasr-ed-din (1201-1274) established that 
the point of the circumference of a circle rolling on a fixed 
circle of double radius and contacting it internally describes 
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the diameter of the fixed circle (Item 5). Independently of 
Nasr-ed-din this property was discovered by the Polish astro- 
nomer N. Copernicus (1473-1543). It is described in his 
celebrated “De Revolutionibus Orbium Coelestium” (‘The 
Revolutions of the Heavenly Bodies”) published in 1543. 
The theorem of Nasr-ed-din—Copernicus was widely used in 
applied mechanics. 

The systematic study of epicycloids and hypocycloids was 
begun in 1525 by the noted German painter Albrecht Diirer 
(1471-1528), who employed geometrical methods in his pain- 
ting. However, mathematicians were not acquainted with 
Direr’s investigations. 

In the. middle of the 17th century, Gérard Desargues 
(1593-1662) made a study of the properties of epicycloids 
in connection with the problem of designing gear wheels with 
minimum friction. Desargues combined profound mathematical 
ideas with engineering talents, but his results (like those in 
other fields) were not published, though they were known to 
his friends. 

La Hire continued the studies of Desargues and published 
in 1675 a “Treatise on Epicycloids and their Employment in 
Mechanics”, where he established a number of important 
properties, including the properties discussed in items 7, 8, 
10, 11, 14 and 15. 

Newton, in his immortal “Principia” (“The Mathematical 
Principles of Natural Philosophy”) (1687) generalized the 
investigations of Huyghens on the cycloidal pendulum (Sec. 514, 
Item 17) and established that in a spherical field of gravi- 
tation the line of isochronous vibration of a pendulum is an 
epicycloid. 

Being a natural generalization of cycloids, the epicycloids 
and hypocycloids repeatedly attracted the attention of inves- 
tigators. particularly Leibniz, Euler and Daniel Berno- 
ulli (1700-1782). 


616. Tractrix 


1. Hictorical background. In the year 1693, a French 
physician Claude Perrot posed the following problem: one 
end of an inextensible string is attached to a point M lying 
in 2 horizontal plane; the other end is in motion along a 
straight line X’X lying in the same plane. What kind of 
curve will the point carried by the taut string trace out? 
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This problem was solved by Leibniz, who set up the 
differential equation of the curve, proceeding from the fact 
that the segment of its tangent line from the point of con- 
tact M to intersection with the straight line X’X must be 
of constant length (equal to the length of the string). Inde- 
pendently of Leibniz and at the same time, the problem was 
solved by Huyghens, who gave it the name “tractory” (today 
it is called the tractrix) © 


See sper. 


eae l lL Sancl See fi er aecteste 


Fig. 510 


2. Definition. The tractrix (Fig. 510) is the locus of points 
having the property that the segment MP of the tangent 
line from the point of tangency M_ to intersection with the 
given straight line X’X (directrix) has a given magnitude a. 
Point A of the tractrix which is farthest from the directrix 
is called the vertex; the perpendicular AO dropped from the 
vertex to the directrix is the altitude of the tractrix. 


4) More historical details are given in item 14. 
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3. The parametric equations (with x-axis the directrix of 
the tractrix and with, the axis of ordinates directed along 
the altitude towards the vertex A) are 


_ 2 
x=acos p+a In tan Bei \ () 


y=asin @ 


where p= ZXPM_ is the angle which ray PM makes with 
the positive direction of the axis of abscissas (0 < @ < x). 

4. Peculiarities of shape. The tractrix is symmetric about 
the altitude AO (which is equal to the given segment a). 
The straight line AO is tangent to the tractrix at the point A, 
which is a cusp of the tractrix. The tractrix lies on one side 
of the directrix and recedes to infinity on both sides of the 
vertex. The directrix is asymptotic to the tractrix. 

5. Construction. In order to construct a tractrix from its 
given altitude a, draw a straight line X‘X (directrix); from 
some point O of this straight line as centre, draw a circie 
of radius a. At the intersection with the ray OY | X’X we 
find point A, the vertex of the tractrix. Through A and also 
through one of the points where the circle O intersects X’X, 
say B, draw tangents AD, BD to the circle; D is the point 
at which they meet. On the segment BD=a take a series ot 
points 7’, 2’, 3’, ... so that the line-segments BD, B/’, B2’, 
B3', ... form a geometric progression: 


BD: BI'=BI': B2’ = B2': B3'=...=q 


The common ratio g may be taken at will. To avoid an 
accumulation of errors, it is convenient to bisect segment BD 
by point 4’, segment B4’ by point 8’, etc. Labelling (for 
the sake of uniformity) point D as 0’, we get a number of 
segments BO’, B4’, B8’, B/6’, ... which form a progression 


with ratio +: Now, between points 0’, 4’ construct interme- 


diate points /’, 2’, 3’") in the following order: first find 2’ 
so that B2’ is the mean proportional between BO’ and B4’. 
While we are at it, label point 6’, which bisects B2’, and 
point /0’, which bisects B6’.2) We then get a series of seg- 


') Having in view the division of segment 0’4’ into four parts, 
we numbered its lower end #4’; for greater accuracy we can divide this 
nice into 8, 16, etc. parts and then alter the numbering accor- 

ingly. 

2) The numbers 2, 6, 10 form an arithmetic progression with the 
same difference (4) as the numbers 0, 4, 8, 12, ... . 
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ments BO’, B2', B4', B6’, B8’, BIO’, ... which form a geo- 
metric progression with ratio 1:2'/2, 

Further, we construct point /’ so that segment B/' is the 
mean proportional between BO’ and B2’, and then label 
point 5’, the midpoint of segment B/’, and point 9’, the 
midpoint of segment B5’, etc. Point 3’ (extremity of seg- 
ment B3’ the mean proportional between B2' and B4’) is 
constructed in the same manner; then label point 7’ (mid- 
point of B3’), point //’ (midpoint of B7’), etc.» 

As a result we obtain a series of segments BO’, BI’, 
B2', ..., Bl2', ... which form a progression with ratio 
1:2'/6 

Proceeding in the same manner we could build a pro- 
gression of segments with common ratio 1:2'/*, 1:2'*| ete. 

Now take the directrix X’X and lay off of both sides of 
point O a series of equal segments 


OH=/NSHNlil=i1liV=.,..=d 


Theoretically, the exact value of d is determined from the 
propor tion 


d:a=In (a: BI’) (2) 

But if the ratio a:BI’ is close to 1, it is sufficient, for pra- 
ctical purposes, to take 

d=0'1'2) (2a) 

The subsequent construction proceeds as follows: join 

points 1’, 2’, 3’, ... to centre O and at the intersection of 

the rays O/', 02’, 03’, ... with the circle, label points /, 


2, 3, ... (in Fig. 510 these labels are given inside the 


circle; for uniformity, label 0 denotes the point of intersection 
of the circle and ray OD). 


1) Points 7’, 9’, 11’ are not indicated in Fig. 510 to avoid con- 
fusion. Generally speaking, there is no need to indicate the points 
which fall inside earlier constructed segments that are too small, 
since such points will not increase the precision of the construction. 


2) In our case, when a:B/’=2'/s, the proportion (2) yields 
d=ain ('=- a In 2 = 0.173a 
whereas when we assume d=U'/’, we get 
d=0'l’=B0'-BI'=a ('-57) = 0.160a 


Thus, the error amounts to 7.5%. 
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Lay off on arc BA, from point B, arc B/°=2 BI, arc 
B2°=-2-B2, and so forth. Through the end-points /°, 2, 3°,... 
of the doubled arcs (the appropriate numbers are given out- 
side the circle in Fig. 510) draw straight lines parallel to the 
directrix X'X," and from the points +/, +//, 4/1] as 
centres draw semicircles of radius a, as shown in Fig. 510 
(the semicircles / //, /// are concave towards increasing 
labels of the centres, and the semicircles —/, —//J, —IJII 
are concave towards decreasing labels). 

Finally, we. label the pair of points where the semicircles 
+/ intersect the straight line drawn through /°, the pair of 
points where the semicircles +// intersect the straight line 
drawn through 2°, etc. All these pairwise symmetric points 
lie on the required curve. 

6. The tractrix as an orthogonal trajectory; approximate 
construction. The orthogonal path of a family of circles of 
radius a with centres on a given straight line X’X (i. e. a 
curve which intersects all these circles at tight angles) is 
a tractrix. This family of circles has an infinite number of 
orthogonal paths: through every point of one of the circles 
there passes one tractrix orthogonal to this circle. One of 
the trajectories is shown in Fig. 510; the other is symmetric 
to it about X’'X. The others are obtained by a parallel 
displacement of that pair of tractrices along X’X. 

This property enables one to make a rather exact sketch 
of a tractrix in the following manner. Draw a number of 
semicircles of radius a with centres closely spaced on the 
straight line X’X and, choosing on one of the circles an 


arbitrary point distant about +4 from X’X, draw through 


it by eye a curve which intersects a number of adjacent 
semicircles at right angles that is to say, which is directed 
along the corresponding radius each time. O1 proceed as 
follows. Label the point of intersection of a radius of a circle 
(or the prolongation of that radius) with an adjacent semi- 
circle; join the centre of the semicircle to the point thus 
found and label the point of intersection of the new radius 
with the following semicircle, etc. We obtain a polygonal 
curve which for all practical purposes takes the place of the 
required tractrix if the centres are sufficiently dense. The 
accuracy of the construction diminishes as we approach the 
ver tex. 


1) To do this, it is best to lay off on circle O, from point A, arcs 
symmetric to arcs A/°, A2°, and join each of the points /°, 2° to the 
symmetric point. 


SOME REMARKABLE CURVES 831 


7. Construction of a tangent. To construct a tangent line 
at a given point M of a tractrix with given vertex A and 
directrix X’X, it suffices on X’X to strike an arc, at point P, 
from M as centre with radius AO=a. The straight line MP 
is the required tangent line. 

8. Radius of curvature: 

R=acot @ (3) 

Geometrically, this formula expresses (see Fig. 510) the 
fact that the radius of curvature of the tractrix at point M 
is a segment MC of the normal from M to intersection with 
the straight line PC drawn perpendicular to the directrix X'X 
through the point P of its intersection with the tangent at M. 

The thus constructed point C is the centre of curvature 
of the tractrix at the point M. 

The radius of curvature at the vertex A is 


Ra=a (3a) 
The radius of curvature MC and the segment of the nor- 


mal ME (from M_ to the intersection E with the directrix) 
are connected by the relation 


MC-ME =a? (4) 

That is, the radius of curvature MC and the segment of the 
normal ME are inversely proportional. 

9. Evolute. The evolute LAN of the tractrix (Fig. 510), 


that is, the locus of its centres of curvature C is a catenary 
(Sec. al In the OXY system of coordinates of Fig. 510, 


the equation of the evolute is of the form 
eee 
fa (3 +e 4 ) 6) 
or, what is the same, 
4 =cosh = (5a) 


10. The length s of the arc AM is given by the formula 


a 
sa=alncosec p=a In 


The difference s—|x| between the length of the arc AM 
and the length of its projection on the directrix, as M recedes 
indefinitely from vertex A, tends to the limit a (1—In 2): 


lim (s—|x |)==a(1—In 2) x 0.307a (6) 
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11. Natural equation: 


s=-aIn yea (7) 


12. The area S of the infinite strip between the tractrix 
and its asymptote X’X is one half the area of a circle whose 
radius is the altitude AO of the tractrix: 


S= > na? (8) 


13. The solid of revolution of the tractrix about the 
asymptote X’'X (which extends to infinity along X’X) has a 
finite surface S, equal to the surface of a sphere of radius R, 
and a finite Volume V, equal to half the volume of the 


sphere: 
S,=4na?, (9) 
V=+ na? (10) 


14. The tractrix and the pseudosphere. The surface 
(Fig. 511) formed by the revolution of the tractrix about 
its asymptote is called a pseudosphere. The name is due to 
the profound analogy between it and the surface of a sphere. 
Thus, if three points B, C, D on the surface of a sphere are 
joined pairwise by shortest arcs, then in the resulting sphe- 
tical triangle BCD the sum of the interior angles is always 
greater than x, and the excess of the sum B+C+D over x 
is equal to the ratio of the surface S of the spherical tri- 
angle to the square of the radius a of the sphere: 


(B+C+D)—n=~ (11) 


Now if we take three points B, C, D (Fig. 511) on 
a pseudosphere (on one side of the parallel UV described by 
the vertex of the tractrix) and join them too by shortest 
arcs, then in the resulting pseudospherical triangle the sum 
of the interior angles will always be less than nx, and the 
deficit in the sum of B+C+D up to x will be equal to 
the ratio of the area S of the pseudospherical triangle to the 
square of the radius a of the parallel line UV: 


n—(B+C+4D)=— (12) 


It is a remarkable fact that rectilinear triangles in Loba- 
chevskian geometry possess the property (12). And, generally, 
any patch of the pseudosphere which does not contain points 
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of the parallel UV exhibits all (without exception) proper- 
ties which any piece of a plane in Lobachevskian geometry 
possesses. This discovery was made in 1863 by the Italian 


Fig. 511 


geometer E. Beltrami (1835-1900) and did much to dispel 
the distrust of Lobachevsky’s geometry on the part of nearly 
all mathematicians including some very outstanding ones. 


517. Catenary 


1. Definition. The catenary is a curve in which a homo- 
geneous inextensible string hangs when suspended from two 
fixed end-points. 

Note I. In the original statement of the problem (see 
Item 9) we dealt with the line of suspension of a chain, 
whence the name (chain-line, or catenary). In replacing the 
chain by a string, we are able to disregard a number of 
circumstances (size of links, friction, etc.) which complicate 
the investigation. The intensity of gravity is assumed con- 
stant in magnitude and direction. 
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Note 2. The arc of suspension is shaped differently depen- 
ding on the position of the points P, Q from which the 
string is suspended, and on the length / of the string 
(lL > PQ). However, an investigation shows that by depicting 
arc PQ on a proper scale it is possible to bring it to coin- 


Fig. 512 


cidence with some arc P,Q, (Fig. 512) of quite a definite 
infinite curve LAN. It is to this infinite curve as a whole 
(and not to the arc of suspension, which constitutes only 
a part of it) that the name “catenary” refers. 

The lowest point A of the catenary curve is called its 
vertex. 

2. Equation. If for the coordinate origin we take the 
vertex of the catenary (this appears to be rather natural) 
and take the axis of ordinates vertically upwards, the cate- 
nary curve is given by the equation 


png (pet) 0 o 
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where a (the parameter of the catenary) is the length of a 
segment of the string such that its weight is equal to the 
horizontal component of the tension of the string (this com- 
ponent is constant throughout the arc of suspension). 

However, it is usual to take for the origin the point O, 
which is at a distance a below the point A. We then have 
the simpler equation 


Ben, fe 
pele. z) @) 
or, using the notation of hyperbolic functions (Sec. 403), 
4 =cosh = (2a) 


Thus, the catenary is the graph ol the function cosh x 
{if segment a is taken as the scale unit). 

The axis of abscissas X’X, i.e. the straight line parallel 
to the tangent at the vertex A and lying below the vertex 
at a distance a, is called the directrix of the catenary curve. 

3. The catenary and the tractrix. The catenary (LAN in 
Fig. 512) is an evolute of the tractrix UAV, the altitude of 
which is equal to the parameter a of the catenary. The 
tractrix UAV is that involute of the catenary whose starting 
point is the vertex A of the catenary. In other words, the 
segment MM’ of the tangent MT from the point M of 
tangency to intersection with the tractrix UAV at point M’ 
is equal in length to the arc MA of the catenary. 

4. Construction. To construct a catenary with a given 
parameter a, find a number of points of a tractrix of altitude 
a (Sec. 516, Item 5). Then join each such point M’ (Fig. 512) 
to the centre P of the corresponding semicircle. The straight 
line M’P is tangent to the tractrix. Now draw the normal 
M’M of the tractrix (MM’ | M’P) to intersection, at point M, 
with the perpendicular PM erected from point P to the 
directrix X’X. The point M (the centre of curvature of the 
tractrix) lies on the desired catenary curve LAN. 

Note. The normal M‘M of the tractrix is the tangent 
of its evolute LAN (Sec. 346, Item 1). This property simplifies 
drawing a smooth curve through the series of constructed 
points M. At the same time it permits checking the accuracy 
of the construction. 


5. Arc length. The length s of the arc AM of the cate- 
nary reckoned from the vertex A is equal to the preieciion 
MM’ of the ordinate PM on the tangent MT and is given 
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by the formula 


x x 
s= AM =MM' =% (ane) (3) 
or 
s=a sinh = (3a) 


The arc s is connected with the ordinate PM=y by the 
telation 
Ss? a? = y? (4) 

This relation follows from (2) and (3) and is evident from 
the triangle PM’M where PM=y, MM’=s and PM’=a 
(by the basic property of the tractrix). 

6. Projection of an ordinate on the normal. The pro- 
jection MH of the ordinate MP of the catenary on the 
normal MD is of constant length a: 


HM=OA=a (5) 


This relation is read from the rectangle MM’PH, where 
MH = M’P=a (by the basic property of the tractrix). 

7. Radius of curvature. The radius of curvature MK=R 
of the catenary is equal to the segment MD of the normal 
from point M to the directrix X’X and is given by the 
formula 


Zo. ee 
pomD=+(e% 40 =) (6) 
or 
R=a cosh? = (6a) 


8. Constructing the centre of curvature; the evolute of 
the catenary. To construct the centre of curvature of the 
catenary at a given point M of it, continue the norma! MD 
beyond M and lay off segment MK=MD. Point K is the 
desired centre of curvature. That is how we construct, by 
points, the curve K’BK traced out by the centre of cur- 
vature (that is, the evolute of the catenary). Its parametric 
equations are 


xe=a| cosh = sinh ~+1n (cosh +—sinh — | 
K [ a +n (cosh = =) 
yx= 2acosh — 
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The point B (centre of curvature for vertex A) is a cusp 
of the evolute (7). 
9. Natural equation of the catenary: 


R=++a (8) 


It is obtained from: (3a) and (6a) by eliminating x. In 
the language of kinematics, Eq. (8) signifies the following: 
if a catenary curve rolls without sliding along a straight 
line, then the centre of curvature of the point of tangency 
describes a parabola, the axis of which is vertical; the vertex 
lies at point B; the parameter of the parabola is equal to 


the semiparameter + of the catenary curve. 


10. The area S of the “curvilinear trapezoid” OAMP 
(OA=a is the ordinate of the vertex; PM, the ordinate of 


the end-point M of the arc AM =s) is equal to the area of 
a rectangle with sides a,s so that 


S=as =a? sinh? = (9) 


11. Historical background. When the suspension points 
of a chain are at the same height and the chain is somewhat 
longer than the distance between the suspension points, the 
arc of suspension appears to be identical with the arc of a 
parabola. That was believed to be the case for a long time. 
The studies of Galileo in the field of mechanics cast doubt 
on the correctness of this view, but Galileo was not able 
either to corroborate or refute the idea. In 1669 Jungius 
established, both theoretically and experimentally, that the 
line of suspension of the chain is not a parabola. But the 
mathematics of that day was not sufficiently equipped to 
find the true shape of the curve. Soon after Newton and 
Leibniz worked out the methods of infinitesimal analysis it 
was possible to solve the problem of the curve of suspension 
of a chain. The problem was formulated in 1690 by James 
Bernoulli, and was immediately solved by his brother John 
Bernoulli, Huyghens and Leibniz. 

James Bernoulli posed another problem as_ well: 
disregarding the weight of a sail filled with wind, find the 
shape (line of profile) of the sail. James himself was only 
able to set up the differential equation. John Bernoulli 
solved it. It turned out that the sought-for profile was the 
catenary curve. 
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In 1744, Euler posed and solved the following problem: 
given a straight line AB and two points C, D (not on AB) 
in a plane; draw through A and B a curve such that the 
surface formed by its rotation about the axis AB is a mini- 
mum area. This too proved to be a catenary curve (the 
straight line AB is its directrix). 

The surface of revolution of a catenary about its directrix 
(catenoid) has a still more general property, namely: any 
piece of i! has a smaller area than any other surface bounded 
by the same contour. This property of the catenoid was 
discovered in 1776 by the celebrated French mathematician, 
engineer and officer Jean B. M. C. Meusnier. A whole class 
of surfaces (so-called minimal surfaces) ®) have this property. 
However, the catenoid is the only surface of this class from 
among the surfaces of revolution. 

The value of the catenary curve in engineering practice 
stems, incidentally, from the fact that the weight proper of 
an arch having the shape of a catenary does not affect the 
depression of the arch 


1) From the Latin catena meaning “chain”. 

2) Meusnier indicated yet another minimal surface: the helicoid 
(it is formed by helical motion of a horizontal straight line inter- 
secting a vertical axis). 
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846 HIGHER MATHEMATICS 
V. Table of Indefinite integrals 


1. Functions Containing a4+-bx to Integral Powers 


(1) | =z In (at bx) +C 


2) § (a-pbxy" de =H VC ne 1 
(3) ( ot = 5 [a+ bx—a In (a+bx)]+C 
or) an de | £ (a+ bx)? 2a (a+ bx) + 


+a? ln(a +bx) | +c 


1 n Stte 


act = "a +¢ 


(5) 


athe 


(6) mar 


x? (a+0x) a= —s+H In In 


x? dx 


aed L [a+or— 2a In (a+ bx) — “+e 


I | Petia ced 
soem Tas qi! gr 


(8) 
(9) 


x dx 


(10) (a+ (a+ bx)® =1[- cae Cc 
2. Functions Containing a?-+-x?, a?-+4-x?, a+-bx? 


| xe 
| ar 
m | A=h[M ei +C 
j 
\aaeR 
| ct 


(11) ie Te > =arctanx+C 

(12) y os arctan a+ Cc 

a3) (#2 nttt+e 

or 

ay | = nttsic 

(15) \ #5=4 arctan x Y/ 24¢ for a>0O and b>0 


TABLES 


847 


f a and 6 are negative, the minus sign is taken outside the ‘inte- 


ae but if a and 6 are of different sign, then use No. 


dx 1 VatxVb 
09 | sees Petre te 


x? dx x a dx 
(a) {| SH =4_4 \ 45 
see No. 15 or No. 16. 
dx ! x? 
(19) \ x (a+bx8) 9a IM ae 


dx ! 6 dx 
(20) iy x? (a+6x*) sax. a \ a+bx? 


see No. 15 or No. 16. 


x ] dx 
(21) { wie =~ "Qa (a+bx?) 156 \ a+ bx? 
see No. 15 or No. 16. 
3. Functions Containing VY a--bx 


02 | Vatbeds =2 Vaphy +c 


(23) | x Warp bade — 22a den Vere | ¢ 
( x 2 (8at— 1 2abx+15b?x?) V a+bxy? 
(4) \ P Vath de = eee 
2a- — 
ey j pee = — Varies 


x? dx 2 (8a? — 4abx + 36?x?) 
(25) | Fa OS var tc 


dx 1 Va+ox-Va 
(27) ‘- Va+ox Va Va+bx +Va pind 


ee | eee Vy 7 
(28) \ Wee VS arctan — +e for a <0 


dx ~Va+t bx bb ds 
29 ee 5 | 
(2) x? Vat bx ax 2a 
see No. 27 or No. 28. 
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A Vatbxdx 
(90) {OF 2 Varbe +a | Se 
see No. 27 or No. 28. 
4. Functions Containing VY x*--a? 


Gl) VF Fetde=s VPP YS In (x4 VFA) EC 
(32) | VG Fat dx == (2x2 + Sat) Vx®tai+ 
+ SF in (x+ Vxtat) + 


(3) (2 Pa dx PERE 


(34) {2 Vxitai dra (2x? + a?) Vxttat— 
— Fin (x+ Vx?+a3) +C€ 


(35) le 7a aint Vetar) eo 
dx = x 
j Vivant Vxt+at aa 
@) lr es 
38) = V ta —F n(x + V2 +03) +C 
xPdx — 
(39) y V (xt eat)? r$2 
dx esr pe hs 
(00) | ae" yee? 
dx Ss xt vat 
(41) (te So cgig ee 
Vxt+ at V x¥+ai 
(02) | a ta in SE 
(43) { Matte ae _ Vetta ain ee ee 


V x®4a? dx seese 


(44) | Yereatas _ _ Votes ine + VP pat) EC 


TABLES 

5. Functions Containing V a?@—x? 
(45) ee a —aresinx +C 

Tx? 

See 
(46) \ 7 vat == = aresin ~+Ce 
x x 

(1) | pea arace t° 
(48) (ee =—V@—xv+C 

xdx = 
(49) = 7 =e te 
(50) \ @a=-3 ~Va—x =x 45 aresin ~+-€ 


(51) y Vax dx= = Vere o arcsin —-4-C 


(52) ( V @— xP dea (5a? — 2x?) Vaoe+ 
3a‘ - x 
+- > aresin—+C 
Wi@=27 1 © 


V (a?—2x2)8 
S) 


(53) y x Vai—xt dx = — 
54) ) x V GaP d= — +c 
(55) | 2 Va—xe dx == (2x2 a?) Vat—xt+ 


a‘ Peery 
+-7 arcsin-+C 


56) | 2s *_-—aresin = +C€ 


V(at—=x*?)  Vat=x 


dx 1 & 

(57) y Sst t nee te 
dx V at—x? 

68) | Ses atx +e 


dx ! — 
(59) \aS=- an ta" aa te 
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(60) | =F dy Vea In A 


1 | 
6. Functions Containing V e—@ 


(62) ae ae == In x+V 2—a@)+C 


Xx . ¥ 
sa Wacee@ area 


V a= x? oan Vat—x? 


dx = 


—aresin —+C 


(4) ( A Vea +C 


V x2?Lq? 


(66) \ V (x? —=a?)8 dx—= = (2x*—5a*) Vx? —a? + 


(65) { Vx—a? dx= Ve—a_o In («+ Vx?—at)+C 
+25 in(x+V a8) +C 


(67) {x Vet—a@ax= 
69 [1 VT ace 
(69) {2 V e—a? dx—=— (2x2 — a?) Vx? — at — 
—F In (x+VP—a)+C 
AHF VP +F In e+ Vier +0 


(x+V x#—a4)+C 


TABLES 851 


dx _ Vata? 1 x 
(75) (4s aes a “+ ygr aresec ate 


Vx® —a? dx 


(76) j a = V aa arccos a+ Cc 


x? 


7. Functions Containing VY 2ax—x?, YV 2ax-+-x? 


A function containing V 2ax—x? is integrated by the substitution 


t=x-a. Then V 2ax—x? becomes Va?—f? and the integral is found in 
Group 5 of this table. If it is not in the table, an attempt is made to 
reduce it to a form which is. 

The same may be said of a function containing the expression 
V2ax+x. In this case the substitution ‘=x+a reduces the radical to 


the form V2?—a* (Group 6 of this table). 


8. Functions Containing a+bx+cx? (c>0) 


2 t 2cx+6 . 
Vee tan FSH, if b8<4ac 
dx 
(78) Kouta 1 2ex+b-V b? —4ae 4C, 


V6? — 4c 2ex+b+V b? —4a0¢ 
if 6? > 4ac 


(79) =" a ——In(Qex+6+2 Vc Va-pbx+cx®)+C 


Va+ bx+cx? 


(80) V a+bx+ cx? dx = 2x4? V a+ bx +x? — 


ue i In (Qcx + 6+2V ¢Va+bx+ex®)+C 


x dx Va+bx+cx? bh 
(81) \ =e ar ae In (2cx-+b + 


Va4+ox +cx? c 
+2V¢ Va-+bx+cx2) +C 
9. Functions Containing a--bx—cx? (c>0) 


(82) (ae 1 Vb? + 4004 2cx—b 
reer ox V 6? + 4ac V 6? + 4uc-2cx +b 
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(83) { 
(84) \ V a+ bx— ext dx = "X=" VW ap bx— cx? + 


dx i 2ex-b 
<= = + arcsin Cc 
Vat bx-cx? = Vb? + 4ac Be 


68 + 4ac 2ex-b 


— arcsin 
+ 3Ve Vb? +4ac 
oe cx? ’ = 
( 85) —— x dx _ a+bx-cx af De Pet 2ex-b +C 
Vatbx—cxt e 2Ve VO" ¢4ac 


10. Other Algebraic Functions 
(86) (j= oF dx =V OFFA + (a—H) In (Vapat 
+Vb+-x)+C 
7) § of 2 de=V@— OFA) + 
+(a+6) arcsin V +c 
(38) | of 2 x= —V GE O—H)— 
—(a-+ 6) arcsin Ee e¢ 
(89) § of SE ax — VT + aresinx +¢ 
dx oa 
(90) \ eS aresin i +C 


11. Exponential and Trigonometric Functions 


(91) { oFdx= ite (92) ( e*de=er+C 
(93) [ettdr= T+ (94) { sin x de= —cos x+C 
(95) { cos xde—=sin x+C (96) { tanxdx=—Incosx--C 
y cot x dx=Insinx-+C 


(97) 


TABLES 853 
(98) { secxdx=in (sec x + tan x)-+C =In tan (F+4)+¢ 
(99) { cosec x dx = In (cosec x —cot x) + C=In tan++C 


(100) sec? x dx=tanx+C 


(101) \ cosec? x dx=—cotx+C 


(102) \ secx tanx dx=secx+C 


sin? x dx—~—-1 sin 2x+C 


(104) = 


(105) \ cos® xdx=e tp sin 2x-+-C 


in®—? x ¢ 
sin” xde= — S00 x08 10-1 ( sinn-ay de 


(103) { ec ‘osec x cot x dx= —cosec x+C 
(106) f 

This formula is used several times until it brings us to the inte- 
gral | sin x dx or | sin® x dx (depending on whether x is even or odd); 
or these integrals see No. 94 and No. 104. 


(107) y cos” x dx Sor" x sins 4 ad y cos"~1 x dx 


n 
(see note of No. 106 and also see No. 95 and No. 1065). 


dx 1 cos x n-2 dx 
(108) \ #a= aot ano ted y sin®—* x 
Use several times until it leads to the integral fax if is even, 
or to the integral pe if n is odd (the latter integral is given in 
No. 99). 
dx 1 sin x n-2 dx 
(109) \ 45= n-l cos®*-1x ' n-1 j cos®—3 x 


(see note of No. 108, also see No. 98). 


(110) y sinx cos" xdx=— 2" *4.¢ 


atl 
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(111) { sin x cosrde=S¥"'* 4 ¢ 
(112) | cos” x sin” x dx = SOS SNF x 
men 


m-1 
m+n 


( cos” ~2 x sin” x dx 


+ 


Use several times until the power of the cosine is zero (if m is 
even) or unity (if m is odd). In the former case, see No. 106, in the 
latter, No. 111. This formula should be used when m<n. If m>n, 
then it is better to use the following formula: 

Myeinn — __ sin! x cost! x 
(113) { cos? x sin xdx= a ae 
n-l 
m+n 


+ 


(see note of No. 112, and also see No. 107 and No. 110). 


{ cos™ x ain? -2 x dx 


(114) \ sin mx sin nx dx= 


a sin(m+n)x ,_ sin (m-n)x 
Le Qim+ny | 3yn-ny | 


(115) { cos mx cos nx dx = 


; a + (m zn) 
__ sin (m+n) x sin (m—n) x 
~ 2 (m+n) a 2(m=n) $6 


(116) y sin mx cos nx dx= 
__ __ cos(m+n)x_ cos(in—n)x 
2 (m+n) 2(m-n) +C 
dx 2 ‘a-b- x 
(117) \ eee aretan (4/ 25? tan 2) +6, 


ifa>ob 
f Vo-a tan —+Vb+a0 
(118) \ a. ee oe ree gee ee, 


a+bcosx V b8— a? Vb-a tan 2--Vbea 
9 


ifa<ob 


a+b sing Vat—p* Vat— 6? 


‘ atan +6 
(119) \ asics ——2— arctan ae: SE 2 if a>b 


TABLES 855 


d a tan +b-V btu? 
(120) pe Pe n ——————_—_—_—_-_+C, 


GAUSS VBE as atan + +o4+V bat 


ifa<b 


(121) 


i 
u? cos* ant “a? cos? x+6%sin? x ab 


et oe cos x) 


(122) e* sin x dx = 


+C 


e22 (qa sin nx—7n cos nx) 


(123) \ e¢* sinnxdx=————-_, + C 


e#2 (n sin nx+a cos nx) 


(125) \ e9* cos nx dx SO BERS tC 


(126) 


| reeritoaary 
J 
J 
(124) y e* cos x dx= ciate dic 
J 
{ xeo dx= * (ax— H)+C 


(127) \ xneax | xn-lyax dy 
a a 


The formula is used several times ual the power of x becomes 
unity; then the integral is found in No. 


xa™* a@* 

(128) { xam* dn (in ricae 

(129)'§ xigeetdy Oe y amxxn-l dy 
nina mina 


The formula is used until the power of x is unity; then the integral 
is found in No. 128 


ax n-i 
e”* cos x(acosx+n sin x 
(130) { etx cos” x dx = $8 _ =A cos en is) + 
n(n-l 
+ 20-9) e8% cos"-2 x dx 


The formula is used until the cosine disappears (in the case of 
even a) or until its power is unity (in the case of odd a). In the latter 
case, see No. 122. 


(131) { sinh x dx=cosh x +C 
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(132) \ cosh x dx=sinhx+C 


(133) \ tanh x dx =In cosh x+C 


(134) \ coth x dx-=Insinhx+C 


ee Oe 


(135) y sech x dx =2 arctan e*+C 
(136) { esch xdx=In tanh 4 +€ 
(137) { ene dx==tanhx+C 
(138) y esch? x dx =—cothx+C 
(139) y sech x tanh x dx =sechx+C 
(140) y esch x coth x dx =—csch x-+C 
(141) sinh? x dx=— 44+ sinh 2x +C 
(142) y cosh? x dx=— + + sinh? 2x-+C 
12. Logarithmic Functions 
Only functions containing the natural logarithm are given. If it 


is required to find the integral of a function contalping the logarithm 
to a different base, first change to the natural logarithm by the for- 


mula log, rath and then use the table 


(143) y Inxdx=x Inx—x+C 


44) | 2 In (In x) $C 


xing 


(145) y x In xdx=xat! [ ae —atin|te 


n+l 


(146) y In? xdx=x In" x—n y In?! x dx 


TABLES 857 


The formula is used until the Integral ( In x dx is obtained; this 
integral is taken by formula No. 143. 


a+. 
(147) § 2 in x de 2 Ine eo | a Inet x de 


The formula is used until it leads to integral No. 1465. 


NAME iNDEX 


Abel, N, H. 247 ere 

Agnesi, D.M.G: 

Apollonius 19 

Arbogast 282 

Archimedes 117, 247, 401. 494, 
496, 497, 673, 785 


Bari, N. K. 609 

Barrow, I. 401, 462 

Beltrami, E. 833 

Bernoulli, Daniel 608, 826 

Bereuilt: James 779, 795, 809, 

Bernoulli, John 341, 402, 809, 
837 


Bernstein, S. N. 60 
Bunyakovsky, V. Ya. 456 


Cassini, G. D. (or J. D.) 775 
(Junior) 775 

Castillon, de 772 

Catalan, E. 795 

Cauchy, A. L. 245, 339, 350, 
548, cage 


Cavalierl, 

Chebyshev, BD. ‘! 401, 442 
Clairaut, A. C. 789, 609 
Copernicus, N. 822 
Cramer, G. 236 


d'Alembert, J. le R. 608 
Desargues, Gérard 826 
Descartes: R. 760, 795 
Diocles 758 
Dirichlet, P. G. Lejeune 609 
Darer, Albrecht 829 


Euclid 249 

Eudoxus 249 

Euler, L. 19, 
809, 826, 838 


401, 443, 609, 


Fagnano 779 


eee tc 19, 282, 376, 401, 
764, 


Fourier. i B. J. 402, 609 


Galileo 687, Pt 838 
Gelfond, A. 302 
Grandi, G. 785 
Green, ‘George 700 


Hermite 302 

HIpparchus 825 
Huyghens, C. 
809, 827, 837 


759, 789, 806. 


Jungius 837 


Kogan, F. M. a 
Kolmogorov, A. 609 
Kovalevskaya, S. Ny. 729 
Krylov, A. N. 609 


La Hire, P. de 789, 826 
bemranae: J. L. 335, 350. 608, 


Leibniz, G. W. 19, 245, 282, 
332, 333, 401, aoe 462, 537, 
779, 809. 826, 

Hospital, G. Fr. ie 341 

Lobachevsky, N. Lt 247, 


609 
Luzin, N. N. 609 


299, 


Maclaurin, Colin 349 
Mannheim, A. 789 

Menshov, D. E. 609 

Mercator, N. ae 

Mersenne, M. 37 

Meusnier, J. B. M. C. 838 

Midi 756 
Mordukha!-Boltovskol, D. D. 443 


Nasr-ed-din, M. 826 

Newton, Isaac 247, 282, 332, 
334, 347, 348, 401, 442, 462, 
480, 537, 728, 809. 826, 857 

Nicomedes 765, 766 


Ostrogradsky, M. V. 401, 438 


NAME INDEX 859 


Pascal, Blaise 282, 348. 401, 
770, 809 
Pascal, Etienne 770 


Perrot, C. 826 
Persone, G. 756 


Riemann, G. F. B. 247 


Roberval, G. P. de 756, 759, 


770, 773, 809 
Rolle. M. 334 


Salandini 780 
Shukhov, V. G. 225 


Simpson, T. 4 


80 
Sluze, R. F. W. de 759 


Taylor, Brook 348, 180, 483 
Torricelli. E. 401, 795, 808, 
809 


Varignon, P. 795 
Vetchinkin, V. P. 677, 803 
Viviani, Vincenzo 677, 803 


Wren, Christopher 809 


SUBJECT INDEX 


Abel's theorem (power series) 581 
Abscissa 21, 24 

initial 31 
Acceleration, average 325 
Additive quantities 491, 659 
Agnesi, Witch of 475 
Algebraic curves 

of degree n 55 

of nth order 55 

order of 54, “55 
Algebraic equation 

coefficients of 55 

of first degree 54 

of second degree 54, 55 
Nie rale surface of ath order 


Alternating series 552 
Analytic function 588 
Analytic geometry, plane 24 


a 
etween two straight lines 180 
solid 687 
Antiderivative 403, 704 
“Approach without bound” 262, 
263, 631 
Approximate integration 480 
of first-order equations by 
Euler’s method 726 
Are length 
differential of 499 
and its differential in polar 
coordinates 499 
of a plane curve 497, 498 
of a space curve 498, 515 
Arch, cycloidal 797 
Area 
of a piece of surface 677, 691 
of a plane figure 691 
of a surface of revolution 501 
Areas 
in polar coordinates 492 
in rectangular coordinates 488 
Argument 250, 252 
Astroid 818 
evolute of 823 
Asymptotes 383 
not parallel to axis of ordina- 
tes, finding 386 
parailel to axis of absclssas 


parallel to axjs of ordinates 
384 


parallel to coordinate axes, 
finding 383 
Axis 
of abscissas (x-axis) 20 
conjugate 66, 81 
geometrical meaning of 68 
of curvature of space curve 
530, 531 
of ordinates (y-axis) 20 
semiconjugate 67 
semitransverse 67 
transverse 66, 81, 214, 216 


Bar diagram 629 
Base circle 769 
Base-line 320 
Base vectors 133 
of moving trihedron 529 
Binomial expansion 592 
Binomial series 592 
Binormal 527 
Bounded quantities 267 
Brachistochrone 807 
problem of 809 
Bunyakovsky inequality 456 


Calculus of variations 809 
Cardioid 501, 772, 773, 774 
Cartesian coordinate system 23 
Cassianian curves 774 ff 
axis of 775 
foci of 775 
Catenary 835 ff 
are length of 835 
construction of 836 
directrix of 835 
evolute of 836 
natural equation of 837 
radius of curvature of 836 
Catenoid 843 
Cauchy’s theorem 339, 340 
Cavalieri’s principle 809 
Central conics 105 
Central pencil 42 
Centrality, condition of 106 
Centre 104 
of curvature 504 
formula for 505, 506 
of curvature of space curve 
531, 532 
formula for 532, 533 


SUBJECT INDEX 861 


of symmetry 104 
Chain rule 125 ’ 
Change of variable (integration) 


416 
Characteristic equation 742 
Circle 56 
base 770 
of curvature 504, 505, 531 
Cissoid 
of Diocles 758 
of Sluze 759 
Clairaut’s equation 722 
Coefficient 
of compression of ellipse 59 
of growth of logarithmic spi- 
ral 789 
Cofactors 227 
Collinearity of vectors, criterion 
of 139 


Complex function 

derivative of 604 

differential of 604 

of a real argument 602 
Complex numbers 601 
Complex power, raising a posi- 

tive number to 606 
Composite function 296 

differentiation of 646 

formulas for derivatives of 648 
Compression 

axis of 58 

of ellipse 58 

uniform 58 
Concavity, direction of 380 
Conchoid(s) 

generalized 770 

of Nicomedes 765, 766 

inner branch of 766 
outer branch of 766 

Conchoidograph 765 
Conic section(s) 77 

diameters of 78 
Conical points 644 
Conics 77 
Conjugate axis 66, 80 
Constant quantity. 250 
Continuity of a function 279 

of several arguments 633 
Sontinulty. of a sum of a series 


Continuous function 277, 279, 
Convergence of a series 
absolute 553 
conditional 553 
integral test for 549 
necessary condition for 540 
nonunlform 565, 568 
geometrical interpretation 
of 568 


uniform 565, 568 
geometrical interpretation 
of 568 
test for 569 
Convexity 
direction of 379 
of plane curves 379 
Coordinate axes 20 
Coordinate method 19 
Coordinate system 
left-handed 134 
right-handed 134 
in space, rectangular 133 
Coordinates, 20, 2 
changing from rectangular to 
polar 647 
current 24 
cylindrical 685 
moving 24 
of a point 134 
polar 45, 112, 170, 686 
polar and rectangular, 
tionship between 1141 
running 24 
spherical 686 
a vector 135 
Coplanarity criterion 155 
in coordinate form 159 
Critical values of argument 366 
Curvature 
average 503 
centre of 504 
formula for 505, 506 
circle of 504, 505, 531 
radius of 504 
formula for 505, 506 
on sign of 534 
of space curve, formula for 531 
Curvature vector 532 
Curve 
Pazamesrie representation of 


of shortest descent 807 
Curves (see Algebraic curves) 
quadric 83, 85 
second-order 83 
three types of 102ff 
elliptic type 102 
hyperbolic type 102 
parabolic type 103 
Cusp 767 
Cycloid 323, 795ff, 808 
base-line of 795 
as a brachistochrone 807 
common 807 
evolute off 803 
involute of 803 
natural equation of 805 
compressed 803 
curtate 795 


rela- 
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parametric equations of 321 
prolate 795 
tautochrone property of 806 
Cycloidal arch 797 
Cycloidal pendulum 807, 826 
Cylinder 
elliptic 205, 222 
hyperbolic 204, 222 
parabolic 223 
Cylindrical coordinates 685 
Cylindrical surface 204 


d’Alembert’s test 548, 555 
Decomposition into partial frac- 
tions 428, 435 
Deferent 825 
Definite integral_404, 446, 447 
computation of by means of 
indefinite integral 464 
evaluation of 455 
as a function of 
limit 458 
eeometrtcal interpretation of 


the upper 


lower limit of 447 
mechanical interpretation of 


method of substitution 466 
properties of 450 
scheme for employing 490 
upper limit of 447 

“Delta z” 276 

De Baivects theorem (formula) 
6 


“Te Revolutionibus Orbium Coe- 
lestium” 826 
Derivative(s) 282 
of a complex function 604 
of a composite function 297 
of elementary functions 287 
of an exponential function 306 
expressed in terms of differen- 
tials 295 
of a fraction 299 
expression of in 
differentials 329 
of functions represented pa- 
tametrically 330 
of implicit functions 331 
of a function, definition 284 
higher-order 324, 522 
of an inverse function 301 
left-hand 292 
of a natural logarithm 303 
of ath order 325 
partial [see Partial dertvati- 
ve(s)} 653 
of a product 298 
properties of 288 
right-hand 292 


terms of 


second(-order) 324 
mechanical meaning of 325 
third(-order) 324 
total 649 
Derivative vector function 521 
Descartes’ paradox 376 
Determinant(s) 
computation of 226ff 
of higher otder 229 
properties of 231 ff 
second-order 27, 226 
third-order 156, 226 
use of to investigate and solve 
systems of equations 836ff 
Diagram, bar 629 
Diameters 
of a conic section 78 
conjugate 80, 82 
of an ellipse 79 
of a hyperbola 80, 82 
of a parabola 82 
principal 80, 82 
Differences 
first 327 
second 327 
third 327 
Differentiable functions 294, 651 
Differential(s) 
Her oeemiene calculations 
of arc length 499 
of a complex function 604 
of a composite function 296 
of elementary functions 294 
of an exponential function 306 
first 327 
of a fraction 299 
geometrical interpretation of 
29t 
higher-order 326. 523 
integral of 462 
of an integral 460 
mechanical interpretation of 
290 
of a natural logarithm 303 
partial 636, 639 
of a product 298 
properties of 294 
second 327 
symbolism of 657 
third 327 
total (see Total differential) 
638, 639 
use of to estimate errors 313 
Differential equation(s) 706 
first-order 708 
general solution of 712 
geometrical interpretation 
of 708 
particular solution of 712 
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Direction numbers 179 

Direction vector 179 

Directrices of hyperbola (see 
Directrix) 73, 74 

Directrices of ellipse 73 


first-order linear 720 
formation of 730 
homogeneous 718, 439, 750 
integrability of 726 
integral of 706 


general 712 Dircetrix (sec Directrices) 204, 
particular 712 217, 320 
singular 716 Directrix of parabola 69 
integral curve of 708 Dirichlet’s theorem 622 
integration of 706 Discontinuity 
by series 728 nonremovable 279 
linear (of any order) 750 points of 280 
nonhomogeneous 742, 750 removable 279 
of ath order 736 Discontinuous function 277, 
general solution of 736 279, 633 
particular solution of 736 Discriminant curve 725 
partial 706 Distance 
second-order 734 from point to plane 170 
general solution of 734 between points 631 
particular solution of 734 between two points 138 


second-order homogeneous li- Division 
near with constant co2ffi- of a segment in a given ratio 
cients 742 26, 140 

second-order linear 738 of a vector by a vector 128 


second-order linear with con- Domain 
stant coefficients 742 of convergence of a functional 
second-order nonhomogeneous series 563 


linear with constant coeffi- 
cient 744 

solution of 706 
general 712, 734 
particular 734 

systems of 754 

with right-hand member 738, 
7 


50 
with right-hand member zero 
738, 750 


Differentiation 


of a composite function 646 

of an exponential function 306 

of a fraction 299 

of an implicit function of 
several variables 650 

of implicit functions 315 

of inverse trigonomertic fun- 
ctions 306ff 

logarithmic 304, 305 

of a logarithmic function 303 

of power series 584 

of a product 298 

of a quotient 299 

repeated, technique of 656 

of series 575 

technique of 641 

of trigonometric functions 307 


Direction 


of concavity 379, 559 
of convexity 379 


Direction cosines 180 
Direction held 406, 708 


of a series 580 


of definition of a function 
254, 626 
of a function 674 
of integration 665 
Double generation of hypocyc- 


loids and epicycloids 820 
Double integral 663 

computation of 667, 670 

estimation of 666 


expressed in polar coordinates 


geometrical 
665 


geometrical quantities expres- 
sed in terms of 691 


physical quantities expressed 


in terms of 691 
properties of 666 
scheme of applying 688 
Doubling the cube 758 
Duplication of the cube 758 


e, the number 271 
Eccentricity 

of circle 62 

of ellipse 62, 75 

of hyperbola 66, 75 

of parabola 75 
Element 

of area 665 

in polar coordinates 675 


interpretation of 
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of volume 
me eectongulss coordinates 
| 
in spherical coordinates 687 
Ellipse 
centre of 59 
coefticient of compression of 59 
as a compressed circle 58 
construction of 62, 63 
definition of 60, 61, 75 
diameters of 79 
eccentricity of 62 
foci of 60 
major axis of 59 
minor axis of 59 
vertices of 59 


Ellipsoid 210, 222 
general 21f- 
imaginary 223 
of revolution 211 

oblate 212 
prolate 212 
triaxial 211 


Elliptic cylinder 205, 222 
imaginary 211, 223 
Envelope 725, 726 
Epicycle 825 
Epicycloid 810ff 
common 810 
evolute of 822 
natural equation of 823 
curtate 810 
double generation of 820 
prolate 810 
Equality 
of line segments 122 
of vectors 122 
Equation(s) 
of a central conic, simplifica- 
tion of 107ff 
characteristic 742 
Clairaut’s 722 
differential (see 
equation) 706 
of an ellipse, canonical form 
of 59 
standard form of 59, 61 
homogeneous 718, 720, 738, 


Differential 


750 
of hyperbola, standard form 
of 64 


of a line 23, 205 

of a line perpendicular to two 

- Straight lines 197 

linear (of any order) 750 

linear (with right-hand mem- 
ber zero) 720. 

in a unknowns, a system of 
@ 245 


natural 788, 805, 832, 837 
nonhomogeneous 739, 750 
of a normal 323 
of ath order 736 
of parabola, standard 
nical) form of 70 
parametric 317 
of a plane 161 
intercept form of 166 
normal form of 172 
second-order 734 
solution of 392 
algebraic - (Lobachevsky’s 
method) 394 
by combined chord and 
tangent method 398 
by method of chords 394 
by method of tangents 396 
of straight line 
general 31 
intercept form of 50 
normal form of 48 
parametric 188 
seducing to symmetric form 


(cano- 


slope-intercept form of 29 
in space 174 
standard form of 185 
symmetric form of 185 
two-point form of 39, 190 
of a surface 203 
symmetric 186 
of a tangent line to a plane 
curve 321 
in three unknowns 
homogeneous system of 240 
three 241 
two 238 
in two unknowns, two 236 
with right-hand member zero, 
linear 720 
with variables separated 713 
Error 
limiting 313 
limiting absolute 313 
limiting relative 313, 317 
Euler substitution(s) 443 
first 443 
second 445 
third 443 
Euler-Fourier formulas 611, 613 
Euler’s formula 607 
Euler’s | method, approximate 
integration of first-order 
equations by 726-728 
Even function 618 
Evolute 794 
of a plane curve 508 
properties of 510 
Expansion(s) 
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pl a lunction in a power series 

power-series (of elementary 
functions) 589 

Extoneatial functions 590, 844, 


Extreme value 364 
Extremum 364 
of function of several argu- 
ments 660 
rule for finding 660 


sufficient condition for 370, 
662 


Factoring a polynomial 438 
Family 
equation of 724 
one-parameter 724 
Fermat rule 376 
Finite increment, formula of 337 
Fluxion 282 
Focal length 
of ellipse 60 
of hyperbola 64 


Foci 
of ellipse 60 
of hyperbola 64 

Focus (see Foci) 

Folium of Descartes (see Leaf o} 
Descartes) 760ff 

Formula 
of finite increments 337 
Newton-Leibniz 462 

Fourier coefficients 623 

Fourier series 613 
of a continuous function 615 
apes discontinuous function 


of even functions 618 
of odd functions 618 
Fraction(s) 
improper 426 
partial 428 
proper 426 
Function(s) 
algebraic 259 
analytic 588 
basic elementary 258, 259 
circular 259 
classification of 258 
composite (see 
function) 296, 646 
continuity of 277 
on a closed interval 279 
continuous 277, 279, 633 
on a closed interval, pro- 
perties of 280 
at a point, properties of 278 
decrease of 360 
decreasing 360 


Composite 


differentiable 291, 642 
discontinuous 277, 279, 633 
domain of definition of 254, 


6 
double-valued 252 
elementary 258 
entire rational 440 
even 618 
explicit 254, 258 
exponential 259, 590 
finding maximal and minimal 
values of 372 
of a function 296 
hyperbolic 591, 595 
implicit (see Implicit function) 
254, 258, 650 
differentiation of 315 
increase of 360 
increasing 360, 361 
infinitely multiple-valued 300 
integral rational 440 
integrand 665 
inverse 300 
derivative of 301 
inverse hyperbolic 593, 596 
inverse trigonometric 259, 593 
differentiation of 308A 
limit of 630 
iogarithmic 259, 591 
monotonic 300, 301 
multiple-valued 252, 258 
nondifferentiable 643 
nonelementary 258 
nonperiodic 615 
odd 618 
orthogonal 609 
parametric representation of 318 
point 626, 627, 674 
power 259 
rational 426, 439 
of several areumenis 
continuity of 633 
extremum of 660 
limit of 630 
maximum of 660 
minimum of 660 
modes of representing 628 
Taylor's formula for 658 
single-valued 252, 258 
tests for increase and decrease 
of 362, 363 
of three or more arguments 627 
transcendental 259 
trigonometric 259, 590 
triple-valued 252 
of two arguments 626 
ways of representing 252 
analytical 252. 253 
sep ical 252, 253 
abular 252, 253 
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Function symbol 260. 627 

Functional notation 259 

Functional series 562 % 
domain of convergence of 563 


Generating circle 321 

Generatrices of quadric surfaces, 
straight-line 224 

Generatrix 320 

Geometry, non-Euclidean 293 

Gorge circle 214 

Gorge ellipse 214 

Graphs, construction of (examp- 
les) 388 

Green’s formula 700 

Grouping terms of a series 556 


Harmonic series 540 
Helicoid 838 
Helix 514 
right-hand 514 
left-hand 514 
Hodograph of a_ vector 
on 520 
Homogeneous differential 
tion 718 
Homogeneous equation 750 
Hyperbola(s) 
asymptotes of 68 
centre of 66 
conjugate 68 
construction of from axes 67 
definition 63, 75 
diameters of 80,81 
directrices of 74 
equiangular 53, 66 
equilateral 53, 66, 110, 111 
focal length of 64 
foci of 64 
rectangular 66 
shape of 65 
Hyperbolic cosine 591, 596, 601 
inverse 593 
Hyperbolic cotangent 593 
inverse 593 
Hyperbolic cylinder 205, 222 
Hyperbolic functions 591. 595 
inverse 593 
origin of names of 600 
Hyperbolic sine 591, 596, 601 
inverse 593 
Hyperbolic tangent 591 596, 601 
inverse 593 
Hyperboloid 
of one sheet 213, 222 
of revolution of one sheet 214 
of revolution of two sheets 216 
of two sheets 215, 222 
triaxial 216 


functi- 


equa- 


Hypocycloid 81 Off 
common 810 
evolute of 822 
curtate 810 
double generation of 820 
natural equation of 823 
prolate 810 


Imaginary number 249 
ymapinary unit 249 
Implicit function of several va- 
tiables, differentiation of 650 
Improper fraction 426 
Improper integral 471 
Incommensurable segments 248 
“Increase without bound” 266 
Increment(s) 

partial 636 

total 636 

of a variable 276 
Indefinite ieee) 404-406 


properties of 410 
table of 846 

Indeterminate forms 341, 
344-346 


Infinitelv large quantity 266 
Infinitesimals 265 
basic properties of 269 
equivalent 273 
of mth order 275 
relationship with infinities 267 
of same order 275 
Infinities 266 
relationship with 
mals 267 
Initial values 712 


iiteprapi y 
of differential equations 726 
of elementary functions 439 
Integrat(s) 401 
of a binomial differential 441 
computation of by means of 
series 594 
curvilinear 696 
definite (see Definite integral) 
405, 446, 447 
dependent on radicals 429 
differential of 460 
of a differential 462 
of a differential equation 706 
double (see Double integral) 663 
of a function with disconti- 
nuity 476 
improper 471, 472 
indefinite 404-407 
properties of 410 
with infinite limits 472 
iterated 667, 682 
line 695, 696 


infinitesi- 
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ordinary 689 
proper 476 
single 689 
table of 411 
triple 681 
Integral calculus 401 
principal problem of 403 
Integral curve 406 
of differential equation 708 
Integral test for convergence 
549 
Integrand 404 
Integrand expression 4104 
Integrand function 404, 665 
Integrating factor 718 
Integration 405 
approximate 480 
by Euler's method 726 
by change of variable 414 
of differential equation 706 
by series 728 
direct 413 
eeomestleal interpretation of 
of partial rational fractions 
428 


by parts 418 
definite 465 
of power series 584 
of rational fractions 426, 431 
of series 571 
by substitution 414 
fe) ai figonometric expressions 


variable of 404 
Integration constant, computati- 
on of from initial data 409 
Intercept form of equation of a 
plane 166 
Intercepts 49 
‘on axes 166 
Interpolation 480 
perp elation formula, Newton's 
4 
Interpolation polsnemia 480 
Intersection of straight line and 
plane 177 
Interval(s) 257 
closed 257 
of integration 447 
of isolation 393 
Invariance of f’ (x) dx 294 
Invariants 100 
of second-degree equation 99 
Inverse function 300 
derivative of 301 
bayer hyperbolic cosine 593, 
5 


Lh dag hyperbolic cotangent 593, 
596 


Inverse hyperbolic Junctions 593, 
596 


Inverse hyperbolic sine 593, 596 
Ingeree hyperbolic tangent 593, 
Inverse trigonometric functions 

593 
Involute 

of a circle 785 

natural equation of 788 

of a plane curve 511, 512 
Isoclines 711 
Isolated point 768 
Iterated integral(s) 667, 682 


Jump of a function 278 
Kazan University 293 


Lagrange ® form of the remalnder 
3 


Lagrange’s formula 339 

Lagrange’s mean-value 
335-337 

Latus rectum 76, 83 

Lead of helix 514 

Leaf of Descartes 760ff 
vertex of 761 _ 

vee peas pairs oi straight lines 
20 


Leibniz rule 332 
Leibniz test 552 
Lemniscate of Bernoulli 779 
Level curves 620 
l'Hospital’s rule 3414 
Limacon of Pascal 770ff 
are length of 773 
Limit(s) 
of a constant 265 
finite 269, 270 
of a function 264, 630 
defined 264, 265 
infinite 267 
of an integral 447 
left-hand 278 
on the left 278 
lower 447 
one-sided 279 
right-hand 278 
on the right 278 
of a sequence 261, 262 
of sin x/x 273 
unilateral 278, 279 
upper 447 
Limit concept, extension of 267 
Limit theorems, basic 270 
Line integrals 695-697 
computation of 698 


theorem 
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condition for independence of 
path of 701 

mechanical meaning of 697 
Linear equation 

homogeneous 720 

wet right-hand member zero 
Linear systems of differential 

equations 754 
Lobachevskian geometry 833 
Eee ene differentiation 304, 


Legarithmic functions 591, 856 
Logarithmic spiral 789ff 

coeffAcient of growth of 789 
Logarithms ~“ 

change of base of 302 

common 302° 

natural 302, 839 
Longitudinal axis 214, 216 
Loxodrome 795 


Maclaurin’s derivation 349 
Maclaurin’s series 349 
Major axis 211 
of ellipse 59 
Mass of a physical body 693 
Maxima (see Maximum), 
rule for finding 366 
Maximum 364 
first sufficient 
366 
of a function of several argu- 
ments 660 
necessary condition for 365 
econ sufficient condition for 
0 
Mean-value theorem 456 
generalized 339 
Lagrange’s 335-337 
Method 
of chords 394 : 
combined chord and tangent 3'98 
of quadratures 480 
of substitution in a definite 
integral 466 
of tangents 396 
of undetermined 
728 
of variation of constants (pa- 
rameters) 752 
Midpoint of line segment 27 
Minima (see Minimum), rule for 
finding 366 
Minimal surfaces 838 
Minimum 364 
first sufficient condition for 
366 
of a function of several argu- 
ments 660 


condition for 


coefficients 


necessary condition for 365 
second sufficient condition for 


370 
Minor axis 211 
of ellipse 59 
Minors 227 
Modulus 
for changing from natural to 
common logarithms 302, 303 
of elasticity 253 
Moment of inertia 689, 692, 693 
Monotonic function(s) 300, 361 
Moving trihedron 527 
base vectors of 529 


Natural equation 788, 794, 805, 
8 837 


Newton (unit) 120 
Newton-Leibniz formula 462 
oe interpolation formula 
3 
Node 757 
Nonadditive quantities 491 
Noncentral conics 104, 105 
Nondifferentiable function 643 
Non-Fuclidean geometry 293 
Nonhomogeneous equation 750 
Nonperiodic functions 615 
Nonregular series 570 
blonuniionmly convergent 


8 
Normal 519, 527 
principal 519, 527 
to a surface 643, 644 
equation of 646 
Normal equations of a straight 
line 47 
Normal plane(s) 518, 527 
Normal vector 518 
Number(s) 
complex 249, 601 
e 271 


series 


fractional 248 
imaginary 249 
irrational 248, 249 
natural 248 
negative 248 
rational 248, 249 
real 248, 249 
Number axis 250 
Number line 249, 250 
Number plane 626 
Number scale 250 


pc a Seotdinote system 22 

Odd function 61 

Order of an Satan reduction 
of 736 
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Order of smallness o! a function 
of several arguments 632 
Ordinary integrals 689 
Ordinate 21, 24 
initial 29 
Oriented distance 45 
Origin of coordinates 20 
Orthogonal functions 609 
Orthogonal system 611 
Osculating circle 531 
Osculating plane 525 
equation of 526 
Oval of Cassini 775 


Pair 
of coincident planes 223 
at a paainaty Parallel plancs 


of imaginary planes 223 
of intersecting planes 223 
of parallel planes 224 
Parabola 
axis of 70 
construction of 70 
definition of 69, 75 
diameters of 83 
directrices of 69, 71 
focus of 69 
parameter of 69 
semicubical 340, 509 
standard equation of 70 
vertex of 70 
Parabolic cylinder 223 
Paraboloid 
elliptic 218, 219, 222 
yperpote 220, 222, 513 
of revolution 219 
Parallel pencil (see Pencil of pa- 
rallel lines) 42 
Parallelepiped, volume of 160 
Parallelism 
of planes, condition of 163 
of straight line and plane 181 
of vectors 139 
Parallelogram rule 124 
Parameter 318 
of parabola 69 
Parametric equations 317 
of straight line 188 
Parametric representation 
of a curve 316 
of a function 318 
Partial derivative(s) 634 
expression of in terms of a 
differential 637 
geometrical interpretation of 
(in case of two arguments) 


635 
higher-order 653 


mixed 653 
Pure 653 
Partial differential 636 
Partial differential cquation 706 
Partial fractions 428 
Partial fractions decomposition 
428, 432 
Partial sum of a series 537 
Pencil 
central 40 
of lines 40 
equation ol 40 
Parameter of 40 
vertex of 40 
parallel 42 
of parallel lines 42 
of planes 182 
axis of 182 
equation of 182 
Pendulum. cycloidal 807, 826 
Pericyclolds 816, 817 
Perpendicular 
equations of 193 
length of 195 
Perpendlcularity 
of planes, condition for 164 
of straight line and plane. 
condition for 181 
Pitch of helix 514 
Planar points 535 
Plane curves, convexlty of 379 
Planes, angle between 164 
Point(s) 
conical 644 
of discontinulty 277 
of inflection 379 
rule for finding 381 
of uietscchion of three planes 


16 

isolated 768 

of rectification 498 

of tangency 643 
Point function 626, 627, 674 
Polar angle 46, 112, 171, 489 
Polar coordinates 46, 112, 171, 

686 
Polar distance 46. 170 
Polar equation 

of a conic section 119 

of a straight line 118 
Polar parameters 

of a line 46 

of a plane 171 
Polar system of coordinates 23 
Polynomial, interpolation 480 
Position of a plane relative to a 

coordinate system 16 2ff 
Positions of a plane and a pair 

of points 169 
Positive series 545 
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Potential 474 

Power series 576 
coefficients of 576 
differentiation of 584 
domain of convergence of 580 
‘expansion of a function in 587 
integration of 584 
chad of convergence of 577, 


operations on 582 
radius of convergence of 577, 
580 

Power-series expansions of ele- 

mentary functions 589 
Primitive 403 
Principal sections 214 
“Principia” (Newton’s) 826 
Projection(s) *.- 

epavine on a coordinate plane 


of a point on an axis 129 

of a straight line on coordi- 
nate planes 184 

of a vector on an axis 130 


algebraic 130 
geometric 130 
of vectors, theorems on 132A 


Proper fraction 426 
Pseudosphere 832 
Pseudospherical triangle 832 
Pteroid 756 


Quadrant 21 

Quadric conical surface 217, 218 
imaginary 223 

Quadric curves 83, 85 

Quadric surface(s) 209 
classified 221ff 

Quickest descent, time of 807 


Radius of curvature 504 
formula for 505, 506 
Radius of curvature of 

curve 530, 

formula for 531, 532 
Radius vector 40, 117, 170, 492 
Rational functions 428, 439 

entire 440 

integral 440 
Rationalization 440 
Rearanei ng terms of a gales 555 
Rectangle formulas 48 
Rectangular coordinate erates 20 
Rectification 

of algebraic curve 809 

of are 498 
RectifyIng plane 527 
Recursion formulas 430 


space 


Reduetlon of order of an equa- 
on 
Regular series 569, 570 
Remainder 
of a series 542 
of Taylor's series 351 
Remainder term 542 
Right-handed pairs of straight 
lines 201 
Runes, of Archimedean spiral 784 
Rolle’s theorem 334 
Rotation of axes 59, 202 
Rule 
of parallelepiped 126 
of polygon 125 
Ruled surface 224 


Scalar(s), definition of 120 
Scalar function 519 
Scalar product 
expression of in terms of coor- 
dinates of factors 145 
physical meaning of 142 
properties of 142 
of two vectors 143 
Scalar quantity 121 
Scalar triple product 154 
properties of 1 
Second-degree Seaton 
general 85, 
simplification of 86H 
Separation of variables 714 
Sequence, limit of 261, 262 
Series 537 
absolutely convergent 554 
alternating 552 
binomial 592 
conditionally convergent 555 
convergent 538 
definition of 537 
differentiation of 584 
divergent 537, 540 
division of 561 
Semiconjugate axis 67 
Semitransverse axis 67 
elementary operations on 543 
Fourier 621 
functional (see 
series) 562 
of functions 562 
grouping terms of 556 
armonic 540 
indeterminate divergent 539 
infinite 537 
integration of 571 
mult ipl ce tor of 558 
nonregular 570 
nonuniformly convergent 568 
operations on 543 


Functional 
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partial sum of 537 
positive 545 

comparing 545 
power (see Power series) 576 
rearranging terms of 555 
regular 569, 570 
remainder of 542 
sum of, continulty of 570 
sum of convergent 538 ~ 
Taylor 586 
terms of 537 
trigonometric 608 
use of in computing integrals 


594 
Shortest distance between two 
straight lines 199 
Shukhov Tower (Moscow) 225 
Sigma 447 
Simpson's formula 486 
Simpson's rule 486 
Single integrals 689 
Singular intey el of differential 
equation 71 
Singular solutions 716 
Slope 29 
Solid angle 687 
Solution(s) 
of different.al equation 706 
singular 716 
Space curve 
parametric representation of 
512 


tangent to 516 
Spatial model of a tunction 629 
Sphere 209 
Spherical coordinates 686 
Spheroids 210 
Spiral(s) 
of Archimedes 117, 383, 493, 
782ff, 787 
left-handed 789, 792 
logarithmic 789ff 
right-handed 789, 792 
Straight line(s) 
construction of 32 
papalletiem condition of 32- 
4 


perpendicularity condition ot 35 
represented by two first-degree 
equations 176 
Strophoid 756ff 
oblique 756ff 
right 756ff 
Sum 
of line segments 124 
of a series (extended sense) 537 
of vectors 124 
Surface(s) 
minimal 838 
quadric 209 


of revolution 225 
ruled 224 
Symmetric equations 186 
System(s) 
of differential equations 754 
linear (normal form of) 754 
aL equations in 2 unknowns 


orthogonal 609 

of three vectors 
left-handed 147 
right-handed 147 


Table of double entry 629 
Taking out integral part 426 
Tangent field 406 

Tangent line 285 

Eaagent lines to quadric curves 


Tangent plane to a surface 644 
equation of 644 

Tautochrone property of cycloid 
8 


06 
Taylor’s formula 347, 351 
ior computing values of a fun- 
ction 353 
for a function of several argu- 
ments 658 
Taylor's polynomial 353 
Taylor’s series 348, 586 
remainder of 350 
in general form 349 
“tends to coincidence” 285 
Test for right-handedness and 
left-handedness 201 
for uniform convergence 569 
Theorem 
mean-value 456 
Ae Nasr-ed-din—Copernicus 
Time of quickest descent 807 
Torsion 535 
radius of 535 
symbol for 535 
Total derivative 649 
Total differential 638, 639 
criterion of 703 
geometrical interpretation of 
(two arguments) 640 
of higher orders 654 
Tractrix 826ff 
evolute of 831 
Transcendence 302 
Transcendental number 302 
Transformation of coordinates 202 
formulas for 51 
Translation of origin 52, 202 
ee axis (axes) 66, 214, 
21 
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Trapezoid formula 485 
Trapezoid rule 485 
Triangle, area of 27 
Trigonometric functions 590, 852 
inverse 593 
Trigonometric series 608 
Trigonometric substitutions 424 
Trihedron moving 527 
base vectors of 529 
Triple integral 681 
compu ion of (general case) 


68 
complication of (simplest case) 


expression of in cylindrical 
coordinates 685 

expression of in spherical coor- 

' dinates 687 

geometrical quantities expres- 
“sed in terms of 691 

physical quantities expressed 
in terms of 691 

scheme for applying 688 

Triple product 
expression of in terms of coor- 
inates of factors 159 
geometrical interpretation of 


Trisect ing an angle 765 


Unbounded quantity 267 

Undetermined coefficients, meth- 
od of 728 

Unit vector of tangent 517 


Varlable 256 
dependent 250 
independent 250 
of integration 404 
Variables, separation of 714 
Variation of constants (or of pa- 
rameters) 752 
Vector(s) 
absolute value ot 120 
addition of 121 
angle between 146 
base 133 
collinear 121 
collinearity of 139 


coplanar 154 
definition 120 
division of 127 
by a vector 128 
equality of 122 
expression of in terms of 
components 137 
coordinates 137 
radius vectors 137 
length of 138 
modulus of 120 
multiplicaton of 127 
normal (to a plane) 161 
null 122 
opposite 123 
Pecpendicw larity condition of 
4 


reduction to a common origin 
123 


scalar product of two 14! 
subtraction of 126 
systems of three 147 
vector product of two 148 
Vector algebra 121 
Vector function of a scalar argu- 
ment 519 
derivative of 521 
roperties of 524 
differential of 523, 524 
properties of 524 
limit of 520 
notation of 520 
Vector product(s) 148 
of base vectors 152 
physical meaning of 150 
properties of 150 
of two vectors 148 
Vector quantity 120 
Vector triple product 161 
Velocity 283 
average 283 
Versiera 475, 763ff 
Viviani solld 677 


Volume 
of bedy 693 
computed by shell method 494 


of cylindrical solid 691 
of a solid of revolution 496 


Witch of Agnesi (see Versiera) 


